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PREFACE

This book is based on the author’s lecture notes for a course
on vacuum tubes given at Harvard University since 1922, As
the preparation of the manuseript progressed, it became apparent
that not all of the material could be contained in a single book.
Consequently, only the theory of the operation of vacuum tubes
at low power is presented here; the remaining material, including
the theory of power amplifiers and oscillators, gas-content tubes,
rectifiers, etc., will, according to present plans, appear in a
second book.

Although this book is written primarily as a textbook, it is
hoped that it will serve also as a reference book. The author
has endeavored to present only the fundamental principles of
the subject, avoiding discussion of the multifarious circuits
in which the vacuum tube may be used. The circuits and
applications of vacuum tubes change from year to year but
the fundamental theory is the same for all time. With an
understanding of the principles, any circuit and any application
can be analyzed.

Certain sections, which go into considerable detail, may to
advantage be omitted on the first reading of the book. For
the guidance of the reader these sections are indicated by an
asterisk(*).

The author takes this opportunity to express his gratitude to
his wife, always a companion, coworker, and inspiration in the
preparation of the manuscript; to David P. Wheatland who so
generously assisted in collecting experimental data and in read-
ing the proofs, and to all others who have aided in various ways.
The author wishes especially to acknowledge his obligation to
Prof. H. E. Clifford, Dean of the Harvard Engineering School,
for his many valuable suggestions and corrections in editing the
manuscript. ‘

E. L. C

CrurT LABORATORY, CAMBRIDGE.
March, 1933.
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THEORY OF THERMIONIC
VACUUM TUBES

CHAPTER 1
INTRODUCTION

1. Classification of Vacuum Tubes.—The expression vacuum
tube signifies a variety of devices all of which have in common a
closed envelope or bulb made usually of glass or quartz, into which
are sealed one or more electrodes and from which the air has been
mostly exhausted or replaced by some other gas at reduced pres-
sure. These tubes are capable of passing electric currents
between their electrodes and, because of the passage of the
electric currents, various effects are obtained which make
the devices useful. As specific examples of such vacuum
devices we may enumerate the following: Geissler tube, mercury-
arc lamp, mercury rectifier, X-ray tube, tungar rectifier, photo-
electric tube, and radio vacuum tube.

All vacuum tubes may be divided into two classes. Examples
of the first class are the Geissler tube, the mercury-arc lamp,
the X-ray tube, ete., which are useful because of radiation
into which some of the electrical energy supplied to them is
transformed. Since these tubes are sources of useful radiation,
they are output devices in the same sense as are generators,
motors, incandescent lamps, electric bells, ete. This book is not
concerned with this class of vacuum-tube radiators but with the
second class now to be described.

The second class includes those vacuum tubes which are useful
because of the action they have in, or the effect they have upon,
the circuits in which they are connected. The useful effects are
usually localized in some part of the circuit remote from the
vacuum tube itself. This class of devices may be called circust
elements, for, like resistances, inductances, capacitances, switches,
relays, ete., they are devices used as component parts of electric

1



2 THEORY OF THERMIONIC VACUUM TUBES

circuits which work together to cause some useful effect in the
circuits. These tubes are not themselves output devices, as were
the tubes of the first class, but are controlling means.

Among these controlling or circuit-element tubes may be
listed the following:

1. Mercury rectifier.

2. Tungar rectifier.

3. Short-path gaseous rectifier.

4. Thermionic vacuum tube.

a. Two-electrode tube used as Fleming valve detector.
Rectifier (Kenotron).

b. Three-electrode tube used as:
Amplifier or repeater.
Oscillator.

Modulator.
Detector.

¢. Tour-electrode tube used as:

Amplifier.
Detector.
Oscillator.

d. Five-electrode tube used as:

Amplifier.
Detector.
Oscillator.

e. Magnetron tube used as:

Amplifier.
Oscillator.

The above list is not complete but is given merely to illustrate
the suggested classification. Although the first three kinds of
controlling tubes are briefly treated, more emphasis is given
to the most important kind of controlling tube, the thermionic
vacuum tube.

2. General Considerations.—The passage of electricity through
the space between the electrodes of all types of vacuum tubes is
effected by a migration of discrete charged particles or carriers.
If the tube is well evacuated, the current through the tube con-
sists of a drift of minute negative charges, all of the same unitary
charge of electricity, called electrons. If, on the other hand, an
appreciable amount of gas is present in the tube, a part of the
conduction may be due to charged particles of gas called 7ons.
These ions may be either negatively or positively charged. Even
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if the conduction of electricity is partly by gaseous ions, electrons
are always present and indeed absolutely necessary in order to
start the conduction. Eleetrons and gaseous ions play such
important réles in the operation of electronic vacuum devices that
the second and third chapters are devoted to the fundamental
principles concerning these carriers of electricity.

Since electrons are essential for the conduction of electricity
through a vacuum tube, there must be some source of electrons
inside the tube. Some possible sources are radioactive sub-
stances which emit electrons spontaneously, matter when acted
upon by ultra-violet light or X-rays, and matter when strongly
heated. The last source provides the most copious supply of
electrons and is also the most convenient one. A heated electrode
or filament, often called the cathode, is the most frequently used
source in the electronic vacuum tubes to be discussed in this
book. O. W. Richardson has given the name thermions to
the electrons emitted from hot bodies and, although these
electrons are not at all different from the electrons derived from
other sources and are strictly not ions at all, the term has come
into such general use that the inconsistency of the expression
would best be disregarded. Vacuum tubes using thermions are
called thermionic wvacuum tubes. The subject of thermionic
emission of electrons is discussed in Chap. IV and a discussion of
the practical emitters is given in Chap. V.

The thermionic vacuum tubes have, besides the hot electrode,
one or more cold electrodes. In the early forms of tubes, one of
these cold electrodes was a flat metal plate, or two plates con-
nected together, one on either side of the filament. Hence this
cold electrode is called the plate. Some writers prefer the term
anode for this electrode, since the conventional idea of the flow
of electricity makes this plate electrode one of the electrodes by
which the current enters the tube. Although the term anode may
be scientifically more elegant, the simpler term plate is generally
used, even though in many tubes now constructed the original
flat plate has evolved into other shapes, such as cylinders or
flattened cylinders. There is in most tubes no difficulty in
identifying the plate, since it is usually the most substantial
electrode of the tube and is usually made of sheet metal. The
other cold electrode or electrodes are usually of open mesh con-
struction. This third electrode (there may be two or more
electrodes of this type instead of one) is usually situated between
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the hot electrode and the plate and in the early tubes was made
up of a grid work of wires and hence called a grid. Although the
grid electrode takes various forms in modern tubes, the term
grid is sufficiently descriptive of this electrode to leave no ques-
tion in one’s mind as to which electrode is the grid. Since
usually the function of the grid electrode is to effect eontrol of the
current to the plate, the grid electrode is sometimes called the
condrol elecirode.

Many names have been applied to the two-electrode tube, such
as Fleming valve, diode, and kenotron, and to the three-electrode
tube, such as audion, pliotron, oscillion, and radiotron. It is to
be deplored that so many expressions have arisen for the same
device. Most of the terms have been invented by manufacturers
to distinguish their products. Although this may be admirable
advertising tactics, it is believed that such trade names should not
be used in scientific literature unless for the express purpose of
specifying a certain manufacturer’s product. It is, however,
desirable to differentiate the two- and three-electrode tubes
because these two types of tubes have different characteristics.
The terms two-electrode tube and three-electrode tube are definite and
satisfactory except for their length, so the simpler terms d7ode and
triode will be used for the two types of thermionic tubes. If there
are four or five electrodes, the device may be termed a tetrode
or a pentode.

Returning to the consideration of vacuum tubes in general,
electrons, and ions if gas be present, pass between the electrodes
under the directing force of the potential differences impressed
between the electrodes. Except in one or two special types of
tubes where magnetic fields are used to influence the passage of
the carriers, vacuum tubes are electric devices obedient to the
laws of electrostatics.

The action of a tube as a circuit element is described in terms
of the functional relation between the impressed voltage and the
current, together with the influence of certain other variables
such as temperature and time. With some forms of circuit
element, this functional relation is expressible in a simple mathe-
matical equation. For example, for a resistance, e = R¢; for an
de,
a:
instantaneous potential difference impressed on the device, 7 is
the instantaneous current through the device, ¢ is time, and the
other letters are constants. The functional relation for some

b ¢ )
inductance, ¢ = +L~;; foranare,e = a + : + 55 where ¢ is the
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other devices, such as most of the thermionic tubes, cannot be
expressed in such simple mathematical form, so that recourse
must be had to graphical methods. The current through a diode
is a function of the impressed voltage and the temperature of the
electron emitter, unless the variations of potential are extremely
rapid or gas is present, in which cases time may be an important
factor. In any case, however, these functional relations are best
expressed by families of curves. Such graphs are discussed in
Chap. IV. A triode has two current paths which are mutually
dependent and the functional relations between the variables are
more complex. These relations also have to be expressed graphi-
cally and are discussed in Chap. VII.

Since the historical order is not followed in this book, a very
brief historical sketeh of the development of the thermionic
tube is given here. This sketch will also serve to lay before the
reader some of the important uses to which these thermionic
tubes are put.

3. Brief Historical Sketch.—One of the earliest experiments
which contributed to knowledge at the foundation of vacuum-
tube development is that performed in 1873 by F. Guthrie.! He
observed that a negatively charged electroscope was discharged
when a metal ball heated to a dull red was brought near it, but
that a positively charged electroscope was not discharged unless
the ball was heated to a higher temperature. An electroscope
charged either positively or negatively became discharged with the
ball at a white heat. This experiment proves that the metal ball
when very hot furnishes both positively and negatively charged
carriers of electricity but furnishes only positively charged carriers
when at the lower temperature. In the light of present-day
knowledge, we know that a metal when heated to a dull red some-
times gives off positive ions of gas, originating probably from the
gas occluded in the metal. At a higher temperature the metal
gives off electrons. QGuthrie’s experiment can be conveniently
repeated by placing at a short distance above the terminal of a
charged electroscope, a wire which can be electrically heated to
various temperatures.

Between the years 1882 and 1889, Elster and Geitel,? two
German scientists, made a more extensive study of the conduectiv-
ity of the gas near heated solids and flames. They investigated

1 GurHRIE, Phil. Mag., 4th ser., 46, 257 (1873).

? ErsTeR and GEITEL, Ann. d. Physik, 16, 193 (1882); 19, 588 (1883);
26, 1 (1885); 81, 109 (1887); 87, 319 (1889).
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the conduction effects in different gases under reduced pressure.
In some of their later work, they used a piece of apparatus which
was a two-electrode vacuum tube, consisting of a straight electri-
cally heated filament of carbon or metal located inside a bulb and
directly below a cold plate sealed into the top of the bulb. Elster
and Geitel were interested only in the scientific side of their
experiments and, although they noted the unilateral conductivity
of their two-electrode device, they did not mention its possibilities
as a rectifier of alternating currents.

Thomas A. Edison,® in 1883, with apparently no knowledge of
the experiments of Guthrie or the early experiments of Elster and
Geitel, made an important discovery. Some of the carbon fila-
ments of incandescent lamps, which Edison had recently invented,
developed hot-spots due to a diminished cross section at certain
points. These hot-spots not only shortened the life of the lamp
but caused the bulbs to blacken, owing to earbon particles pro-
jected in straight lines from these hot-spots and deposited on the
inside of the glass bulb. Inthe investigation of this phenomenon,
he sealed into the bulb a plate situated between the legs of the
horseshoe-shaped filament. He then discovered that a galvanom-
eter, connected between the plate and the positive end of the
filament, indicated a current, but that no current flowed when
connection was made to the negative end of the filament instead
of to the positive end. In the first case, the current evidently
passed through the vacuous space between the plate and the
filament. This phenomenon has since been known as the Edison
effect and is probably the real starting point of the modern
thermionic tube.

In 1884 and 1885 Preece in England made some quantitative
measurements of the Edison effect. Preece showed that the kind
of metal used for the ptate had no influence upon the effect, but
that the current was greatly influenced by the distance between
filament and plate, the temperature of the filament, and the
potential difference applied between the plate and filament. He
explained the phenomenon by assuming that the current was
carried by negatively charged molecules or particles of carbon
shot off in straight lines from the filament.

Attention is also directed to the early work of W. Hittorf®
who showed that a current could be passed through a vacuum

8 Engineering, p. 553, Dec. 12, 1884.

4 PREECE, Proc. Roy. Soc. (London), 38, 219 (1885).
5 HitTorr, Ann. d. Phystk, 21, 119 (1884).



INTRODUCTION 7

tube with a very small potential difference if the cathode was
incandescent; and to the work of E. Goldstein,® who showed that,
using a hot filamentary cathode of carbon or platinum, a current
could be made to pass through a discharge tube even with low
potentials, when the gas pressure was so low that, with the
cathode cold, the highest voltages caused no perceptible discharge
through the tube.

J. A. Fleming’ of the University of London, who was in touch
with the work of Edison and of Preece, conducted an extended
series of experiments on the Edison effect between the years 1889
and 1896. Although the unilateral conduectivity of the glow lamp
provided with a cold plate was known, and hence its ability to
rectify low-frequency alternating currents was a natural conse-
quence, yet Fleming was the first to suggest and use this device for
detecting high-frequency oscillations by converting them into
direct current through the rectifying action of the vacuum tube.
He took out a patent in Great Britain® in 1904, and in the United
States® and Germany!? in 1905, covering the use of the “oscillation
valve,’” as he termed the device, as a detector or receiver in wire-
less telegraphy. The vacuum tube consisting of an electrically
heated filament and a cold plate sealed into an exhausted bulb
is a two-electrode tube and is often justly called a ‘“Fleming
valve.”

The remarkable work of J. J. Thomson!! in 1897 on the
measurement of the mass of the electron, and the proof that all
electrons derived from any source whatever are of the same mass
and charge, furnished the true explanation of the Edison effect.
The reader is referred to J. J. Thomson’s books “Conduction
of Electricity through Gases” and ‘“The Corpuscular Theory of
Matter” for an account of these experiments. In the light of
Thomson’s work, it is clear that the current of electricity is not
carried through the vacuous space between the filament and plate
by charged particles of- matter but by minute unitary charges of
negative electricity called electrons, all of the same charge, which

¢ GoLpSTEIN, Ann. d. Physik, 24, 79 (1885).

" FLEMING, Proc. Roy. Soc. (London), 47, 118 (1890); 14, 187 (1896);
Phil. Mag., 42, 52 (1896).

8 British patent 24,850, Nov. 16, 1904.

9 U. 8. patent 803,684, Apr. 19, 1905,

1 German patent 186,084, Klasse 21a, Gruppe 68, Apr. 12, 1905,

1 TromsoN, J. J., Phil. Mag., 44, 293 (1897).
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are emitted by the hot filament and attracted by the positively
charged plate.

Many of the early experimenters in the field of thermionics
believed that the emission of electricity from hot bodies, even if
by electrons, was the result of some sort of chemical reaction
between the small residue of gas remaining in the tube and the
material of the filament. In fact, the observed diminution of the
current from plate to filament, as more and more of the gas is
removed, supported this view. On the other hand, O. W. Rich-
ardson, in 1901, working along both theoretical and experimental
lines, advanced the theory that the electron emission at elevated
temperatures is a property alike for all conductors and not at all
dependent upon the presence of gas about them. Richardson
derived mathematical laws for the electron emission as dependent
upon temperature and these laws agree well with experiment.
The reader is here referred to Richardson’s book ‘“The Emission of
Electricity from Hot Bodies” for a more complete account of
Richardson’s valuable theoretical contributions to this field.

In 1903 and 1904 A. Wehnelt!? discovered and investigated the
copious emission of electricity from metal filaments coated with
certain oxides, notably of the rare earths, such as the oxides of
strontium, barium, calcium, etc. A heated filament or electrode
of other form coated with one or more of these oxides and used
as the negative electrode of a vacuum tube is known as a Wehnelt
cathode and is one very common form of emitting electrode used
in modern tubes.

The thermionic emission from pure tungsten was very
thoroughly investigated by Irving Langmuir. His first paper was
presented before the Institute of Radio Engineers, April 7, 1915,
and in it he gives further support to Richardson’s theory that
pure electron emission is a property of metals independent of the
presence of gas. Subsequent work by Langmuir and Dushman
has added greatly to the practical knowledge of the properties of
tungsten filaments.

We shall now consider the application made by Fleming of the
two-electrode vacuum tube to the detection of high-frequency
oscillations. In his earlier experiments and in his first patent
applications of 1904 and 1905, he made use of the simplest
property of the vacuum tube; namely, when a potential is

12 German patent 157,845, Klasse 21g, Jan. 15, 1904; Ann. d. Physik, 14,
425 (1904).
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impressed between the plate and the negative end of the filament,
a current flows when the plate is made positive, but very little or
no current flows when the plate is made negative. Figure 1
gives one scheme of connections used by Fleming. A represents
the antenna connected to ground through the tuning inductance
P. The tuned circuit SC is
coupled to the antenna coil 4
P. The “oscillation valve” is
diagrammatically represented
by V. When oscillations occur

in circuit SC, induced from the
antenna circuit, oscillations of
potential which take place
across condenser C are im-
pressed between the filament
and plate of tube V. The rec-
tified impulses then cause a =~ @G | +
deflection of the galvanometer rig. 1.—Fleming value used as a detec-
G or produce a sound in a tor of radio signals.
telephone receiver which may be substituted for G.

In 1908 and 1909 Fleming filed patent applications in Great
Britain and in the United States!* covering a more efficient
method of using a diode as a receiver of radio messages. This
second method, which will be explained more fully in Chap. XIX,
makes use of the rectifying action at a sharp bend of the charac-
teristic curve of the diode. In this method the potential oscilla-
tions of the message are superimposed upon a steady potential
and their sum is impressed between the filament and plate of a
diode. The resulting net transfer of electricity in one direction
in the plate circuit, due to the message, is considerably greater
than in the use of the device as a simple valve, and louder signals
are obtained.

The diode used to rectify the exceedingly small power of a
radio signal is made in small sizes. The development of the
diode for the rectification of large amounts of power at high
potentials was a logical sequence but required the overcoming
of certain technical difficulties. The presence of gas in the diode
used for receiving messages is not always detrimental, for the
sensitiveness of the detector is often materially increased by a
small amount of gas. When high potentials and larger currents

13 British patent 13,518, June 25, 1908; U. S. patent 945,619, Jan. 2, 1909.
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are used, the presence of even a very small amount of gas is
disastrous. It was necessary, therefore, in the construction
of high-power vacuum tubes, to exhaust to a point that was
possible only after the timely invention and development of
better high-vacuum pumps. In 1913 Gaede of Germany intro-
duced the molecular pump and in 1915 the diffusion pump.
Langmuir shortly afterwards deseribed an improved mercury
pump which he called a ‘condensation pump.” Using one of
these improved methods of exhaustion, Langmuir, with other
engineers, advanced the knowledge of pure electron emission
and designed high-power rectifying diodes which were called
kenotrons.

Another line of development of the diode rectifier resulted
in the tungar rectifier, which is a two-electrode tube containing
pure argon gas at several centimeters pressure. These tubes are
suitable for rectifying relatively large currents at low potentials
and are in common use for charging storage batteries from an
a-¢. source.

In 1907 Lee de Forest'* made an original and radical improve-
ment in the vacuum tube by interposing, between the filament
and plate, a third electrode in the form of a wire grating or grid.
This third electrode is situated in the most favorable position to
control electrostatically the flow of electrons from the filament
through the meshes of the grid to the plate. From this con-
trolling action the three-electrode tube or triode derives all of its
advantages over the diode. The triode was first used by de
Forest, as shown in Fig. 2, and proved to be a great improvement
on the detectors of the prior art. The potential fluctuations are
impressed between the grid and filament, and the galvanometer
or telephone is connected in series with a battery between the
plate and filament.

With the introduction of the third electrode, the vacuum tube
acquired new properties which were destined to open up tremen-
dous fields of commercial utility. Under proper conditions, a
variation of potential of the grid with respect to the filament
causes corresponding variations of current in the plate circuit

147, 8. patent 879,532, filed Jan. 29, 1907; British patent 1,427, filed
Jan. 21, 1908. TFor a complete description of the early patent history con-
cerned with the diode and triode, see book by Fleming, ‘“The Thermionic
Valve and Its Developments in Radiotelegraphy and Radiotelephony,”
The Wireless Press, Ltd., London, 1919.
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and this is accomplished with little or no flow of current to the
grid. The device then acts as an amplifier or relay, because
power can be controlled in the plate circuit by the expenditure
of little or no power in the grid circuit. The triode was first
used to amplify alternating currents of audible frequencies,
but as development progressed, it was successfully employed in
amplifying currents of radio frequencies.

One of the most important applications of the amplifying
triode is the telephone repeater. The American Telephone and
Telegraph Company and the Western Electric Company have
spared no expense in research and development of triodes used
in telephone practice. The major part of this development has

§

Fia. 2.—DeForest ** Audion” or triode used as a detector.

..

omlllllre

taken place since 1912. As an indication of the rapidity of
development, direct-wire telephony from New York to San
Francisco was made possible as early as 1914 by the installation
of triode repeaters along the line. The triode has been the direct
cause of great advances in communication, some of which are
long-distance telephony, multiplex telephony and telegraphy,
and transoceanic telephony. Contemporary development has
been carried on notably in England, France, Germany, and Italy.

Since a triode used as an amplifier of alternating currents
gives out more power in the plate circuit than is fed into the
tube at the grid, a small amount of the plate-circuit power can
be spared to be fed back into the grid circuit, thereby very
much increasing the plate power. This feeding back of power in
such a way as to cause a building up of the effect in the plate
circuit is known as regeneration. The discovery of regeneration
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has generally been credited to E. H. Armstrong.’* A decision of
the Circuit Court of Appeals has credited de Forest with the
origination of the idea of regeneration, at least at low frequencies,
although Armstrong was probably the first to succeed in obtaining
the regenerative effect at radio frequencies.

If the feed-back of power from the plate circuit to the grid
circuit of a triode is increased, a point is reached when self-
sustained oscillations are produced, the energy coming from the
plate battery and the frequency being determined by the capac-
itance and inductance of the attached circuits. The vacuum
tube thus acting as a generator of alternating currents of any
frequency came into still another field of usefulness. Alexander
Meissner'® was probably the first to recognize this new use for a
three-electrode tube and filed a patent application April 10, 1913.
In a science commanding the attention of so many experimenters
and developing so rapidly, it is sometimes difficult to determine
the originator of any particular idea. The invention of the
oscillating property of a tube is also attributed to Armstrong and
to de Forest in America, and to C. 8. Franklin and H. J. Round in
England.

The discovery of the oscillating properties of the vacuum
tube found application at the transmitting station for exciting
oscillations in the antenna. This new application led naturally
to the development of larger triodes which could convert more
power. After overcoming many obstacles, tubes were made
capable of generating several hundred watts, and, at present,
tubes are made with an output of several hundred kilowatts.
The limiting effect in increasing the output power is the amount
of heat which it is possible to dissipate at the plate; and if the
plate is sealed inside the vacuum tube, the only way of dissipating
its heat is by radiation.

About the year 1911 wireless telephony began to be investi-
gated by a great many experimenters. The continuous oscilla-
tions necessary for successful wireless telephony were at first
generated by ares or quenched sparks. With the advent of the
vacuum-tube oscillator, the development of wireless telephony
made rapid strides. In the early experiments on wireless
telephony, weak currents were used and the ordinary microphone
transmitter, placed in the oscillatory circuit, served as a means

15 ARMSTRONG, Proc. I.R.E., 8, 215 (1915).
1s ME1ssNER, German patent, 291,604, Apr. 10, 1913.
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for directly varying the amplitude of the oscillations in syn-
chronism with the sound vibrations of the voice, a process known
as modulation. The microphone was then used as the modulating
device. As vacuum tubes were made for greater power, other
means of modulating the powerful oscillating currents became
necessary. HExperiments showed that no other device could
perform this modulating function as well as the same type of
vacuum tube that was used for generating the oscillations.

In the year 1915 the engineers of the American Telephone and
Telegraph Company and of the Western Electric Company
succeeded in transmitting speech from the Naval Station at
Arlington, Va., to Paris, and also from Arlington to Honolulu,
the greatest distance being about 5,000 miles. The transmitting
station utilized about 300 vacuum tubes, each of 25 watts
capacity, some used as oscillators, others as modulators, and
still others as power amplifiers.

The importance that radio communication assumed during the
World War gave added stimulus to the development of the
vacuum tube and its applications. During the period of hostility,
there was little scientific lzatson among the various countries,
so that much duplication of work oceurred. The vacuum tube
was made in enormous quantities for use by the armies, resulting
in more or less standardized types of tubes.

After the war came the period of broadcasting, which really
began in America about 1921. The rapid growth of the radio
industry since 1921 has been unparalleled. This rapid develop-
ment from the beginning of the war up to the present time has
been the result of the efforts of countless investigators. In this
brief outline we may enumerate only a few outstanding develop-
ments, leaving the explanation of their operation to later chapters.

Many improvements have been made in the receiving apparatus,
thereby extending the range of radio signaling and the extent of
application of the triode. In December, 1919, Armstrong!?
described a new system for receiving radio signals, which he
called the superheterodyne. The superheterodyne principle has
proved to be of considerable value and is used in many modern
radio-receiving sets. .

In 1922 Armstrong'® announced another system of reception,
which he called superregeneration. This system has failed to

7 ARMSTRONG, Proc. I.R.E., 9, 3 (1921).
18 ARMSTRONG, Proc. I.R.E., 10, 244 (1922).
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come into extensive use except at very high frequencies because
of the difficulty of adjustment and the fact that weak signals are
not amplified so much as strong signals.

C. W. Rice,!® in 1920, and L. A. Hazeltine,?® in 1924, described
methods of preventing the oscillation of radio amplifiers by using
neutralizing circuits which balanced the regeneration through
the internal capacitance of the tube. This development enor-
mously increased the stability and sensitivity of radio-frequency
amplifiers.

W. Schottky,? in 1919, first suggested the use of a second
grid to serve as an electrostatic screen between the control grid
and the plate. The screen-grid tube was later developed by
Hull and Williams?? and made stable radio-frequency amplifiers
possible without the necessity of neutralizing circuits. These
four-electrode, or screen-grid, tubes came into common use in
this country about 1928 or 1929 and are now extensively used in
modern receiving sets.

With the advent of broadcasting, receiving sets were installed
in a great many homes. To operate the filaments of the tubes
then manufactured, a storage battery was required. The cost of
the battery and the difficulty of recharging without additional
expensive apparatus gave rise to a demand for tubes which could
be operated from dry batteries. During the latter part of the
war, the Western Electric Company developed for the Navy a
small receiving tube which required only 0.25 amp. to heat the
filament, instead of about one ampere required by most other
American tubes of that period. Later, tubes of the same general
characteristics appeared on the market, to be followed by new
designs requiring only 0.06 amp. for the filament.

The tubes having filaments of low-power consumption which can
be operated from dry batteries mark a decided advance by making
it possible to operate a small receiving set entirely on dry batteries,
thus eliminating the storage battery. Even dry batteries for
operation of the filament and plate supply are objectionable, in
that their life is short when several tubes are operated, and this
makes the expense of renewal of batteries an important considera-
tion. The next important development was in the design of

» Rick, U. S. patent 1,334,118, Mar. 16, 1920.

2 HazeLTINE, U. S. patent 1,489,228, April, 1924; 1,533,858, April, 1925.
21 ScuoTTKY, Arch. Elektrot, 8, 299 (1919).

22 HuLy and WiLLiams, Phys. Rev., 27, 433 (1926).



Prarte I.—Construction of modern vacuum tubes.
Above: parts of screen-grid tetrode UY-224; below:

ABOVE

. Tube for stem
. Flare for stem

Pump tube
Leading-in wires
Stem

Finished stem

. Heater filament

. Complete cathode

. Control grid

. Inner screen

. Plate

. Outer screen

. Top shield

. Insulating support

. Getter cup

. Control-grid connection
. Complete mount

. Bulb

. Sealed and exhausted tube
. Grid cap

. Base

. Completed tube

{Courtesy of R.C.A. Radiotron Company.)

parts of triode UY-227.
Brrow

. Tube for stem

Flare for stem
Pump tube

. Leading-in wires

Stem

. Finished stem

. Heater filament

. Complete cathode
. Control grid

. Plate

. Insulating support
. Insulator anchor

. Filament hook

. Getter cup

. Complete mount

. Bulb

. Sealed and exhausted tube
. Basge

Completed tube

(Facing page 14)
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tubes and receiving sets so that the sets could be entirely operated
from a-ec. lighting mains. At first, various types of B-battery
eliminators appeared. These were devices making use of vacuum
tubes or electrolytic rectifiers, operated from the house-lighting
mains, to supply the high voltage for the plate circuits of the
tubes. Then tubes appeared having separate filaments operated
on low-voltage alternating current obtained from step-down
transformers, these filaments serving as heaters for the emitting
cathodes. From about 1927, receiving sets appeared which were
operated entirely from the house-lighting mains and by the end of
1928, only about 11 per cent of the sets manufactured were bat-
tery-operated sets.

The experiment of 1915, in which speech was transmitted
across the Atlantic Ocean, showed that the vacuum tube, when
used in large numbers and connected in parallel, was capable of
generating electric oscillations of large power. Because the use of
a large number of small tubes is both inefficient and inconvenient,
and believing that the trend of development would be toward
more and more power, the engineers of the Western Electric
Company began experiments with a view of increasing the power
of vacuum-tube oscillators. With the ordinary type of tube,
with internal plate, all of the heat generated at the plate is
dissipated by radiation alone. The practical limit to the size of
tubes of this type is from 1 to 2 kw. With the invention by
W. G. Housekeeper of a method of sealing copper to glass, tubes
were made in which the plate was a copper tube serving as a
portion of the containing vessel as well. With this design the
plate can be water- or oil-cooled, and practical tubes up to
500-kw. capacity each have been made.

Perhaps enough has been said to prove that the vacuum tube
has become one of the most important of electrical devices. To
emphasize further this statement, one might visit a modern
broadcasting station where one finds vacuum tubes used as oscil-
lators, modulators, amplifiers, telltale devices of various sorts,
and as power rectifiers for supplying the necessary d-¢. power for
the oscillators . and modulators. Again, an examination of a
modern receiving set reveals vacuum tubes performing the func-
tions of detector, radio amplifier, audio amplifier, oscillator, and
in many cases one tube may perform two or more of these func-
tions simultaneously. Finally, an inspection of a modern
telephone exchange reveals hundreds of vacuum tubes funetion-
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ing as repeaters; and in some exchanges where the carrier system
is used, vacuum tubes are seen operating for many different
purposes.

In this historical outline, emphasis has been placed upon the
use of vacuum tubes in the field of communication. Although the
communication field is the field in which the vacuum tube finds
its widest application, there have been noteworthy advances in
other applications of the vacuum tube.

Without going into detail, mention may be made of the use
of the triode as a vacuum gauge, as a very convenient voltmeter
of inestimable value in research, as a relay and a control device,
ete. The two-electrode tube has found useful application as both
high-power and low-power rectifier. The photoelectric cell, one
form of diode, has been developed into a valuable tool in television
and in investigation generally. One might go on to mention
many other developments, but it seems best not to extend this
outline but to leave further description of the development and
uses of the vacuum tube to the more detailed discussion in the
following chapters.



CHAPTER 11
MOLECULES, ATOMS, AND ELECTRONS

4. Matter.—It has long been known and is now universally
recognized that all matter is made up of submicroscopic pieces,
these pieces being the smallest particles into which the mass can
be divided and still retain the properties of the original mass.
These unitary blocks of the mass are called molecules. Fach
kind of matter has its own distinctive molecule.

Many kinds of molecules are chemically complex and in the
last analysis ean be split up into elementary chemical substances
which are called chemical elements, of which there are ninety-
two. All of these elements have been isolated with the possible
exception of two about which there is at present some doubt.
When the molecule is thus split up, the original matter loses its
identity. The smallest particles or units of these chemical ele-
mentsare called atoms. Thus we see that there are known ninety-
two kinds of atoms, such as atoms of hydrogen, sulphur, carbon,
iron, copper, and lead.

From a physical standpoint we recognize three states of matter:
solid, liquid, and gaseous. A solid is a substance in which the
cohesive force between the molecules is so great that the substance
is rigid and has a definite boundary. A liquid is a state of matter
in which the attraction between molecules is not so great as in
solids and the molecules are not fixed in relative position.
Although a liquid has a definite boundary, it is not rigid but flows
readily. Finally, a gas is a state of matter in which the molecules
are so far apart that there is very little attraction between them.
A gas ordinarily has no definite boundary.

b. Kinetic Theory.—According to the kinetic theory,! the
heat that is contained in a portion of matter exists as the kinetic
energy of motion of the molecules. That this continuous random
motion of the molecules actually takes place is sufficiently proved
indirectly by experiment. Of course, all the molecules in a given

! The reader is referred to Chap. I of Dushman’s book ‘High Vacua,” or

to the Gen. Elec. Rev., 16, 952, 1042, 1159 (1915), for a brief treatment of the
kinetic theory.

17
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body do not possess the same kinetic energy, but corresponding to
every temperature there is a mean kinetic energy; some molecules
have energies greater and some less than this mean kinetic energy.
The higher the temperature, the greater is this mean kinetic
energy and the greater the mean velocity of motion of the
molecules. This subject will be treated in more detail in Chap.
IV on Emission of Electrons.

Many physical properties of a gas can be explained in terms
of the kinetic theory. For example, the pressure of a gas in an
enclosure is due to the bombardment of the walls of the enclosure
by the rapidly moving molecules. The variation of pressure with
volume and temperature is satisfactorily explained by this theory.
As further examples of the applications of the kinetic theory,
diffusivity, viscosity, vapor pressure, heat conductivity, and
other properties are deduced and expressed as functions of temper-
ature and pressure.

TaBLe I.—MEeAN FREE PaTH oF Gas MOLECULES

Pressure = 1 bar Pressure = 10¢ bars
Gas 0°C., 25°C., 0°C., 25°C.,
centimeters | centimeters | centimeters | centimeters
Hooovoiivienns 19.2 | ... 19.2 X 10
He.............. 206 | ..., 29.6 X 10°®
Nooovvviiinanna 10.0 | .......... 10.0 X 107®
[0 10.7 | ... 10.7 X 10°¢
. N 106 | .......... 10.6 X 107°
CO...ovvvvinenn 9.92 | .......... 9.92 X 107¢
COsz.ovviviinnnn 6.68 | .......... 6.68 X 107¢
Hg.............. 3.24 i ..... 3.24 X 1078
HO............. 6.03 | ..... 6.03 X 10-¢

6. Mean Free Path.—One of the most important factors which
enters into the explanation of heat and electrical conductivity,
diffusivity, ionization, ete., is the mean free path of molecules and
electrons in matter. The mean free path may be defined, with
sufficient accuracy for our purpose, as the mean distance a parti-
cle travels between collisions. The mean free path of molecules
of a gas at constant temperature varies inversely as the pressure
but depends upon the particular gas. The mean free path is
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connected directly with the coeflicient of viscosity of the gas and
inereases somewhat with an increase of temperature.

Table I gives the values of the mean free path L for several
gases at 0°C. or at 25°C., for a pressure of 1 bar and for 106 bars.?

Figure 3 is a logarithmic plot of the mean free path against the
pressure in bars for a few gases at 20°C.

The mean free path of an electron, a particle very small in
comparison with the size of the molecule of a gas, is considerably
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Fi1a. 3.—Mean free path of gas molecules of hydrogen, helium, and nitrogen at
20°C.

greater than the mean free path for the molecules themselves.
Maxwell deduced that the mean free path of a particle which is
small compared with the molecule is 44/2L, where L is the mean
free path of the molecule of the gas. This value has been used
for the mean free path of electrons. Investigations have shown
that the mean free path of electrons varies with their velocity.
Ramsauer® has shown that the mean free path of electrons
decreases as their velocity decreases and may pass through one
or more minima and finally increase when the velocity of the

21 bar is a pressure of 1 dyne per square centimeter. One bar is, there-
fore, a pressure of 0.00075 mm. of mercury, and 0.001 mm. of mercury or 1
micron is a pressure of 1.333 bars. One standard atmosphere is a pressure
of 760 mm. of mercury, so that 1 bar is 1.0133 X 10~¢ atmosphere.

3 RAMSAUER, Ann. d. Phystik, 64, 513 (1921); 66, 546 (1921);72, 345 (1923).
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electrons is very low. As a consequence of these studies, Max-
well’s theoretical value of 44/2L for the mean free path is
inaccurate when applied to electrons having low velocities.

7. Vacuum.—In order to get some sort of physical picture of a
vacuum, first consider the structure of a gas. There are about
2.52 X 10 molecules of gas per cubic centimeter at a tempera-
ture of 20°C. and a pressure of 760 mm. of mercury. The atom of
hydrogen is roughly 10— em. in diameter. Therefore, only about
one-millionth of the space in hydrogen gas under the above con-
ditions of temperature and pressure is occupied by the atoms.
Although this calculation is admittedly very crude, because it
agsumes that the hydrogen molecule consists of two spherical
atoms, it is safe to say that there are great voids between the
molecules even at atmospheric pressure. When a gas is com-
pressed, it is this empty intermolecular space that is reduced.

When the pressure of a gas is reduced, the empty space increases
directly in proportion to the reduction in the pressure. The
term vacuum is a very indefinite term and means that the pres-
sure of gas in an enclosure is reduced below atmospherie pressure
and usually connotes a considerable reduction in pressure. For
example, if the pressure is reduced to one-millionth of atmospheric
pressure, the vacuum is said to be fairly good or high. The
pressure would then be 0.000760 mm. of mercury or 0.987 bar.
The hydrogen molecules at this pressure occupy roughly one-
millionth of a millionth of the space, which makes such a vacuum
seem quite free of matter.

Examine this vacuum from another point of view. We find
that at the pressure of 0.987 bar there are 2.52 X 10!* molecules
of any gas per cubic centimeter, or 2.52 X 10'° molecules per
cubic millimeter. This view of the vacuum gives one the idea
that the vacuous space is very much occupied.

The modern developments of vacuum pumps permit a pres-
sure of 0.0001 bar to be attained. Vacua corresponding to
pressures less than 1 bar are usually classed as high vacua.

8. Atoms.—The physical picture of the structure of the atom
has undergone many changes during the last few decades, and
even at present physicists are none too sure of its exact structure.
Up to a few years ago, physicists entertained the Bohr or minia-
ture-solar-system picture of the atom, in which discrete unitary
charges of negative electricity called electrons rotate in definite
orbits around a positively charged central structure called the
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nuclews. This picture has been immensely valuable in the
explanation of a great many experimental results, such as
the X-ray and ordinary line spectra of the elements, conduction
of electricity through gases, chemical phenomena, and many
others. The idea of discrete electrons has been attested by many
other convincing experiments too numerous to list here. Certain
recent experiments, among which may be mentioned those of
Davisson and Germer* on the reflection of electrons from erystals
of metal, and of G. P. Thomson® on the diffraction of electrons,
cannot be explained by the theory of discrete electrons alone,
but can be explained if the electrons possess the properties of
waves whose length is determined by their velocity. It then
becomes necessary to consider, as L. de Broglie® first suggested,
that the electron has associated with it waves which manifest
themselves in certain phenomena. This idea, together with the
theoretical work of Schrodinger, Heisenberg, and others, has
given rise to the theory of wave mechanics, which has been
eminently successful in more completely correlating theory and
experiment.

The result of these newer ideas is to spoil to a certain extent
the definite picture of the atom by surrounding it with a certain
indefiniteness. The electron may not be quite so discrete as
it at first was pictured, and the positions of the electrons in the
atom are expressed in terms of probabilities rather than by
definite coordinates. For the purposes of this book, it seems best
to adhere to the idea of discrete electrons, which are, however,
accompanied by waves, and to use the picture of the atom which
has been so helpful in explaining many phenomena of physics,
i.e., that of the miniature solar system, to be described more in
detail below.

The normal atom has a number of electrons revolving about
its nueleus, the number being different for the different elements,
starting with hydrogen possessing one electron, helium with
two, and so on in orderly sequence up to the heaviest element
uranium, with ninety-two electrons. The number of electrons
in the normal atom is the atomic number z of the element.

¢ Davisson, Bell System Tech. J., T, 90 (1928); DavissoN and GERMER,
Proc. Nat. Acad. Sci., 14, 317 (1928); 14, 619 (1928).

8 THOoMsON, Nature, 122, 279 (1928); Proc. Roy. Soc., 117, 600 (1928);
and 119, 651 (1928); Phil. Mag., 6, 939 (1928).

¢ D BroGLIg, Ann. d. Physik, 10, 322 (1925).
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Since the normal atom is electrically neutral, the nucleus
possesses a positive charge equal to z times the charge of a
single electron. The nucleus is probably rather complex in
structure, as might be expected from the following facts: the mass
of the atom is almost entirely associated with the nucleus;
radioactive phenomena arise from the nucleus; and some of the
properties of the atom are attributed to the structure of
the nucleus. It is known that the nuclei of all of the
elements except hydrogen contain electrons as well as positive
electricity.

The size of the atom is more or less indefinite but may be
considered to be roughly the size of the outer electronic orbits.
The electrons and nucleus are exceedingly minute compared
to the size of the atom. Here again we have difficulty in assign-
ing any definite size to either the electron or the nucleus, because
they have no definite boundary. To get a rough idea of the rela-
tive size of the atom, the electron, and the nucleus, suppose the
normal hydrogen atom to be magnified until the diameter of the
orbit of the single electron is 100 ft. Then the nucleus would
have a diameter less than 0.01 in., and the electron, if it has any
size, would probably be as small as the hydrogen nucleus. Many
of the atoms of higher atomic number are larger than the hydro-
gen atom because of the larger electronic shells, and also the
nuclei of these heavier atoms are larger than the hydrogen nucleus.
Even if we cannot assign definite dimensions to the components
of an atom, it is apparent that there is much empty space in
atoms as well as in matter. This picture is valuable when con-
sidering the penetration through matter of fast-moving electrons
and alpha particles from radioactive substances.

The electrons revolve around the nucleus of a normal atom
in more or less definite orbits. If the atom is violently disturbed
by certain external agencies, one or more of the electrons may be
displaced so as to revolve in larger orbits, the sizes of which
have certain fundamental relations with one another, as dictated
by the quantum theory. The atom is then said to be excited.
When any electron jumps from one of its large orbits, occupied
only when the atom is excited, back to any intermediate orbit
or back to its normal orbit, the atom gives out radiation. This
radiation may be in the visible region of light, it may be of shorter
wave length known as ultra-violet light, or, if still shorter, known
as X-rays.
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If the atom is unhampered in its behavior by other atoms,
as, for instance, if the atom is one of a gas or vapor, the radia-
tion emitted has definite wave lengths determined by the
particular orbital jumps. In general, when the outermost elec-
trons are raised to larger orbits and fall back, the radiation is
visible or in the near ultra-violet, but when the innermost
electrons are disturbed, the wave length of the radiation is
shorter and the radiation may be in the X-ray range.

Many of the physical properties of the atoms, such as the
optical and X-ray spectra and ionizing potentials, together
with the periodic nature of many of the physical and chemieal
properties, are explained if the electrons in an atom are confined
within definite shells. A study of the various properties of
atoms leads to the allocation of two electrons to the first or
innermost shell, eight to the second and third shells, eighteen
to the fourth and fifth shells, thirty-two to the sixth shell,
and the remaining electrons to the seventh shell in elements
having atomic numbers greater than eighty-six. For example,
the atom of helium has two electrons so that the first shell is
complete. The next element, lithium, has three electrons, the
third electron being alone in the second shell. The chemical
properties of an atom are largely dependent upon the stray electric
field from the outer-shell electrons. Lithium is very active
chemically because of the single electron in the outer shell,
while helium with its completed outer shell is chemically inert.
The second shell is completed with the inert gas neon, the third
shell is completed with the inert gas argon, the fourth with kryp-
ton, and the next with xenon, The atom, whose outer shell lacks
one electron to complete it, such as that of fluorine and of
chlorine, is also chemically active because of its strong affinity
for the electron which would complete the shell.

9. Molecules.—The smallest unit of an element or compound
that can exist in a normal state and possess the properties of
the element or compound is called a molecule. For certain
elements, such as helium, argon, neon, and mercury, the atom is
the molecule. Such elements are called monatomic. The mole-
cules of the other elements and of all compounds are made up of
atoms held together by the electric forces due to the charges of
which the atoms are composed. The molecules of hydrogen,
oxygen, nitrogen, iodine, and some others are composed of two
atoms and are called diatomic molecules. It happens that most
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of the metals and permanent gases are monatomic and most of the
chemically active gaseous elements are diatomic. Molecules of
some elements have more than two atoms, as, for instance, the
molecule of phosphorus has four atoms, the molecules of selenium
and of sulphur are composed of eight atoms.

The molecules of compounds are often very complex, being
composed of atoms of different elements. Sometimes, as with
hydrochloric acid (HCl), carbon monoxide (CO), potassium
chloride (KCl), the molecules are diatomic, but more often there
are more than two atoms in the molecule, and there may be as
many as ten, twenty, or even more atoms in complex molecules.

10. The Electron.—Although the atom is the natural habitat
of electrons, an electron can be detached from an atom by various
physical agencies. The electric forces in a beam of radiation,
especially ultra-violet light and X-rays, falling upon the surface
of matter may pull electrons from the surface atoms. This
phenomenon is known as the photoelectric effect. Again, certain
radioactive atoms spontaneously explode or, more properly,
disintegrate, throwing off electrons known as beta rays. Most of
the electrons from radioactive substances come from the nuclei
uninfluenced by any known physical ageney, but one or more
of the electrons in the outer shell of a normal atom may be
knocked off when the atom is struck by a rapidly moving electron
or by another atom. The latter process is known as {onzzation,
the end products being one or more freed electrons and a posttive
1on, which is the remaining positively charged atom.

The electrons of metallic atoms and of certain other atoms
seem to be very loosely bound and so can easily wander from
atom to atom when the atoms are close together as in a piece of
metal. These loose electrons, although probably only tem-
porarily free, are known as free electrons and move more or less
freely through the matter when an electric force is applied.
This motion constitutes a current of electricity and the matter
is said to be a conductor. If the temperature of conducting
matter is sufficiently elevated, the velocities acquired by some of
these free electrons, due to their heat agitation, are sufficient to
project them outside the sphere of attraction of the stationary
nuclei, and we have what is known as thermionic emission.

Our information concerning the properties of the electron
has come largely from the researches of J. J. Thomson and his
students in the Cavendish Laboratory at Cambridge, England,
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and from the investigations of many other eminent physi-
cists, such as Townsend, Rutherford, Millikan, C. T. R. Wilson,
Langmuir, and K. T. Compton. Thomson was the first to
show that the electron possesses mass and that the ratio e/m,
where e is the charge and m, the mass at rest, has the same value
for all electrons. The value of e/my, corrected by more recent
investigation, is
e

= 1.758 X 107 absolute electromagnetic units
0

This value of e/my is about 1,840 times the value for the hydrogen
ion, the smallest known positive ion, consisting only of a single
charged hydrogen nucleus. Since it is an experimental fact
that the charge of the electron is the same as the charge of the
positive ion, the mass of the electron must be about 1/1,840
the mass of the smallest positive ion. The electrons, therefore,
contribute very little to the mass of the atom, confirming the
statement previously made that the mass of the atom is largely
associated with its nucleus.

The value of the charge on an electron has been measured by
several methods. The best value is probably that obtained by
Millikan? in a remarkably ingenious series of experiments begun
in 1909 and is

e = 4.770 X 10~'° absolute electrostatic unit
e = 1.591 X 1020 absolute electromagnetic unit

Knowing the value of the charge, the mass can be calculated
from the known ratio e/mo. The mass of a stationary electron is

my = 0.9035 X 10-% gram

According to the theory of relativity, the mass of an electron
moving rapidly with respect to the observer increases as its
velocity approaches that of light and becomes infinite at the
velocity of light. The value of m for any velocity v is

Mo

m= (1)

()

where ¢ is the velocity of light. This increase in mass has
been checked experimentally by Kaufmann? Bucherer,® and
7 MiLLigaN, Phil. Mag., 19, 209 (1910).
8 KAUFMANN, Ann. d. Physik, 19, 487 (1906).
% BUCHERER, Ann. d. Physik, 28, 513 (1909).
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others,1® and lately by the author.!® This change of mass of a
moving electron does not much concern us, however, for there is
very little change unless the voltage drop acting on the electron
is greater than about 10,000 volts.

11. Electric Field about an Electron.—Since a stationary
electron has a charge, there exists about the electron a radial
electrostatic field which extends indefinitely in all directions.
In fact it is only by this electrostatic field that the presence
of a stationary electron is made evident. About all we know of
the structure of the stationary electron is that it is the point
of convergence of its electrostatic field or lines of force.

12. Moving Electron and Its Magnetic Field.—A moving
electron is a moving charge and hence constitutes a transfer of
electricity, which is an electric current. Since an electric current
has an associated magnetic field, the motion of the electron with
its associated electrostatic field sets up a magnetic field. The
mass of the electron is directly assignable to the energy and inertia
of this magnetic field.

As already stated, another attribute of a moving electron is a
system of waves associated closely with the electron and having
a wave length dependent upon its velocity and given by the
relation

h

= (2)

where k is Planck’s radiation constant, m the mass of the electron,
and v its velocity.

13. Forces Acting upon a Moving Electron.—An electron which
is acted upon by an electrostatic field moves in the opposite
direction to that of the field itself, because the conventional
direction of the field is taken as the direction in which a free
positive charge would move. The electron is urged by a force
whose magnitude is equal to the product of the strength of the
field and the electronic charge. Since the electron has a mass m,
it is accelerated and acquires kinetic energy according to the
familiar mechanical laws for accelerated motion. If, however, in
its flight through free space it collides with an atom, its energy
may be in part lost to the bombarded atom. If an electron
moves between two points having a difference of potential E, as
between two electrodes of a vacuum tube, the work done on the

1 PrrRrY and CHAFFEE, Phys. Rev., 86, 904 (1930). See bibliography for
other recent determinations of e/m.
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electron by the field caused by E, whether the field is uniform or
not, is, by definition of potential, Ee units of work. The work is
in ergs if E is expressed in absolute electrostatic or electro-
magnetic units and ¢ in terms of the corresponding absolute unit of
charge. If the electron encounters no atoms between the points
or electrodes, the electron acquires kinetic energy and hence a
velocity v, given by the expression

Ee =f v d(mw). 3)
0
Substituting in Eq. (3) the value of m from Eq. (1),
1
Ee = moe?] ———o — 1 4
e = me| e~ 1 )
If v/c is small, Eq. (4) becomes
Ee = L4dmo? (5)

If the electron is suddenly stopped after acquiring a velocity v,
the energy, expressed by Eq. (4) or Eq. (5), is given up by the
electron and usually appears as heat. The high temperature of
the plate of a power vacuum tube is due to the heat produced by
the impinging electrons.

A moving electron constitutes a current flow of magnitude
proportional to the charge of the electron and to its velocity.
If the electron moves a distance Al in time A¢, the rate of
transfer of electricity is e/At, which in proper units is the strength
of the current. The product e/Af - Al is therefore equivalent to a
current ¢ = ¢/At flowing in a path of length Al. Hence

. Al
Al = €Z—t
or
1Al = ev 6)

From elementary principles of electricity, the force acting on

a length dl of wire carrying a current 7, when the wire makes an
angle 6 with a magnetic field H, is

Af = H7 sin 0 Al )

The direction of the force is perpendicular to the plane containing
Al and H, as shown in Fig. 4a. Using the equivalence given in
Eq. (6), the force on an electron is,

O f = Hev sin 0 (8)
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The direction of motion of the electron is opposite to the
conventional flow of a positive current (see Fig. 4b). If the
magnetic field js uniform and 4 is equal to #/2, the acceleration
perpendicular to the motion of the electron is constant and the
electron moves in a circular path. The path is helical if 9 is
not equal to #/2.

Positive and negative ions, being charged masses, follow the
above laws in electric and magnetic fields. Their masses being at
least 1,840 times greater than that of an electron, the velocities
which the ions acquire are much less than that acquired by an
electron under the same conditions.
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F1a. 4.—Force on an element of wire carrying a current and on a moving electron,
both in a magnetic field.

14. Collisions between Electrons and Molecules.—An electron
moving in a space in which molecules are present is said to encoun-
ter or collide with a molecule when it comes into the force field
of the molecule to an extent sufficient to alter materially the
path of the electron, or to evoke some change in the molecule.

If the molecule is monatomic, such as those of the inert gases,
and the velocity of the electron is low, the encounter is analogous
to that between elastic spheres. Applying the conservation of
momentum and energy equations, the fraction of the initial
energy lost by the electron if the molecule is initially at rest,
as calculated by ordinary laws of mechanics, is

Wlost _ 4Mm

Winiial (M + m)?
where M and m are the masses of the molecule and electron,
respectively, and 6 is the angle between the trajectory of the
electron and the radius of M to the point of impact. Since a
large number of electrons distributed uniformly in space will

- cos? 0 9
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strike molecules with all values of 6 between —x/2 and +x/2,
the average fractional loss of energy for all the electrons is

Wiost Mm
= 2. 10
Average Wisoad 66—————( M+ m)? (10)

If the molecule is in motion owing to the temperature of the gas,
the average loss of energy is less than that given by Eq. (10).
Since M is always more than 1,840 times greater than m, even
the maximum loss of energy, when 6 is equal to zero, as given by
Eq. (9), is very small. Therefore, a low-velocity electron encoun-
tering only a few monatomic molecules loses a negligible amount
of energy. The electron, however, suffers a change in direction of
motion at each encounter.

If the gas molecule encountered by the slowly moving electron
is diatomic instead of monatomic, the electron may impart
to the molecule rotation as well as translation, with the result
that the colliding electron may lose much more energy than in the
case of the monatomic molecule.

So far we have considered encounters between molecules and
slowly moving electrons. As the velocity of the electron is
increased, at a certain velocity, different for each kind of
molecule, the collision suddenly becomes inelastie, owing to a
change in the structure of the molecule induced by the collision.
At this critical velocity, the electron loses all of its energy, the
energy being spent in causing an electron in an atom of the
molecule to rotate in a larger orbit or to be completely detached
from the molecule. The first of these events is known as
resonance and the second as fonization.

16. Resonance.—As has been stated, the electrons in a normal
atom rotate in more or less definite orbits. Any electron in the
outer shell of the atom may be induced temporarily to rotate in
certain other orbits, larger than its normal orbit. So, too, there
is a group of other orbits, larger than the normal orbit, in which
any electron of the next innermost shell can rotate, and so on, for
all of the shells of the atom. When an electron is in any other
than its normal orbit, it has associated with it energy greater
than that corresponding to its normal orbit. The atom can
absorb into its structure only parcels of energy just sufficient to
change an electron from one permitted orbit to another. In
other words, the energy absorbed can be only that equal to the
difference in energy corresponding to any temporary orbit and
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the normal orbit for that electron, or between only certain of
the temporary orbits.

When one or more than one electron is in a temporary orbit,
the atom is said to be in an excited state. The displaced electron
tends to return to its normal orbit. It may do so in one jump,
in which case the difference in energy is radiated as light or
X-rays, the frequency being given by the relation

hV = 9 — W]_ = AW (11)

where v is the frequency of the radiation, h is Planck’s constant
and equal to 6.547 X 10~?"erg sec.,and W, — W, is the difference
in energy corresponding to the two orbits. On the other hand,
the electron may return by way of one or more of the smaller
temporary orbits, thus making two or more energy jumps. Each
energy jump gives rise to a monochromatic radiation in accordance
with Eq. (11), in which AW is the change in energy. An atom
ordinarily remains in an excited state for a very short time, esti-
mated to be of the order of 108 sec. With some atoms, however,
certain temporary orbits seem to harbor an electron for a much
longer time, even as long as a tenth of a second in some cases.
These particular excited states are known as metastable states.

The energy required to excite an atom may be derived from
radiation, in which case Eq. (11) gives the frequency »; required
to cause an energy change AW in the atom, AW being the energy
difference corresponding to two permitted orbits. The term
resonance is applied to the excitation of an atom by radiation of
that frequency which would be emitted by the atom if the same
energy jump were made as occurs when the atom returns from
the excited state to the normal state. It is easy to see how
resonance radiation may “diffuse’” through a gas by the reversible
process of excitation and emission.

An atom may also be excited if an electron or positive ion col-
lides with it with sufficient energy. The exciting projectile
must possess at least an amount of kinetic energy equal to the
smallest energy jump between orbits. If the projectile is an
electron, the potential drop which would give this necessary
kinetic energy is known as the first resonance potential of the
atom. An atom may possess several resonance potentials given
by the relation

Ee = AW (12)

where E is the resonance potential, e is the electronic charge, and
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AW is a possible energy jump for the atom. As might be
expected, an atom may be not only excited from its normal state
but raised from one excited state to another, although the
probability that a colliding electron may find an atom in an
excited state is very small because of the short time of duration of
an excited state. Of course, the probability of such an event is
much greater if an atom is in a metastable state.

As examples of resonance potentials we shall cite only a few
for some of the common gases. Others can be found in the
“International Critical Tables” and in many books on this
subject. The resonance potential for sodium vapor correspond-
ing to the first excited state is 2.1 volts, and the resonance radia-
tion is the familiar D line of the sodium spectrum. Mercury
vapor has several resonance potentials corresponding to various
excited states. These potentials are 4.66, 4.86, 5.43, 6.67, 7.69,
8.58 and 8.79 volts. The state corresponding to 4.66 volts is one
of the metastable states.

16. Ionization.—If the exciting energy acting upon an atom is
sufficient, an electron may be completely detached from the
atom. This event is known as ‘onization and may be thought
of as a limiting excited state for which the largest permitted
orbit is at infinity. The positively charged part of the atom that
remains is a positive ion. The potential which would impart to
the ionizing electron the necessary energy is known as the ¢onez-
ing potential and fits into Eq. (12), where AW is the difference
between the energy of an electron at infinity and an electron
in the normal orbit.

The simplest ionization act consists in the removal of a single
outer electron, although more than one electron may be removed;
and if the energy of the impacting electron is great, one of the
inner electrons may be removed.

The ionization potentials of the alkali metals, which have only
one or two electrons in the outer shell, are particularly low. For
sodium the ionizing potential is 5.12 volts, for potassium
4.32 volts, and for caesium 3.9 volts.. On the other hand, the
inert gases with complete outer shells have high ionization poten-
tials. For example, that for helium is 24.5 volts, for neon 21.5
volts, and for argon 15.7 volts.

An atom, by absorbing just the right amount of energy,
may be ionized from an excited state, particularly from a meta-
stable state, instead of from the normal state.
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As an electron enters an ionized atom under the action of the
electrostatic force, it may reach its normal orbit by one jump or
by successive steps, stopping momentarily in one or more of the
temporary orbits. Light is emitted in accordance with Eq.
(11) for every energy jump executed. Hence, ionized gas is
continually recombining, and accompanying this recombination
there is luminosity, the light being the characteristic line spectrum
of the gas.

The probability that an electron will ionize a molecule increases
from zero, for velocities less than the ionizing velocity, up to a
maximum when the energy of the electron is two or three times
this ionizing energy. Thereafter the probability decreases for
electrons of greater velocities. Hence, high-velocity electrons
ionize less efficiently than those having velocities corresponding
to from 50 to 200 volts. The probability also depends upon the
pressure of the gas and the distance the electron travels. One
way of expressing this varying probability of ionization is by
plotting the number of positive ions produced by one electron
traveling 1 cm. in a gas at 1-mm. pressure. The result for other
pressures and lengths of path is proportional to the pressure and
length of path. Various measurements have been made of this
important quantity for several gases. Hughes!! was one of the
first to make these measurements. The plot given in Fig. 5is a
compilation of the results obtained by Compton and Van
Voorhis,'? Jones,!* Bleakney,'* and Buckmann. '

Positive ions colliding with a molecule are very inefficient
in producing ionization. To produce the same number of ions
per centimeter of path, the positive ions must be moving with a
velocity comparable to that of an electron, which means that the
energy of a positive ion must be thousands of times greater
than that of an electron in order to ionize as efficiently.

17. Reflection of Electrons and Secondary Emission.—When
electrons strike the surface of a solid, some electrons are reflected.
The percentage reflected depends upon the angle, the kind of
matter bombarded, the condition of the surface, and the velocity
of the electron. Ordinarily the percentage reflected ranges

11 Hugues, Washington University Studies, 1924,

12 ComproN and VAN Vooruis, Phys. Rev., 26, 436 (1925); 27, 724 (1926).
13 Jonus, Phys. Rev., 29, 822 (1927).

14 BLEARNEY, Phys. Rev., 35, 139 (1930).

15 BuyckManN, Ann. d. Phystk, 87, 509 (1918).
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from a few per cent up to perhaps 20 or 30 per cent, but in special
cases more may be reflected. One would hardly expect that the
reflection of electrons would be specular in nature considering
the smallness of the electron in comparison with the surface
atoms. The fact is, as shown by the angular distribution curves
of Davisson and Kunsmann,'® that ordinarily the reflection is
diffuse, the actual distribution depending upon conditions of the
experiment. Davisson and Germer!” found that if the reflection
takes place at the surface of a crystal of nickel, a small fraction
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of high-velocity electrons are specularly reflected at a certain
angle which depends upon the velocity of the impinging electrons.
This type of reflection is explained if the reflection of these elec-
trons is determined by an associated system of waves of length
given by Eq. (2).

In addition to the reflection of electrons striking a solid,
something analogous to ionization also takes place; 7.e., elec-

15 DavissoN and KUNSMANN, Science, 64, 522 (1921); Phys. Rev., 22, 242
(1923). ;

17 DavissoN and GERMER, Phys. Rev., 30, 705 (1927); Proc. Nat. Acad.
Sct., 14, 317 (1928); DavissoN, J. Franklin Inst., 206, 597 (1928).
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trons are knocked out of the surface. This phenomenon is
known as secondary emission and the electrons derived from the
surface are known as secondary electrons or delta rays. These
secondary electrons leave the surface with very low velocities
corresponding to only a few volts, and their iumber depends
greatly upon the material of the surface, its physical condition,
and the velocity of the primary electrons. Secondary emission
will be treated in greater detail in Chap. IV.
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CHAPTER III
CONDUCTION OF ELECTRICITY

The operation of all types of vacuum tubes is directly depend-
ent upon the characteristics of the conduction of the electric
current through the tube. The object of this chapter is to
give the reader a brief treatment of the principles of conduction
of electricity under various circumstances, but with special
emphasis on the two types of conduction which most concern
us in dealing with vacuum tubes, namely, conduction through a
high vacuum and conduction through a space containing an
appreciable amount of gas.

18. The Conventional Direction of an Electric Current.—
The motion of an unneutralized charge of electricity, whether
the charge is positive or negative, constitutes an electric current.
Since, however, the electrical effects of positive and negative
electricity are opposite, the motion of a negative charge in one
direction is equivalent to the motion of an equal positive charge
in the opposite direction.

When the terms plus and minus were originally allocated to
the two kinds of electric charge, the minus sign was given to
that charge which appears on sealing wax, hard rubber, and other
resinous substances, when rubbed with fur, silk, etc. The posi-
tive sign was given to the charge which appears on vitreous
substances like glass. This choice of signs was apparently
entirely arbitrary. With the signs of the two electric charges
thus defined, the charge of the electron is negative and the
charge of the atomic nucleus is positive.

For mathematical discussions a convention is necessary
for the direction of an electric current. The conventional
direction of a current is the direction of flow of positive electricity.
If a current of electricity is due to a motion of positive ions,
the conventional direction of the current and the actual
motion of the carriers of electricity are the same, but if, as is
usually the case, the electric current is due to the motion of
electrons, the conventional direction is opposite to the actual

35
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direction of motion of the electricity. In the study of vacuum
tubes, this difference between conventional direction and the
actual direction of flow is always before us, because the current
through a thermionic tube is practically all due to the flight of
electrons inside the tube from the hot cathode to the positive
electrodes. In order, however, to conform with the familiar
electrical principles of an electric circuit, the arrows representing
the currents are usually placed to indicate the conventional
direction of flow.

19. Metallic Conduction.—The most familiar kind of electrical
conduction is metallic conduction. Because metals are the best
conductors of electricity, metallic wires are used for conveying
electricity and electrical energy.

A characteristic of the atoms of metallic solids or liquids is
that the outer electrons are loosely attached to the atom so
that these outer electrons temporarily drift away from the atoms
into the spaces between, giving rise to what are known as free
electrons in the metal. Electricity flows through metals only
because of the motion of these free electrons which, urged by
the applied electric field, either pass between the atoms or
jump from atom to atom. The direction of motion of the nega-
tive electrons constituting the current is opposite to the con-
ventional direction of the current.

As the electrons move, urged by the electric field impressed
upon the conductor, they frequently collide with the closely
packed atoms, giving up at each collision or encounter a part
or all of the kinetic energy acquired between encounters. This
energy goes into heat known as joulean heaf, and this heat
is set free throughout the conductor carrying the current. The
opposition to the flow of the current, due to these encounters
with the atoms of the conductor, is known as electrical resvstance.
The quantitative measure of resistance is the ratio of the potential
difference to the current. One of the characteristic properties
of metallic conductors is that the electrical resistance is independ-
ent of the current, provided the temperature remains constant.

The rate of transfer of electricity, which is the magnitude
of the current, is determined by the number of electrons moving
and their mean velocity in the direction of the electric field.
The actual mean velocity of any electron is relatively very
small, being of the order of a few meters per second for a potential
gradient of a volt per centimeter. This velocity of the electron
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must not be confused with the velocity of an electrical impulse
through the conductor. The velocity of an electrical impulse
or signal is the velocity of an electric wave through or in the space
surrounding the conductor. It depends upon the configuration
of the conductor and may be the velocity of light. For example,
the velocity of an impulse in a cireuit consisting of two parallel
wires in free space is the velocity of light.

20. Electrolytic Conduction.—The conduction of electricity
through a class of liquids known as electrolytes is entirely different
from metallic conduction. Electrolytes are solutions of chemical
compounds some of whose molecules are split up in solution
into electrically charged parts known as electrolytic tons. The
positively charged ions travel through the liquid in the con-
ventional direction of the current, while at the same time the
negatively charged electrolytic ions travel in the opposite direc-
tion. The velocities of the positive and negative ions for unit
potential gradient vary somewhat according to the electrolyte,
but are roughly the same. This type of conduction does not
concern us here.

21. Gaseous Conduction.—We now come to a very important
but very complex type of conduction of electricity, namely,
conduection through a space which contains gas in a sufficient
amount to play an important réle in the conduction process.
Much is still unknown concerning this type of conduction.
Still, so much is known about gaseous conduction that in the
space which is reasonably allotted to this subject we can give
only the briefest outline of those prineciples which are necessary
for the understanding of the operation of certain types of vacuum
tubes. For more information on this subject the reader may
consult the references at the end of this chapter.

Electricity can flow between two electrodes in a gaseous
space only if there are carriers of electricity, 1.e., electrons
or gaseous ions, present or produced in the space. The current
then consists of the drift of negative carriers in the direction
toward the positively charged electrode, accompanied by the drift
of positive ions, if they exist, in the opposite direction. The
electric current or discharge in the gas takes on different aspects
and has different properties according to the number of carriers
and the way in which they are produced and supplied to the
discharge space. The characteristics of the discharge also depend
greatly upon the pressure and kind of gas, the size, shape,
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and distance between electrodes, and the size and shape of the
enclosure.

Before describing the different types of discharge, we shall
consider briefly the source of the electrons and ions which are so
necessary for the initiation and maintenance of every gaseous
discharge. First, we should point out that normally there exist
in a gas very few ions, in number of the order of 1,000 per cubic
centimeter at atmospheric pressure. These ions may be produced
by small amounts of radioactive material in the neighborhood
or by the penetrating cosmic radiation. When an electric field
is impressed between electrodes, these stray ions are swept
to the electrode of opposite sign to their charge and give rise
to a very minute current, measurable only by the most sensitive
instruments. Owing to these stray ions, a charged electroscope
gradually loses its charge. The conductivity imparted to a
space by these ions is so small as to be of little importance,
except that this slight conductivity may serve to start a more
powerful discharge such as a spark. Besides these stray ions,
other ions may be liberated in a discharge space by X-rays from
an external source, by the action of ultra-violet light upon
the gas, or by collision of electrons and ions with the gas mole-
cules. Electrons may also be supplied to the discharge space
by photoelectric effect at one of the electrodes, or by thermionie
emission. ‘

The discharges through a gaseous space are conveniently
divided into two general types:

1. Non-self-sustarning discharge.

2. Self-sustaining discharge.

The mon-self-sustaining discharge is one which requires some
external agency to supply carriers to the discharge space. Exam-
ples of this type of discharge are conduction through hot-cathode
rectifiers, through photoelectric cells, etc. The discharge
through high-vacuum thermionie tubes may be considered as a
special type of non-self-sustaining discharge because the amount
of gas is so small as to have no appreciable effect.

The self-sustaining discharge is one which maintains itself
without aid from external agencies other than the source of
applied potential and may or may not be self-starting. Usually
this type of discharge is started by the stray ions which normally
exist in a gas. In this type of discharge the carriers of electricity
are replenished by the action of the discharge itself. Exam-
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ples of this type of discharge are the glow, arc, and spark
discharges. ,

1. Non-self-sustaining Discharge—This type is the simpler
of the two types of discharge. We may suppose, for example,
that we have two electrodes in a glass enclosure containing gas
at greatly reduced pressure. Suppose, first, that X-rays pass
through the gas and produce, by ionization of the gas, a certain
number of ions and free electrons per cubic centimeter per second.
If the pressure is a few centimeters of mercury, the electrons
soon find a neutral molecule to which they adhere, forming nega-
tive ions. If the pressure is much lower, most of the electrons
remain free until they combine with positive ions. When an
electric field is impressed between the electrodes, the positive
and negative ions or electrons move in opposite directions, both
contributing to the current. If the potential difference is low,
the velocity of the carriers is small and considerable recombina-
tion of the electrons and ions takes place so that only a fraction
of the ions produced reach the electrodes. As the potential
difference is increased, the current increases up to a certain satura-
tion value when all of the ions are swept out so rapidly that an
inappreciable number are lost by recombination. The satura-
tion value of the current depends upon the strength of the
ionizing agent and is directly proportional to the volume of gas
between electrodes and to the pressure of the gas.

In a discharge such as just described, the velocities of the
positive and negative ions are roughly the same. When, how-
ever, the pressure of the gas is so low that free electrons exist and
migrate across the space, these free electrons acquire a very
large velocity compared to the velocity of the ions, because of the
relatively small mass of the electron. Therefore, the current
carried by the ions is generally only a few per cent of that carried
by free electrons.

A discharge of this type is often used to measure the intensity
of X-rays, or other ionizing radiation, by measuring the saturation
current. A chamber in which the discharge takes place is
known as an Jonization chamber.

A discharge of the non-self-sustaining type, and similar in
some respects to the above-described discharge, takes place if,
instead of carriers being liberated throughout the gaseous space,
electrons are liberated at the cathode terminal by photoelectric
effect or by thermionic emission. In this case the applied poten-
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tial gradient between the electrodes urges the electrons across
the space and the current rises, as the potential difference increases,
up to a saturation value in which case all of the electrons are
swept across as fast as they are emitted.

In either of the above kinds of non-self-sustaining discharge,
the electrons and ions in their passage through the gas may make
frequent collisions with gas molecules if the pressure of the gas is
such that the mean free path is small in comparison with the
distance between electrodes. In such a case, if the maximum
velocity of the electrons and ions is below ionizing velocity, only
inelastic collisions, or collisions which excite resonance radiation,
can take place. Such collisions cause a decrease in current only
when the collisions involve a loss of energy. If, however, the
velocity of the carriers is above ionizing velocity, additional
ions and electrons are produced, which results in an increase
in current. If the amount of gas between electrodes is small,
only a limited number of additional ions can be produced, and
the current, although increased, is still finite and stable and
the discharge is still non-self-sustaining. If, however, there is
considerable gas between electrodes, the mean free path of the
electron is so small that each electron can make several ionizing
collisions between electrodes, provided the potential difference is
high enough to impart sufficient energy to the electrons in a
distance equal to or less than the mean free path. Under these
conditions cumulative ionization takes place and the current may
build up to very high values and pass over to an arc or spark.

The potential difference across a non-self-sustaining discharge
usually rises with increasing current, as will be explained in a
later section of this chapter.

2. Self-sustaining Discharge—The self-sustaining type of
discharge may start as a non-self-sustaining discharge. When
the potential difference between electrodes is well above ioniza-
tion voltage and positive ions are produced in the gas and
move toward the cathode, these ions, on striking the negative
electrode, may knock out a sufficient number of electrons to
maintain the discharge. No outside agency is necessary, there-
fore, as is necessary with the non-self-sustaining type of discharge.
These electrons knocked out of the cathode move toward the
anode, producing more positive ions and electrons. The positive
ions thus produced move to the cathode to liberate more electrons.
Thus the discharge, under favorable conditions of gas pressure,
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geometry of the electrodes, and potential difference, becomes self-
sustaining through mutually dependent actions of electrons and
ions.

Positive ions are inefficient in liberating the necessary electrons
from the cathode. Metastable atoms, 7.e., atoms in which
one or more electrons are displaced from their normal orbits
to temporary orbits, seem to be more active in liberating elec-
trons from the cathode. Such metastable atoms are produced
in the discharge and may bombard the cathode and liberate
electrons. In addition, the light of short wave length emitted
by the excited atoms in the discharge may cause some of the
electrons to be emitted at the cathode by the photoelectric effect.
The bombardment of the cathode by the positive ions may be so
intense as to heat the cathode to incandescence, in which case
electrons are emitted by the thermionic effect. Such an action
is the principal source of electrons in an arc discharge and is the
main reason that the arc is self-sustaining. If the cathode
terminal of an are is cooled, the arc ceases. - Although in the arc
discharge the current is large, the potential difference is relatively
small, ordinarily of the order of 10 to 100 volts. The current is
carried mainly by the electrons, and the larger the current the
more heat is produced at the cathode and hence the more electrons
are liberated. Such an action causes the potential difference
necessary to maintain the current to fall as the current increases.
Ares may be maintained in a gas at atmospheric pressure; or in
gas at much reduced pressure as in the case of the familiar mer-
cury arc. It should be noted, however, that the reason for the
emission of electrons at the cathode of a mercury arc is still in
dispute. »

Self-sustaining discharges can be made to take place at reduced
pressure when there is no thermionic emission at the cathode
induced by the heat of the discharge. In such cases the cathode
emission is induced by the other causes already given, <.e., bom-
bardment and photoelectric effect of the light from the discharge.
Such discharges usually require much higher potential differences
than do ares, .., voltages of the order of several hundred
to many thousand volts according to the pressure of the gas
and the distance between electrodes. The discharges in the
familiar Geissler and Crookes tubes and in the old type of gas-
filled X-ray tube are examples of these high-voltage self-sustain-
ing discharges.
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In discussing this form of high-voltage self-sustaining dis-
charge, suppose that we have a eylindrical glass tube, three or
four centimeters in diameter and 50 cm. long, in the ends of
which are sealed disk-shaped aluminum electrodes, the planes
of the disks being perpendicular to the axis of the tube. Suppose
the tube to be connected to an exhaust pump and the electrodes
to a source of high potential. If the pressure of the gas is
atmospheric and the potential high enough, 7.e., of the order of
150,000 volts, a spark may take place between the electrodes.
As the pressure is reduced, the spark becomes more fuzzy and
requires less voltage to cause it to pass. Soon, as the pressure
becomes of the order of a few millimeters of mercury, the dis-
charge nearly fills the whole tube with a reddish glow and the

Cathode N Crookes dark space
0w WY Negative | | . .
Cathodes ! | glow | Faraday dark space 7 Positrve colurmr | /Anode

F1G6. 6.—Electric discharge through a gas at reduced pressure.

potential difference required is only a few thousand volts. We
may also notice that the discharge at the negative terminal has
one or more nonluminous regions and exhibits a more bluish
color than the rest of the discharge. To be more exact, there
is a dark region close to the negative terminal, known as the
Crookes dark space, as shown in Fig. 6a. Then, proceeding
toward the anode, there is a bluish region, if the gas is air, sharply
defined at its limit toward the cathode, known as the negative
glow. The negative glow gradually fades into a second dark
space, known as the Faraday dark space, diagrammatically shown
in Fig. 6a. Finally, the rest of the discharge space is filled
with a reddish glow, known as the positive column, which may
be uniform or striated. Besides the characteristic portions
of the discharge as described, there is a violet-colored glow
which emanates from the cathode into the Crookes dark space
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and is called the cathode glow. This glow at high pressures
covers the surface of the cathode with a thin region of intense
luminosity. As the pressure decreases, the cathode glow expands
longitudinally but contracts laterally, so that at low pressures
it may emanate from a small region at the center of the cathode
ag shown in Fig. 6b.

The potential gradient is very different- at various parts
of the discharge. Near the cathode and in the Crookes dark
space it is high and greater than at any other region in the
discharge. This large potential gradient is often called the
cathode fall of potential. On the other hand, the potential
gradient in the negative glow is very small but increases gradually
through the Faraday dark space, attaining a nearly constant
value in the positive column when it is uniform.

The negative glow is a region of ionization. The positive
ions produced therein fall through the Crookes dark space
where they acquire velocity sufficient to liberate electrons at the
surface of the cathode. The distance from the cathode to the
negative glow is largely dependent upon the mean free path
of the electrons in the gas and hence upon the pressure of the
gas. This distance is roughly inversely proportional to the
pressure.

As the pressure of the gas is reduced, the negative glow recedes
from the cathode and becomes fainter because of the lower
density of the gas. The positive column moves toward the anode
and appears to be swallowed by it until eventually it completely
disappears. At a pressure of the order of 0.05 mm. of mercury,
or 50 microns, the only glow evident in the gas is a faint negative
glow (much fainter than illustrated in Fig. 6b) and a purplish
beam which starts from the center of the cathode and extends
along the axis of the tube. The beam diverges somewhat as it
leaves the cathode and can be deflected by a magnetic field,
showing that the luminosity marks the path of negative charges
projected from the cathode in nearly straight lines. This beam
is known as cathode rays. It consists of the electrons which
are knocked out of the cathode and are then accelerated by the
electric field between the electrodes. The glass at the positive
or anode end of the tube usually shows a green fluorescence,
if the tube is of soft or lime glass, and a blue fluorescence, if
the tube is of lead glass or pyrex glass. This fluorescence is
due to the bombardment of the glass by the electrons of the
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cathode rays and takes place only when the gas pressure is so
low that the electrons reach the glass without many collisions
with gas molecules.

As the pressure of gas is further reduced, the voltage necessary
to maintain the discharge increases rapidly and the negative
glow becomes fainter and more remote from the cathode until
it fades out entirely. The beam of luminosity emanating from
the cathode becomes less visible. The fluorescence of the glass
due to the bombardment by the cathode rays becomes at first
more brilliant, because of reduced obstruction by gas molecules
to the flight of the electrons. At lower pressures, however, it also
fades because the current through the tube decreases and finally
ceases altogether when the amount of gas is insufficient to allow
a self-sustaining discharge to exist.

When the pressure of the gas is very low, 7.e., of the order
of from 1 to 10 microns, the mean free path of the electron is in
general much greater than the distance between electrodes.
For this reason, very few positive ions are produced in a self-
sustaining discharge at these pressures. In view of the ineffi-
ciency of positive ions and metastable atoms in knocking electrons
out of a metal surface, it is difficult to see how these few positive
ions can knock out of the cathode a sufficient number of electrons
to maintain the discharge obtained in high-vacuum diseharge
tubes, such as the old-type gas-filled X-ray tubes. Janitsky!
performed some interesting experiments which demonstrated
that at low pressures the discharge passes much more readily
to an anode which has not been degassed than to one which
had been strongly heated in a vacuum to rid it of occluded gas.
Janitsky interpreted his experiments to indicate that positive
ions may be drawn out of the anode by the intense electric field
and thus increase the stream of positive ions which bombard
the cathode. He supposed that these ions drawn from the
anode were atoms of gas adsorbed on the anode surface as positive
ions.

The charges on the walls of the discharge tube often have
a great influence upon the discharge. If the pressure of the gas
is low, and consequently there are very few positive ions present
in the tube, the electrons lodge on the inside surface of the tube,
thus charging the walls negatively. This negative charge is
sufficient to repel even high-velocity electrons, thus preventing

1 JaNITSKY, Zeits. f. Physik, 11, 22 (1922); 81, 277 (1925); 85, 27 (1925).
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any bombardment of the walls. When there is no bombardment
of the walls by electrons, there is no glass fluorescence. This is
the case in the modern Coolidge X-ray tube. The negative
charge on the walls may greatly inhibit the discharge through a
tube, especially if the tube is long and is small in diameter.

Occasionally, however, this negative charge may reverse to a
positive charge at certain spots on the glass. The reason for this
reversal is as follows: If, before any negative charge has become
established on the glass wall, a few high-velocity electrons
strike the glass in a spot, secondary emission from this spot may
then take place to such an extent that more electrons leave the
spot than reach it. This spot then becomes positively charged
and attracts more high-velocity electrons to it. Thus a stable
condition is set up, in which the high-velocity electrons continue
to bombard the glass, and secondary emission maintains the
positive charge. The bombardment of the glass by these high-
velocity electrons produces a great deal of heat which can easily
result in melting a hole in the glass tube.

When the gas pressure is of the order of a micron or more, there
are usually a sufficient number of positive ions present to neutral-
ize the negative charge on the walls. Although the electrons may
bombard the walls and lodge on the glass, the positive ions diffuse
to the walls and combine with the electrons. In fact, a great
deal of the recombination takes place at the walls of the tube.
The continual bombardment of the walls, made possible by the
continual neutralization of the electrons, produces the glass
fluorescence already described.

22. Conduction in a High Vacuum.—The type of conduction
now to be considered briefly is really a special case of the non-
self-sustaining discharge described in the previous section as
taking place when the amount of gas is so small as to have a
negligible effect upon the characteristics of the discharge. Since
most of the vacuum tubes to be considered in this book are high-
vacuum devices, it seems pertinent to include a section at this
point on this type of conduction, although the characteristics
of the flow of electricity through a high vacuum are considered
in detail in Chaps. IV, V, and VIIL.

For this type of discharge, electrons must be supplied at the
cathode by the photoelectric effect, by thermionic emission, or
by an equivalent means. The electric field impressed between
the electrodes accelerates the electrons so that, as they travel
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toward the anode, their velocity continually increases. Since
there is no appreciable amount of gas, collisions of the electrons
with gas molecules play no part in the conduction. There is no
visible glow in the tube, and the walls, if bombarded by electrons,
become highly charged negatively unless secondary emission is
started, in which case the sign of the charge on the glass may
reverse, as described previously.

When the electrons reach the anode, they are traveling with
a velocity dependent upon the potential difference between elec-
trodes. - The numerical value of this velocity can be obtained
from Eq. (4), or approximately from Eq. (5), page 27. The
kinetic energy imparted to the electron by the field is given up
to the anode, when the electron strikes it, and appears as
heat. Very high temperatures ean be produced in this way and
may be sufficiently high to melt any metal.

Attention is again directed to the fact that the electrons move
in a direction opposite to the conventional direction of the
electric current. The same number of electrons pass every cross
section in the tube per second so that, where the velocity of the
electrons is large, their volume density in space is correspondingly
small.

23. Cathode Rays.—Those electrons which emanate from the
cathode and which normally travel in straight lines through the
tube when the gas pressure is low constitute the cathode rays.
The term is perhaps more descriptive of the phenomenon when the
electrons pass through a narrow orifice, thus limiting the stream of
electrons to a narrow beam.

The cathode rays cause many substances struck by them to
fluoresce. The fluorescence of the various kinds of glass has
already been described. Many gem crystals, such as ruby and
diamond, are caused to fluoresce brilliantly by impact of eathode
rays. Many salts, notably calcium tungstate, zinc silicate or
willemite, platinobarium cyanide, ete., also exhibit very bril-
liant fluorescence under the action of these fast-moving electrons.
Screens made by covering a flat surface with a thin layer of one
of these salts are often used to show the place where cathode
rays strike.

The Braun tube, a most useful device, consists essentially of a
long glass tube having at one end a suitable cathode and limiting
orifice which gives a narrow beam of cathode rays along the axis
of the tube. A screen of fluorescent salt is placed at the other
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end of the tube to show the point of impact of the electrons.
Since the beam of electrons is equivalent to a current, it can be
deflected by either a magnetic or electric field, and the amount of
deflection is shown by the motion of the fluorescent spot on the
screen. The Braun tube will depict very rapid changes in the
deflecting fields because the cathode beam, being without inertia,
is practically instantaneous in its response. For this reason the
Braun tube .is a most valuable oscillograph for high-frequency
work.

The point of impaet of high-speed cathode rays is the source
of X-rays. In the X-ray tube, the cathode rays are focused by
the electrostatic field about the properly designed cathode so
that they strike the piece of metal known as the target in a small
area from which the X-rays emanate. The X-ray tube is not
within the scope of this book, so no further discussion of it will
be given.

When a small amount of gas, insufficient to support a self-
sustaining discharge, is present in a discharge tube in which a
narrow beam of cathode rays is produced, enough ionization
takes place along the path of the rays to render the path visible as
a purplish-blue streak. Very instructive and beautiful experi-
ments can be performed with such a tube by deflecting the beam
by magnetic fields, or by electrostatic fields produced by charged
electrodes within the tube.?

High-speed cathode rays can be projected through a thin film
of metal, such as aluminum or molybdenum, used as a window
of the tube, so that the electrons are obtained outside the tube.
Their velocity is rapidly reduced by collisions in the dense gas
of the outer space. Lcnard?® first projected cathode rays outside
a tube, but his rays had only a small velocity. These rays out-~
side the tube were called Lenard rays. More recently Coolidge*
has projected 750,000-volt electrons outside the tube. A blue
haze outside and near the window of Coolidge’s tube marks the
region of intense ionization. Crystals placed in this region
fluoresce brilliantly owing to bombardment by the electrons.

24. Canal or Positive Rays.—Not only is it possible to pro-
duce a beam of rapidly moving electrons, but it is also possible

2 BRUCKE, Phys. Zeits., 31, 1011 (1930).

3 LENARD, Ann. d. Phystk, b1, 229 (1894).

4 COOLIDGE, J. Franklin Inst., 202, 693, 722 (1926); Gen. Elec. Rev., 81,
184 (1928).
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to produce a beam of rapidly moving positive ions. A beam of
positive ions was first recognized by Goldstein® in 1898 and called
by him canal rays. Canal rays can conveniently be observed
if a perforated cathode is used in a tube carrying a self-sustaining
discharge at low pressure and high voltage. Some of the positive
ions which move toward the cathode pass through the holes
into the region back of the cathode and their path in the tube
is visible, owing to the ionization of the gas. -When these
positive ions fall upon glass or some other materials, they produce
fluorescence, though the color of the fluorescence is different in
general from that produced by cathode rays.

The positive rays can be deflected by electric and magnetic
fields, but because of the much greater mass of the positive
ions, the amount of deflection is very much less than in the case
of cathode rays.

26. Positive-ion Current.—It should be noted that, although
conduction through a gas comprises a transfer of electricity by
both positive and negative carriers, the two kinds of carrier do
not necessarily contribute equally to the current.

The mass of the electron is only about 1/1,840 that of an atom
of hydrogen, so that in hydrogen the positive-ion carrier has a
mass about 1,840 times greater than the mass of the negative
carrier having the same magnitude of charge. In other gases the
ratio of mass of the positive and negative carriers is much greater.
Making use of the simple laws of accelerated motion, if the mean
free path is large compared with the distance between the
electrodes, the velocities acquired by the positive and negative
carriers in traversing the distance between electrodes are to
each other as the reciprocals of the square roots of their masses.
In the case of hydrogen, the ratio of velocities of the positive
and negative carriers is about 1/4/1,840 = 1/42.9. Since the
amount of electricity transferred in a given time by carriers
having the same charge is proportional to their velocities, the
current carried by the positive ions in hydrogen is about 14,
of the current carried by the negative electrons. In other gases
having positive ions of greater mass, the ratio of currents is less.
In other words, the positive-ion current is seldom greater than
143 of the negative-electron current and is usually much less.

26. The Current-voltage Characteristics of Conductors.—In
the preceding sections, the various physical aspects of the several

& GOLDSTEIN, Ann. d. Physik, 64, 38 (1898).
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types of conduction have been considered. We shall now
discuss conduction quantitatively in terms of the potential
difference across the conductor and the current which flows
through the conduector.

For many conductors the current is a function only of the
impressed potential difference. This may be expressed in
mathematical form by

= f(e) (13)
where ¢ and e represent the instantaneous current and the
difference of potential. In many cases, however, relation (13),
although very general in its form, is inadequate to express the
characteristic of the conductor. The current may depend upon
the length of time the potential ¢ is applied. In such a case the
additional factor, time, must be included, and

i = fle, t) (14)

First, consider those conductors whose characteristics are

expressed by relation (13). A metal maintained at constant

temperature has so many free electrons that, for ordinary values

of current, the current is directly proportional to the potential

difference. This is expressed mathematically by the following
simple form of Eq. (13):

i = Ke (15)

where K is a constant known as the conductance of the particular
piece of metal. The reciprocal of K is the resistance, R, so

e = Ri (16)
Equations (15) and (16) are known as Ohm’s law and the resist-
ance of the conductor is known as an ohmic resistance.

Many types of conduction, however, for example, gaseous con-
duction as just described, do not follow Ohm’s law but have more
complicated forms of the relation (13). In general, the relation
(13) cannot be expressed in mathematical form, and it is neces-
sary to express the relation graphiecally by what is known as an
e-t characteristic curve. Several such curves are given in Fig. 7,
the type of conduction to which each curve applies being
noted on the curve. The scales of voltage and current are
not necessarily the same for the several eurves.

Figure 7a is the graph of an ohmic resistance, as given by Eq.

(15). The conductance K is represented by the slope of the
resistance line,
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In none of the other types of conduction illustrated in Fig.
7 is there a constant such as K or R, but instead, the ratio of the
instantaneous current to the corresponding instantaneous voltage,
i.e., the instantaneous conductance, is a variable and a function
of the current or potential difference. The are, illustrated by the
curve of Fig. 7b, exhibits a diminishing voltage as the current
increases, which gives an increasing conductance with increasing
current. Such a characteristic is often termed a falling character-
istic because its slope is always negative. The curve shown in
Fig. 7c¢ illustrates, in general form, the course of the e-7 curve
for gaseous conduction. The exact shape of this curve depends
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upon various factors, such as gas pressure and kind of gas, and
the final rapid rise of current may be entirely absent. The flat
region is the saturation value of current. It occurs when
all of the carriers are swept out as rapidly as they are produced.
The rapid rise at the end is due to cumulative ionization. The
curve of Fig. 7d is typical of the electronic conduction in a high-
vacuum thermionie tube. The flat portion shows the saturation
value of the current when all of the electrons are drawn to the
positive electrode as rapidly as they are emitted by the heated
cathode. The curves of Fig. 7, ¢ and d, are rising characteristics
because the slope of the curves is always positive. The instan-
taneous conduetance in certain regions may increase with increas-
ing current, while in other regions it may decrease with increasing
current.
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A common example of a type of conduction in which time enters
is conduction through the filament of a tungsten lamp. Owing
to the rise of temperature with increasing current, the con-
ductance of the filament decreases by a factor of about ten from
zero to normal current. The e-¢ characteristic for slowly chang-
ing current is shown by the curve so marked in Fig. 8. If,
however, the increase and decrease of the current take place
in so short a time that the temperature of the filament does
not change appreciably, the e-¢ characteristic is given by the
straight line marked ‘““very rapid current change.” If the current
rises fairly rapidly and then decreases more slowly, some such
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F1a. 8. —Current-voltage characteristic curve of a tungsten-lamp filament.

characteristic as is shown by the dotted line may be obtained.
It is evident that for such a conductor there is no unique e-%
characteristie, except for the limiting cases of very slow change
and very rapid change of current. In the first case the tempera-
ture follows the change in current. In the second case the
changes of current are so rapid that the temperature cannot
follow them and assumes some mean value.

Actually, the conduction through a gas, illustrated in Fig.
7, b and ¢, is of the type in which the current-voltage curve
depends upon the rate of change of the current. Time enters not
only because the temperature changes as the current changes but
also because the positive ions, which influence the conductance,
move much more slowly than the electrons do and hence cause a
lag in the effects when the current changes at a high rate. If the
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rate of current change is inereased to such values that the time of
flight of the electron between electrodes becomes appreciable
compared to the period of change of the current, even conduction
through a high-vacuum thermionic tube is of the type involving
time as expressed in Eq. (14). The conduction through a metal
at constant temperature is also of the type containing time, for
very rapid current changes, so that all conduction in the final
analysis is of the type shown in Eq. (14). For some types of
conduction the time factor can be neglected for very slow changes
of current only, while for other types of conduction the time
factor is negligible for fairly rapid current changes.

27. Variational or Incremental Conductance and Resistance.—
Whenever an ohmic resistance of the type illustrated by Fig.
7a is an element of a circuit, which may also contain inductance
and capacitance, it is a simple matter to calculate the current
which flows in the circuit under a given impressed electromotive
force. The resistance is the same whether the applied e.m.f. is
constant or alternating, or if an alternating e.m.f. is superimposed
on a constant e.m.f. When the type of conduction does not
follow Ohm’s law, complexities arise which will now be considered.

A type of conduction which does not follow Ohm’s law is shown
in Fig. 7b, also given in Fig. 9. If the instantaneous e.m.f. is
e; (Fig. 9), the instantaneous current is 7, and, by analogy with
Ohm’s law, the instantaneous conductance is the ratio of
i1/es = k1. If e, changes to another value e;, the instantaneous
conductance changes to a new value %, If ey — ¢;, a small
change in the e.m.f., is Ae, and the corresponding change 7, — %,,
in 4, is Az, then

. At di

hmltAe=oA—e =7
is called the variational or incremental conductance k. This new
quantity is the slope of the characteristic curve and, in the case
shown in Fig. 9, is a negative quantity. The quantity & is the
conductance offered to a small variation of e.m.f. as, for example,
for a small alternating potential superimposed upon a steady
e.mn.f.

Since the reciprocal of the conductance is the resistance, de/ds
is the variational resistance. In the work that follows, conduc-
tance is used instead of resistance, when simpler expressions result
therefrom.
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Referring again to the example given in Fig. 9, let P be the
center point about which a small alternating variation of poten-
tial and current takes place. The voltage and current corre-
sponding to P are E and I. E is a steady potential upon which is
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Fig. 10.—Path of operation for a small high-frequency alternating variation.

superimposed a small alternating potential of amplitude e; — E.
To the steady current I, the arc offers a positive resistance given
by E/I or a positive conductance given by the slope of the line
joining O with P. To the alternating variation, the arc offers a
negative resistance or conductance.
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In the example of Fig. 9 just described, the conduction follows
the simple law given in Eq. (13), in which case the variational
conductance is simply the slope of the e-¢ characteristic curve.
If, however, the alternating variation is so rapid that the time fac-
tor enters, the variational conductance is not the slope of the char-
acteristic curve but of some other line P,P,, as shown in Fig. 10.

A condition similar to that described for the are obtains if a
small alternating e.m.f. is superimposed upon a steady e.m.f. E,
applied to a metal-filament lamp. This case is illustrated by the
a-c. line PP, in Fig. 8. The conductance for a small alternating
current of high frequency is constant and of a value determined
by the steady current I.

Sometimes the condition is even more complex than is illus-
trated in Fig. 10. The a-c. path P.P, for increasing current
may not be the same as the path for decreasing current and a
small ellipse or other figure may be traced between P; and P..
In such a case the conduction not only offers resistance but acts
as though it possesses inductance also.

If the a-c. variations are small, all of these cases can be handled
mathematically by solving the steady-current and a-c. parts
of the problem separately. As already stated, the value of
resistance or conductance for steady current is different, in
general, from the value for alternating current. The method of
solution of this type of problems will be more fully described
in a later chapter.
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CHAPTER IV
EMISSION OF ELECTRONS

28. Three Sources of Electron Emission.—By the emission
of electrons is meant the evolution or giving off of electrons by
solid or liquid bodies, usually not spontaneously but as an accom-
paniment and result of the action of certain definite physical
agencies. There are three important means by which electrons
are caused to be emitted:

a. Elevation of temperature of body.

b. Bombardment of body by rapidly moving ions, electrons,
or metastable atoms.

c. Electromagnetic radiation of sufficiently short wave length
falling upon body.

Electrons are spontaneously emitted from radioactive sub-
stances, but this form of emission is so weak as to be of little
importance as a source of electrons for electron tubes and will not
be considered further.

The three types of emission classified above according to the
causes of emission are called thermionic emission, secondary emis-
ston, and photoelectric emission, respectively. The first of these
types of emission is the most important and will be considered in
detail.

I. THERMIONIC EMISSION

29. Maxwell’s Distribution of Velocities.—The heat energy
that a body contains, which determines its temperature, resides
in the kinetic eénergy of motion of its atoms or molecules, which
are in constant random to-and-fro motion, as briefly explained
in Chap. II. The greater the heat energy, the higher the
temperature and the higher the velocities of motion of the
particles. The velocities of motion are not the same for all
the particles. Some particles have a relatively low velocity
while others have a very high velocity, but the majority have
velocities which are not very different from a certain velocity
known as the most probable velocity. Maxwell calculated, by
the theory of probability, the distribution of velocities of the

56
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particles of a gas and obtained the curve shown in Fig. 11. In
this figure, any ordinate y represents the probability that a
particle has a velocity z times the most probable velocity,
where z is the abscissa of the ordinate y. The ordinate y is a
function of z given by the relation

4 2
= —:xze"’ 17
V= (17
The ratio of the area under the curve between any two ordinates,
at 21 and z,, to the total area under the curve, gives the fraction
of the total number of particles which have velocities ranging
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Fia. 11.—Maxwell’s law of distribution of velocities of gas molecules.

between z; and z; times the most probable velocity. For
example, only 3.1 per cent of the particles have velocities greater
than 2.5 times the most probable velocity. If the ordinates
are Azx apart, then yAz/A = An,/N, where An, is the number of
particles having velocities ranging between x and z 4 Az times
the most probable velocity, N is the total number of particles,

and A is the total area under the curve. A = j; ydz = 1.

The most probable velocity changes with the temperature and is
proportional to the square root of the absolute temperature.

30. Work Function.—The free electrons within a conducting
body are assumed also to have random motion somewhat similar
in kind to the motion of the atoms. The classical theory, devel-
oped by Richardson, postulated that the electrons share with the
atoms the heat energy and hence that the velocities of the
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electrons follow Maxwell’s distribution law. Modern theories,
based on the statistical mechanics of Fermi and Dirac, and
developed by A. Sommerfeld and others, give to the electrons a
velocity distribution which is very different from that of Maxwell.

It is sufficient for our purpose at this point, without going into a
discussion of the several theories, to picture the electrons within
the conductor as having some sort of velocity distribution. If
there were no restraint at the surface, all electrons meeting the
boundary of the conductor and having a normal component of
velocity would escape, thus giving enormous emission of electrons
even at ordinary temperatures. It is, therefore, necessary, in
order to explain experimental results in terms of this picture,*
to postulate a surface restraint or barrier which only those
electrons that have a normal component of velocity greater than
a certain value can surmount. This surface restraint may
be due mostly to the electrical attraction of the surface for the
emerging electron but is most conveniently expressed in terms of a
definite amount of work w. An electron must possess kinetic
energy at least as great as w in order to pass out through the
surface. This work w is known as the thermionic work function.

The following simple analogy may aid in the understanding of
the physical meaning of the work function. Imagine a number
of marbles contained in a box, the sides of which have a height
h. Suppose the marbles are jostled about by some means such
as a hopper at the bottom of the box. The random motion
of the marbles is roughly analogous to the motion of electrons.
Some of the marbles may possess sufficient kinetic energy to
carry them over the side of the box and out. If m is the mass

of a marble, the minimum kinetic energy necessary is Lgmo®, =

mgh, where mgh is analogous to the thermionic work function
w. A marble which is projected free from the box has lost no
energy; the kinetic energy which it possessed has been trans-
formed wholly or partly into potential energy when it is elevated
to a height & above its normal position.

Returning now to the electrical case, only those electrons can
escape whose velocities: are equal to or greater than v, given by
the equation

* The picture described above and in the following sections should be
considered in some respects as a very crude picture. It is difficult to describe
the quantum mechanics of the electrons inside a conductor in terms of an
accurate and at the same time simple picture.
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Yomun, = w (18)

The energy of an escaped electron is not lost but merely trans-
- formed in part into potential energy.

The work w is ordinarily expressed in terms of a potential
@ such that ® times the electronic charge e isequal to the work w,
or

®e = w (in absolute units)
If ® is in volts and e in absolute electrostatic units,
de = 300w (19)

The equivalent voltage & is often called the electron affinity and is
different for different substances. The quantity & is of the
greatest importance because it indicates the comparative diffi-
culty that electrons experience in escaping from different sub-
stances. Usually, the substances having small electron affinities
are better emitters of electrons at any given temperature than the
substances having larger values of ®. This important constant is
treated more in detail in Seec. 33 of this chapter.

31. Mechanism of Emission.—As the temperature of a con-
ductor is increased, the distribution of velocities of the free
electrons inside the conductor changes in such a way that more
electrons possess a velocity sufficient to carry them through the
surface restraint. The electrons which are emitted charge the
space outside negatively and leave the body positively charged.
Hence, there exists an electrostatic field outside the body urging
the emitted electrons back into the body. At any given temper-
ature, equilibrium is established when just as many electrons
return to the body as escape in any given interval of time. Thus,
a cloud of electrons exists outside the body, having a density
dependent upon the temperature and upon the distance from the
surface. There is, however, a definite rate of emission of electrons
at each temperature, probably independent of the density of the
electron cloud outside the body. If an external electric field is
applied which is sufficient to draw off the electrons as fast as
they are emitted, a certain saturation current per unit area of
" surface of the emitting body is obtained at each temperature.

32. Emission vs. Temperature.—In 1901, O. W. Richardson,*
applying the classical kinetic theory, deduced an equation for

1 RicuARDSON, Camb. Phil. Proc., 11, 286 (1901).
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the saturation emission current per unit area of emitting surface
as a function of temperature. This equation is

I, = A\Te it (20)

where A, is a constant; w is the work per electron necessary for
it to pass through the surface restraint and is assumed to be a
constant for any substance; T is the absolute temperature; e is
the Napierian base; and « is Boltzmann’s gas constant for a single
electron, or two-thirds the average kinetic energy possessed by
an electron at 1° abs. (k = 1.3709 X 10~!¢ erg per degree). In
deducing this equation, Richardson assumed that the electrons
inside the conductor obey the laws of a perfect gas and share with
the atoms the heat energy in the body. The velocities of the
electrons inside the body were therefore assumed to follow Max-
well’s distribution law.

Richardson’s theory just referred to is now held to be incorrect
because of discrepancies between the theory and certain experi-
mental facts. For example, if the large number of free electrons
which exist in a conductor share in the heat energy, the specific
heat of the body should be much larger than is actually observed.

Later, Richardson,? using the reasoning of thermodynamics
applied to the electrons outside the conductor and making no
assumptions as to the velocity distribution of the electrons inside
the conductor, arrived at the expression given in Eq. (21)

, = amedaet (1)
where A is a quantity independent of 7. Richardson pointed out

that if the work funetion w is a function of temperature, given by
the approximate relation

w = wy + 34T, (22)

which is deduced by further thermodynamical reasoning con-
cerning the electrons inside the metal, Eq. (21) reduces to

wo bg
I.= AT% T = AT T (23)

where w, is the value of the work function at absolute zero.
Equation (23) can be deduced from the quantum theory,
using the statistical mechanics of Fermi and Dirae, as shown by

2 RicuarDsoN, Phil. Mag., 28, 633 (1914); “ Emission of Electricity from
Hot Bodies,” Longmans, Green & Co., New York, 1916, rev. 1921.
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Sommerfeld.* Equation (23), therefore, has a much stronger
theoretical backing and is now universally adopted as the correct
form of the emission equation.

Equation (23) has another point in its favor. As pointed out
first by Richardson,* A comes out experimentally to have about
the same value for many common metals. Later Richardson*
and then Dushman® showed theoretically that A is a universal
constant for pure metals.

Bridgman,® in a rigorous theoretical treatment of the emission
equation, shows that, if the difference between the specific heat
of the neutral metal and the specific heat of the electric charge on
its surface is zero, A has the universal constant value given
by Dushman’s theory. There is, however, some slight evidence
that A may be a function of &,, where &, is the value of ® at
absolute zero, and possibly also of the reflection coefficient of
electrons at the anode.”

It might seem that it would be easy to decide by experiment
between the two possible expressions for the emission current
given in Eqgs. (20) and (23), but the exponential factor varies so
much more rapidly with 7 than does the T2 or 7% term that it
is practically impossible to decide from the experimental results
which equation is the correct one. However, the experimental
results of Dushman,® Schlichter,!® Davisson and Germer,?
Waterman,'® and Dushman et al.,!* are in support of Eq. (23).

Dushman, Rowe, Ewald, and Kidner!* have found by experi-
ment that the value of A for tungsten, tantalum, molybdenum,
and thorium agrees well with the theoretical value of

amp.
60'2crn.2 deg.?’
there is a film of another element on the surface of the metal. A
monatomic layer of an element more electropositive than the
metal, such as a layer of caesium or thorium on tungsten,

3 SOMMERFELD, Zeits. f. Physik, 47, 1 (1928).

4 R1cHARDSON, Proc. Roy. Soc. (London), A 91, 530 (1915); * Emission of
Electricity from Hot Bodies,” p. 42, Longmans, Green & Co., New York,
1916.

5 DusaMan, Phys. Rev. 21, 623 (1923).

¢ BripamaN, Phys. Rev., 14, 306 (1919); 27, 173 (1926).

7 ComproN and Lanemuir, Rev. Modern Phys., 2, 137 (1930).

8 ScHLICHTER, Ann. d. Physik, 47, 625 (1915).

® DavissonN and GermER, Phys. Rev., 20, 300 (1922).

10 WATERMAN, Phys. Rev., 24, 366 (1924).

11 DusaMAN, Rows, EwaLp, KiDNER, Phys. Rev., 26, 338 (1925).

The value of A is vastly different from this if
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decreases the value of 4, while a monatomic layer of a more
electronegative element, such as oxygen or phosphorus, increases
the value of A. _

Equation (23) is shown plotted in Fig. 12 for tungsten and
logarithmically in Fig. 13 for tungsten, tantalum, molybdenum,
platinum, and thorium. With the exception of platinum, the
differences in emission for the several metals are due to the differ-
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F1e. 12.—Saturation current for tungsten. E = oo,

ent values of b, in Eq. (23). (The values of b, for these metals
are given below in Table II1.) The melting points of the several
pure metals are indicated by the termini of the lines in Fig. 13.
It is evident from the figure that at any temperature below about
2500°K. the emission from tantalum is at least ten times the
emission from tungsten. The measurements of the emission
constants of platinum vary widely, probably because of the
impossibility of obtaining a clean surface uncontaminated with
adsorbed oxygen.
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It should be remembered that the saturation current given
by Eq. (23) is obtained only when an electric field is impressed
of sufficient intensity to draw all electrons away from the emitter
as fast as they emerge. This condition prevailed in obtaining
the results of Figs. 12 and 13. The manner in which the emission
current varies with temperature, when the impressed voltage is
small, is considered in Sec. 42 of this chapter.

: :
N 1ol
“ 6 s to-
N e oFTo= |
-8 §\:\ \ T— ’q‘/f =ﬁc‘e,c7)(”,
o N\ 200
i -2 \ \\\ \\\/\
o N
NN
LI \ e
4
-{8 —gc‘" \ \\ \
x| ox |x NN\ N
RTINS WX N
P R L T N N N °§\\\ 3
LT lY N\ N [N
1

N
12 13 14 15

Shr-

03 04 05 06 Q7 08 Q9
0¥
Fiag. 13.—Comparison of emission from various kinds of surfaces.

33. Further Considerations Concerning the Work Function.—
We return to further consideration of the work funection w, or
the electron affinity ®,. The value of w, for tungsten is approxi-
mately 7.20 X 1012 erg, or the equivalent voltage ®, is 4.52
volts. The value of w or ® at room temperature is only slightly
greater than the value of w, or &, as shown by Eq. (22).

If it is assumed in accordance with the classical theory that
the thermal energy of the electrons inside the metal is the same
as that of the electrons just outside, w is the work done against
electrical forces when an electron leaves the surface. This state-
ment and the eonclusions that follow are not materially altered
when the modern theory of emission is used.

Schottky!? has shown that if certain rather rough assumptions
are made, the calculation of this electrical work comes out to be

12 ScHOTTKY, Phys. Zeits., 12, 872 (1914); 20, 220 (1919); Ann. d.
Physik, 44, 1011 (1914); Zeits. f. Physik, 14, 63 (1923).
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about equal to the observed value for the work function. Ana-
lytically, the expression for the electrical work is

Work = j; “F(z)dz (24)

where F(z) is the force on an electron distant z from the surface.
Schottky assumed that F(z) is the ordinary image force ¢?/42?
for values of x which are large compared with the diameter of
a surface atom. When the electron is near the surface, the
atoms being so large in comparison with the electron, the image
theory is obviously incorrect and some other form for F(x)
must be used. He assumed that for small values of z, the force
is constant and equal to e?/4x? up to a critical distance .
Langmuir®® assumed a parabolic form for the force near the
surface, starting with zero at the surface and merging into the
image force at a certain small distance from the surface. Experi-
ment cannot determine the form of F(x)
for small distances, but it does indicate
that the force is the image force for
distances greater than a few atom
diameters, unless the surface is very
rough, when the image law is modified. A
34. Contact Potential and Its Relation
to the Work Function.—The work w has
a very intimate connection with the con-
tact e.m.f. between metals. This can
easily be seen in the following way. In
Fig. 14, let A and B be two metals
maintained at the same temperature. Suppose that metal 4 is
grounded. An electron which leaves metal 4, arriving at a point
a short distance outside its surface, has overcome, by virtue of its
initial kinetic energy, practically all of the surface restraint, and
an amount of kinetic energy w = ®e has been converted into
potential energy. The electron is then at a negative potential
E, with respect to ground potential, so that

EA = —‘194 = (25)

Similarly, an electron emerging from B does an amount of
work wz, and at a short distance from the surface of B is at a
negative potential £ with respect to the metal. The metal B

13 LANGMUIR, Trans. Am. Electrochem. Soc., 29, 157 (1916).
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is at a different potential from A because of a small Peltier e.m.f.
E, at junction J, so that

Wa

EB = —QB i E-,r = '—7 + E,r (26)

The difference between Eqgs. (25) and (26) gives
(EB - EA) = ((I)A - ‘I’B) T E, (27)

The quantity Ez — E, is the difference of potential which
would exist between the two metals B and A if their surfaces
were brought near together and they were not metallically con-
nected, and is known as the contact difference of potential, or the
Volta potential. Equation (27) shows that this Volta potential
difference is practically equal to the difference in electron
affinities, E, usually being negligible in comparison with this
difference.

When an electron escapes through the surface of an emitter,
some of its kinetic energy, in amount equal to w, is converted
into potential energy. The electron takes away this amount of
energy, causing the emitter to be cooled. Conversely, an electron
starting from rest just outside a substance, and passing inward
through the same surface restraint, causes a heating equal to
w ergs per electron. This heating must not be confused with
the much greater heat due to the bombardment of an electrode
by rapidly moving electrons. The heat of bombardment is
due to the conversion of all of the kinetic energy of the electrons
into heat.

36. Determination of the Work Function and Constant
A 1-32_Most of the experimental determinations of the work

14 DusaMAN, Rev. Modern Phys., 2, 381 (1930).

18 WeHNELT and JenTzscu, Ann. d. Physik, 28, 537 (1909).

18 SCHNEIDER, Ann. d. Physik, 37, 569 (1912).

17 Cookk and RicuarDsoN, Phil. Mag., 26, 624 (1913); 26, 472 (1913).

8 LesTER, Phil. Mag., 31, 197 (1916).

1 WiLsoN, Proc. Nat. Acad. Sci., 3, 426 (1917); Phys. Rev., 10, 79 (1917).

20 DavissoN and GERMER, Phys. Rev., 20, 300 (1922); 24, 666 (1924).

21 MicueL and SPANNER, Zeits. f. Physik, 36, 395 (1925).

22 VaN Vooruis, Phys. Rev., 30, 318 (1928).

23 ComproN and VAN Vooruis, Proc. Nat. Acad. Sci., 13, 336 (1927).

¢ HorToN, Phil. Trans., A 207, 149 (1907).

25 ,ANGMUIR, Phys. Rev., 2, 450 (1913); Phys. Zeits., 16, 516 (1914);
Trans. Am. Electrochem. Soc:, 29, 125 (1916).

26 SCHLICHTER, Ann. d. Physik, 47, 573 (1915).
27 KiNngpoN and LANGMUIR, Phys. Rev., 22, 148 (1923).
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function or electron affinity ®, have been made by one of two
methods. The first method®—2! involves the measurement
of the cooling of the cathode due to emission, or the heating
of the anode due to electrons entering its surface. The second
method 2432 jg the direct determination of the constants of the
emission equation, Eq. (23), usually by. plotting, as in Fig. 13.
When the second method is used, the constant A can also
be determined.

TaBLE II.—EwmissioNn CONSTANTS!

Metal &, volts bo, degrees Kelvin ﬁgé—.z
Niceovoriunennnn. 2.77 32,100 26.8
Covriinn i, 4.00 46,500 60.2
W 4.52 52,400 60.2
Mo.............. 4.42 51,300 60.2
Ta......oovvnn... 4.07 47,200 60.2
Zron W.......... 3.15 36,500 5.0
Cs.ovviia 1.81 21,000 16.2
Th............... 3.35 - 38,900 60.2
Thon W.......... 2.63 30,500 3.0
Uon W 2.84 33,000 3.2
Ca.ooovivninins. 2.24 26,000 60.2

'_c; = 11,606 deg. per volt.

1 International Critical Tables, vol. VI, McGraw-Hill Book Company, Inc., New York, 1929,

While most of the reliable values of the work function have
been determined by the methods just described, the work function
can be found also from the long-wave-length limit of the photo-
electric effect, or by measuring directly the contact e.m.f. between
two metals, the electron affinity of one of the metals being known,
These last methods in general do not give results so accurate as
the first two methods, because of the difficulty of adequately
cleaning the surfaces of the metals and maintaining the surfaces
free from contamination by occluded gases.

28 KINGDON, Phys. Rev., 24, 510 (1924).

2 SPANNER, Ann. d. Physik, 76, 609 (1924).

3 ZWIKKER, Proc. Amst. Acad. Sci., 29, 792 (1926).

31 DusaMaN, Rows, Ewawp, and KipNER, Phys. Rev., 26, 338 (1925);
Dusaman and Ewawp, Phys. Rev., 29, 857 (1927).

32 DuBriDGE, Phys. Rev., 32, 961 (1928).
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Even the first two methods are extremely difficult of execution
for obtaining accurate results, owing largely to the difficulty
in accurately measuring the temperatures. Because of these
experimental difficulties, the values of the emission constants
obtained by various observers differ considerably in some cases.
The best values, taken mostly from the ¢ International Critical
Tables,” are given in Table II on page 65. The values printed
in boldface type are the more reliable; the other values must
be considered as only approximate.

Platinum seems to be abnormal in that the emission constants
for this metal, as determined by a number of observers, vary
much more widely than for other metals. DuBridge®? has
tabulated the values of A, b, and ®; for platinum. The deter-
minations of the electron affinity vary from 2.18 to 6.71 volts,
and the values for A vary from 10.7 X 10~ to 1.45 X 107

amp.
deg.? cm.?
which condenses readily on clean platinum, as Langmuir3®
showed.

36. Space Current vs. Voltage.—Thus far, only the variation of
the total emission or saturation current from an emitter, as its tem-
perature is varied, has been explained. The electrie field inten-
sity, which draws the electrons from the emitter to the opposed
cold plate, has been assumed sufficiently large (indicated by
E = « in Fig. 12) to insure that all emitted electrons are drawn
off and a true measure of emission as a function of temperature
obtained. If, however, the field intensity is small, all electrons
are not attracted to the plate, and the space current depends -
upon the strength of the electric field aceording to a certain
law known as the voltage law.

A rough physical picture of the reason for the limitation of
space current at low voltages may be obtained by examining the
forces acting upon a single electron as it passes from the emitter
to the plate of a two-electrode tube, or diode, shown in Fig. 15.
Assume that the bulb is perfectly exhausted and that a space
current is flowing, consisting of a cloud of electrons diagram-
matically represented in Fig. 15. This cloud constitutes a
negative space charge, which exerts a force on each electron
according to its position. An electron just emerging from the
emitter is attracted toward the plate by the electric field caused

33 DuBRIDGE, Phys. Rev., 31, 236 (1928).

This wide variation may be due to occluded oxygen



EMISSION OF ELECTRONS 67

by the voltage E, applied between emitter and plate, but is
repelled back toward the emitter by the space charge. If the
former force is greater than the latter, the electron will move
toward the plate with an increasing velocity. The repelling
force toward the emitter, due to the space charge, decreases as
the electron approaches the plate, because less repelling space
charge is in front of it and more behind it. Since the resultant
force on the electron increases rapidly owing to the diminution
and ultimate reversal of the space-charge force, the acceleration
of the electron increases. The electron cloud is most dense
near the emitter. The force acting on an electron to urge it
toward the plate is least when
the electron is near the emitter,
so that an electron that starts
toward the plate is certain to
arrive there. If the force due
to the space charge on an elec-
tron just emerging from the
emitter is equal to the attract-
ing force due to the charged
plate, the electron will be un-
affected, and any further in-
crease of electrons flowing to
the plate will result in a larger
net forece urging the electrons
back into the emitter. It is
evidently impossible for a cur-
rent to pass to the plate which
is greater than that giving a space charge which just neutralizes
the force at the emitter due to the plate. This leads to a maxi-
mum value of current known as the saturation current correspond-
ing to each plate voltage.

An analytical expression for the voltage law was first derived
for parallel-electrode surfaces by Child** in 1911, and later
independently derived and extended to a cylindrical plate by
Langmuir.3®

37. Voltage Law for Plane Surfaces.—The derivation of the
voltage law, as obtained by Child, is here given when applied to
the ideal case of two infinite parallel surfaces in a perfect vacuum,

3 CHILp, Phys. Rev., 32, 498 (1911).
3 LaNaMUIR, Phys. Rev., 2, 450 (1913).
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one surface being maintained at aninfinite temperature. Further,
the emitter is assumed to be an equipotential surface and the
electrons are assumed to emerge from this hot surface with
__zero initial velocity. Figure 16 represents a portion of the two
infinite surfaces. The hot surface is assumed to be at zero
potential and the cold surface is maintained at potential E,.
Since the surfaces are infinite, the electric field is everywhere
uniform and perpendicular to the surfaces. Imagine a small
box between the surfaces, with edges of length dz, dy, dz, the

direction 2z being perpendicular

to the infinite surfaces. Gauss’

+ep /. | theorem states that the surface

¥ | integral over any closed surface of

(,o\b the normal component of the

electric force F, is equal to 4r

A 9| |/ | times the charge ¢ inside the sur-
i ,g’;x '_Ex;i:;;“‘“ face, or

STVl 4]* [ [Faas = drg (esu) (28)

e3¢ )--n]

This equation may be applied to
the small imaginary box in
Fig. 16. The result is

—F.dydz + (F, + o ”dx)dydz
Fia. 16.—Flow of electrons be- dz
tween parallel plane electrodes. = —d4rpdzdydz (29)

where p is the volume density of negative charge. In Eq. (29),
the partial derivative may be written as a total derivative because
F, varies only with z, and the equation reduces to

dr .

= —4mp (e.s.u.) 30)
Since F, = —dE/dz, Eq. (30) becomes

d2E

ol 47p (e.s.u.) 31)

where E is the potential distant z from the emitting surface.

The volume density p is a funetion of . The charge is moving
in the direction of positive z so that the charge, which is at one
instant inside the box, in an interval of time d¢ will be displaced
a distance dx. The rate of transfer of negative electricity, or
the electronic current, is therefore



EMISSION OF ELECTRONS 69

pdadyde
5 = ldyda
or
dx
I= PE = pUy (32)

I is the electron current per unit area of the surfaces and is
numerically equal to the positive current flowing from anode to
cathode; v, is the velocity of the electrons at distance z from the
emitting surface.

An electron which has traveled a distance x from the emitter
has velocity v, given by the equation

Ysmv: = Ee (33)
Eliminating p and v, from Eqs. (31), (32), and (33),
d*E 2m _
W = ZTJZE-I (e.s.u.) (34)
To solve the equation, we may multiply through by 2%; giving
d (dEY’ \/Zm 1 dE
(E(%) = 4rxl - TR dz (e.s.u.) (35)

Integrating Eq. (35),

(g) (_) _8,,1\/_(,;;%—1476) (esu)  (36)

Equilibrium is established when the current, and hence the
space charge, is sufficient to reduce to zero the electric field at
the emitter. The potential E, is zero by hypothesis. Equation

(36) becomes
dE\? 2
(d—x) = SWI\/—Z‘E% (e.s.u.) (37)

Integrating Eq. (37),

1= E eEz e.5.1.) (38)

where E is the potential at any distance « from the emitter. If
is made equal to d, the distance between emitter and plate, E
becomes E, and Eq. (38) becomes

%e E
- LB s )
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Equation (39), expressed in practical units with the constants
evaluated, is

34
I =2336 X 10—6% ok (40)

where E, is expressed in volts and d in centimeters.
Equation (40) is the voltage law and shows that the voltage-
saturation current varies as the three-halves power of the
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F1a. 17.—Space-charge saturation current between parallel plane electrodes.
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impressed plate voltage. This equation is sometimes called
Child’s law.

Equation (40) also shows that with constant potential on the
plate, the voltage-saturation current varies inversely as the
square of the distance between a plane emitter and a plane plate.
Equation (40) is plotted directly in Fig. 17, and on logarithmic
paper in Fig. 18. )

Since the current is the same for all values of z, Eq. (38) shows -
that the potential at any distance z is given by
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(41)

Therefore, the potential varies as the four-thirds power of the
distance from the plane emitter.
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F1a. 18.—Space-charge saturation current between parallel plane electrodes,
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38. Variation of Field Strength, Velocity, and Charge Density
with Distance, for Plane Electrodes.—It is & simple operation to
derive the following expressions:

Equations (41) to (44) are shown graphically in Fig. 19.

dE
F = —a =
v, = (const.) - z%

p = (const.) - v7%

— (const.) - z*

(42)

(43)
(44)

It is

to be remembered that these equations all apply to the ideal case
of an equipotential plane emitter, giving off electrons with no
initial velocity, and placed in a perfect vacuum opposite a plane
plate, both plate and emitter being so large that the field between
them is everywhere uniform and perpendicular to the surfaces.
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By Eq. (31), p is proportional to d2E/dz? and hence is approxi-
mately proportional to the curvature of the graph of E.

10 ariation of Fv,E omd'p
Between Piane Electvodes
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Fia. 19.—Variation of F, », E, and p

between parallel plane electrodes.

10

39. Voltage Law for Cylin-
drical Plate.—The law for the
variation of plate current with
plate voltage will now be
developed for a cylindrical
arrangement, consisting of a
filamentary equipotential
emitter of infinite length dis-
posed along the axis of an
infinite  cylindrical plate.
Here again the temperature
of the emitter is assumed to
be so large that the space cur-
rent is never limited by lack
of emission, and the electrons

leave the filament with zero initial velocity.
Referring to Fig. 20, Gauss’ theorem is first applied to the
small wedge-shaped volume rdédrdl

Plate
—Frdodl + <F + 'dr> (r 4+ dr)dédl Eriter.
= —d4rprdfdrdl (45)

Reducing and dividing by rdédrdland i ldo F'*f”'
replacing the partial derivative by the 3 :»‘ﬁ:{f‘—’:“r”{
total derivative, Tﬁ'ﬁ]‘l Sl

dl R ST 1,‘;
dF e
+ = —4np (46) L F S dr A -
i |..:r ........ Fp v
Replacing F, by —dE/dr, P
&#F | 1dE ¥
I N =
or “7) ,j ™
1a(a) o
ra\'dr) " "

Fic. 20.—Flow of electrons

which expresses the relation among the
potential E, the volume density of
negative charge p, and the distance
cylindrical plate.

between cylindrical electrodes.

r from the axis of the
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The electron current perpendicular to the axis through length ]
of any imaginary concentric cylinder is

= 2mrlpv, (48)

This equation, together with Eq. (33), can be combined with
Eq. (47) to eliminate p and v,, giving

d?E | dE I [2m
RN (49)
Langmuir?®37 has shown that the solution of this equation is
=2 [ (50)

9 \'m 76 (e.s.u.)

In Eq. (50), B is a dimensionless factor given by the series

r 2 r\2 11 r\®
B =log; - 5(10% &) + E@(log a)
47 r\
where a is the radius of the filamentary emitter. Table III,taken

from Langmuir’s paper,3%373¢ gives the values of 82 for various
values of r/a.

TaBLE 1113

r/a g r/a g r/a B
1.00 0.000 6.0 0.838 30 1.091
1.50 0.116 7.0 0.887 45 1.095
2.00 0.275 8.0 0.925 67 1.089
2.50 0.405 9.0 0.955 122 1.072
3.00 0.512 10.0 0.978 221 1.053
4.00 0.665 12.0 1.012 735 1.023
5.00 0.775 16.0 1.051 2,440 1.006

20.0 1.072 22,026 0.999

Equation (50), reduced to practical units and with constants
evaluated, becomes
IE%
I =1468 X IO—GT——BP2 amp. (52)
2
3 LANGMUIR, Phys. Rev., 2, 450 (1913); Phys. Zeits., 16, 348 (1914); Gen.
Elec. Rev., 26, 731 (1923).
¥ LanGMUIR and BLODGETT, Phys. Rev., 22, 347 (1923).
# For values of 82 see Langmuir, Phys. Rev., 21, 435 (1923); and
for table of values of 82 for both cathode inside and cathode outside see
Langmuir and Blodgett, Phys. Rev., 22, 347 (1923).
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where [ is the length of the filament and plate in centimeters, r,
is the radius of the plate in centimeters, and E, is the potential
between plate and filament in volts. Equation (62) is plotted
logarithmieally in Fig. 21.

40. Comparison of Voltage Laws for Plane and Cylindrical
Plates.—Comparing ¥qgs. (39) and (50), it is seen that with both
geometrical arrangements of filament and plate, 7.e., plane sur-
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Fie. 21.—Space-charge saturation current between cylindrical electrodes.
g2 =1.

faces and cylindrical plate with filamentary emitter, the electron
current is proportional to the three-halves power of the impressed
voltage. Langmuir®® has shown theoretically that the three-
halves-power law holds, no matter what the geometrical con-
figuration of the electrodes may be.

Equation (62) shows that for a eylindrical plate, where its
radius is large compared with the radius of a filamentary emitter in
the axis of the plate, the saturation current varies tnversely as the
first power of the radius of the plate. This statement should be
contrasted with the corresponding one for plane surfaces, in
which case the saturation current varies inversely as the square
of the distance between emitter and plate.
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41, Variation of Field Strength, Velocity, and Charge Density
with Distance, for Cylindrical Electrodes.—Expressions for the
cylindrical diode, corresponding to those for the plane-plate
diode given in Eqs. (41), (42), (43), and (44), are as follows:

E = (const.) - (r82)3 (53)

dE dp?
F = ——~ = —(const.) - (rB?)—%| '— + B* (54)
dr dr
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Fre. 22.—Variation of F, », E, and p between cylindrical electrodes, T_a" = 6.

v = (const.) - (r3%)* (55)
p = (const.) - rl_v (56)

These four equations are plotted in Fig. 22, which should be com-
pared with Fig. 19 for the plane-plate diode.

42. Effect of Initial Velocity of Emission.—In the derivation
of the voltage laws as given for the plane and cylindrical arrange-
ments of plate and emitter, it was assumed that the electrons left
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the emitter with no initial velocity. In practice this ideal condi-
tion is not realized, as was shown by the theory of emission given
in the first part of this chapter. It was there pointed out that,
because of the surface restraint, only those electrons inside the
emitter possessing more than a certain minimum velocity can
escape through the surface. This minimum velocity corresponds
to a certain kinetic energy which an electron must possess in
order to escape. This energy is transformed into potential
energy on passing through the surface. Hence this minimum
velocity is subtracted from the velocity of all electrons which
emerge from the emitter. The emerging electrons therefore
possess velocities ranging from zero upward. It was pointed out
that the assumption made in the early theories of emission is
that the electrons inside the emitter possess velocities which
follow Maxwell’s distribution law corresponding to the tempera-
ture of the emitter. If this assumption is true, it can be
shown?®4¢ from theoretical considerations that the electrons out-
side the emitter must possess the Maxwellian distribution of
velocities corresponding to the temperature of the emitter, but
with a different concentration of electrons. The new theories
of emission based on statistical mechanics also give a Maxwellian
distribution of velocities for the outside electrons but not for the
inside electrons. The distribution of velocities of the outside
electrons can be tested experimentally, and the results of several
such investigations*!—5 prove that the initial velocities of emission
do follow Maxwell’s law for an electron atmosphere in tempera-
ture equilibrium with the hot emitter.

The space current, when limited by space charge, differs
slightly from that given by the simple voltage law if the initial
velocities of emission are appreciable. In studying this effect
of the initial velocities of emission, examine the plot of potential

® RICHARDSON, Phil. Mag., 18, 695 (1909).

4 Motr-SmiTH and LanaMUIr, Phys. Rev., 28, 727 (1926).

41 RicearpsoN and Broww, Phil. Mag., 16, 353 (1908).

42 RICHARDSON, Phil. Mag., 16, 890 (1908); 18, 681 (1909).

43 ScHOTTKY, Ann. Physik, 44, 1011 (1914).

44 Ting, Proc. Roy. Soc. (London), 98, 374 (1920-1921).

4 JonEs, Proc. Roy. Soc. (London), 102, 734 (1923).

16 POTTER, Phil. Mag., 46, 768 (1923).

4 ROsSIGER, Z. Physik, 19, 167 (1923).

48 CoNGDON, Phil. Mag., 47, 458 (1924).

49 GERMER, Phys. Rev. (2), 25, 795 (1925).

% DAvIssON, Phys. Rev. (2), 26, 808 (1925).
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at various distances from the emitter or cathode between plane
parallel electrodes, when the initial velocities of emission are
taken into account. The variation of potential E, when the elec-
trons have no initial velocity, is expressed by Eq. (41), and
plotted in Fig. 19 for plane surfaces. This curve of Fig. 19 is
reproduced in Fig. 23.

If the emitted electrons have initial velocities of Maxwellian
distribution, there is a place a short distance from the emitting
surface where the potential is
negative with respect to the
emitter. If the potential of the VY
plate is positive, the potential
curve has a minimum E, at a
distance z., from the cathode, as
shown diagrammatically in Fig.
23. At some distance x, greater
than z,, the potential is zero. A4
Since the force per unit negative
charge is given by the slope of
the potential curve, the force on
the electrons between the emitter

Ep

Potential

and z, is negative and hence
toward the emitter. At z,. the

Fig. 23.—Variation of potential be-
tween plane parallel electrodes show-
ing effect of initial velocity of emission.

force is zero, and for values of z
greater than ., the force is toward the plate. If the plate voltage
is large, the space charge is a maximum very close to z.., and
hence the average velocity of the electrons toward the plate is a
minimum at this point. If the plate voltage is small, z,, is
relatively large, as shown by the dotted curve of Fig. 23 for plate
voltage E,. A curve is also shown for an insulated plate.

Wehnelt and Bley$! have measured the distribution of poten-
tial between the emitter and the plate under various conditions
and find that «., and E,, increase with a decrease of plate voltage
and with an increase of temperature of the emitter, in accord with
the theory.

Schottky,’? Langmuir,®® and others®5% have treated theoreti-
cally this effect of initial velocity and arrive at the following

5t WEHNELT and BLEY, Zeits. f. Physik, 35, 338 (1926).

82 SCHOTTKY, Phys. Zeus., 16, 526 (1014); Ann. d. Phystk, 44, 1011 (1914),
83 LANGMUIR, Phys. Rev., 21, 419 (1923).

4 LANGE, Jahrb. Radioakt. Elektronik, 16, 205 (1918),

8 Fry, Phys. Rev., 17, 441 (1921).
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approximate equation for the current when limited by space
charge between plane electrodes

L EE B g [T
= oNm (& = 2. (1 + 2.66. (B —E.) + (e.s.u.)

(57)
When the constants of Eq. (57) are evaluated and E, is sub-

stituted for E to denote the plate voltage at a distance d from the
emitter, the space current in amperes per square centimeter is

— - (-Ep E’”L);{Z J S .« .
I = 2336 X10 G_*——_(d z)? <1 —+ 0.0229 i, =T, +
(58)

Langmuir® gives the following table for the values of z,, and E.,
for various values of E,, when the distance d is 0.5 cm.

I

TaBLE IV.—CURRENT BETWEEN PARALLEL PraNE ErrEctropEs 0.5 Cu.

APART
1 2 3 4 5 6
E.n, Zm, centi-
1/1, I, amperes | E,, volts volts meters 1/1;
0.001 0.00016 2.5 —1.43 0.074 4.22
0.01 0.0016 24 .4 —0.95 0.0224 1.424
0.1 0.016 131.6 —0.48 0.0062 1.134
1.0 0.16 645.0 —0.00 0.0000 1.045

The first column gives the ratio of the current 7 to the saturation
current I,. The sixth column gives the ratio of the current I
to the current I; calculated by formula (40) for the ideal case.

The expression corresponding to Eq. (57) for the current
per unit length of cylindrical plate of radius r, as given by Lang-
muir, is

2 (2 E, B\ "
I= g\/%e[Ep - E,.+ Z(log 7\—1’30) ] + (B¥r)(e.s.u.) (59)

where FE, is the voltage corresponding to the average initial
energy of the electrons in a radial direction. E,; = 34«7 and is
equal to 0.31 volt at T = 2400°K.; \ is a factor whose value
lies between 1 and 2 and can, for practical purposes, be set equal
to unity; f? in Eq. (59) has the same significance as in Eq. (50)
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and is given in Table III for various values of the ratio of radius
of cathode to that of plate.

The correction for the effect of initial velocity for the eylindrical
arrangement is several times less than that for the plane parallel
electrodes, and hence considerably less than the corrections
indicated in Column 6 of Table IV.

Thus far, we have considered the electron current which flows
from an emitter to the plate, only when the plate potential is
positive with respect to that of the emitter. Of course, if the
electrons were to emerge from the emitter with no initial velocity,
the electron current to the plate would be zero when the plate
potential is zero, the potential of the emitter always being taken
as zero. Because of the initial velocities, some of the electrons
are able to reach the plate even when the plate has a negative
or retarding potential. The number that reach the plate for
any retarding potential %, depends upon the temperature
of the emitter and the distribution of velocities of the emitted
electrons. If we measure the number that reach the plate, or the
current for various retarding potentials, we have a means of
determining whether or not the initial velocities of emission
follow Maxwell’s distribution law.

Assuming that the emitted electrons obey Maxwell’s distri-
bution of velocities, the fraction n/n, of the electrons which
are capable of moving against a retarding potential E, is given by
the Boltzmann equation®

n _Ee
773 = € «T . (60)
Equation (60) holds only for plane electrodes and only when there
is no potential minimum between the two electrodes. This latter
restriction means that the motion of electrons is not influenced
appreciably by space charge, and that there is no secondary
emission or reflection of electrons at the electrodes. Equation
(60) can be written
Ee
7= € «T (61)
where [ is the current corresponding to retarding potential E,
and I, is the saturation current corresponding to temperature 7.
8 RrcuarpsoN and Brown, Phil. Mag., 16, 353 (1908); LaneMUIR and

Morr-SMITH, Gen. Elec. Rev., 27, 449 (1929); Morr-SMITH and LANGMUIR,
Phys. Rev., 28, 756 (1926).
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If logio I be plotted against E, retarding potentials being
plotted negatively, the result is a straight line of slope ’%, logio e

until I is nearly equal to I,, when the curve bends over and
becomes horizontal, as shown in Fig. 24. The two straight
portions, if extended, meet on the axis for £ = 0, provided
no potential other than E is acting. If there is a Volta contact
potential between the electrodes, the curve is displaced, as shown
by the dotted curve of Fig. 24. The distance between the inter-
section point a and the axis gives

the Volta potential E,.
—:ﬁ"ﬂ,ﬂ: The method outlined would pro-
S La vide an accurate method of deter-
/ mining the Volta potential difference
/ between two metals composing the
emitter and the plate, if it were
(S logoe) possible to realize the condition of
A il r infinite plane electrodes. Since

Fic. 24—Space current between this is impossible, the cylindrical

g‘;‘l‘z fpérta:i'ghf;e;gt‘;ie;;: a fune- grrangement is always used, but the

) theory is not sosimple. Schottky™

has shown that, for the cylindrical arrangement, the current

reaching the plate when the retarding potential is E, provided

the emitter temperature is so small that space charge is negligible,
is

I= m[ - _~T + ng _“d:v] (62)

T
If E is numerically greater than about 3%; the graph of

logy, I is approximately a straight line. When extended it does
not, however, intersect the horizontal line corresponding to I, at
a point which gives the correct value of the Volta potential.
The intersection point gives a value of the Volta potential which is
in error by the amount.

T (approx.) (63)

Error in Volta potential = —

A better method of testing the validity of Eq. (62), as well as
to determine the Volta potential, is as follows:

8 ScuoTTKY, Ann. Physik, 44, 1011 (1914).
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The values of logio II—" from Eq. (62) for various values of

Ee/xT have been calculated by Germer® and are given in the
following table. If the retarding potential E, is plotted against
the value of Ee/«T as determined from Table V for the value of

TaBLE V

Ee loi I, Ee 1 I,
«T 080 7 «T 0BT
1 0.2423 10 3.7698
2 0.5827 11 4.1850
3 0.9523 12 4.6024
4 1.3371 14 5.4398
5 1.7312 16 6.2812
6 2.1318 18 7.1245
7 2.5369 20 7.9714
8 2.9455 25 10.0978
9 3.3567

logo % obtained with voltage E,, a straight line will be obtained,

provided the velocities follow Maxwell’s law. The intercept
on the E, axis gives the Volta poten-
tial, and the slope of the line gives
the absolute temperature T of the
emitter. Such a plot is shown in
Fig. 25.

Many investigations® have been
made, using methods similar to /
those outlined, which prove thatthe ~ Ev Ep
velocities of the electrons emitted Fie- 25.—Determination of the

. Volta potential.
from various pure and coated metals
follow Maxwell’s distribution law. In performing these experi-
ments, it is to be noted that one of the requirements is a constant
potential emitter. Thisis usuallyattained by the use of a commu-

% (GERMER, Phys. Rev., 25, 795 (1925).

% RicaarpsoN and Broww, Phil. Mag., 16, 353 (1908); RICHARDSON,
Phil. Mag., 16, 890 (1908); 18, 681 (1909); ScHOTTKY, Ann. d. Physik, 44,
1011 (1914); TiNa, Proc. Roy. Soc. (London), 98, 374 (1920-1921); JoNEs,
Proc. Roy. Soc. (London), 102, 734 (1923); Porrer, Phil. Mag., 46, 768
(1923); ROSSIGER, Zeits. f. Physik, 19, 167 (1923); CoNGDEN, Phil. Mag., 47,

458 (1924); GERMER, Phys. Rev., 26, 795 (1925); KoLLER, Phys. Rev., 25,
671 (1925); ROTHE, Zeits. f. Phystk, 37, 414 (1926).
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tator, or the electrical equivalent, whereby the filament current is
periodically interrupted, and the emission current is measured
only during the time when the filament current is zero. Before
leaving the subject of Volta potential, consider an ingenious
scheme by Lange® for measuring the Volta potential difference
between the grid and plate of a three-electrode tube. The
method is based on the assumption that the division of current
between the grid and plate, 7.e., the ratio I,/I,, depends only
upon the ratio of potentials of grid and plate with respect to
the emitter. Therefore, if E,, and E,, are the Volta potentials

of grid and plate with respect to the filament, the ratio I,/I,

FE E,, . ..
is constant if 4, + By, is constant. In order to eliminate the
Ep + Efp

effects of initial velocities of the electrons and the potential drop

E E,, . .
along the filament, the ratio By & Loy is made equal to unity.
E,+E,

Hence
E,+E,=E,+E,,orE, =E,+ E, (64)

where E,,_, is the Volta potential between plate and grid. The
method consists in finding a value of E,(,—, such that E, and E,
can be varied in accordance with Eq. (64), while maintaining
the ratio 1,/I, constant.

43. Characteristic Surface of Diode.—Let us now investigate
the shape of the characteristic curves of a two-electrode tube, or
diode. The plate current is a function of both the plate potential
and the temperature of the emitter. This can be expressed by
the following equation:

I, = f(Ep; T) (65)

We have already examined the shape of the plate-current curve
when K, is infinite and 7 is varied, i.e., Richardson’s law, and
the shape of the plate-current curve when 7 is infinite and £,
is varied, i.e., the voltage law. It is now pertinent to study the
shape the curves assume when both E, and T are finite. The
functional relation of Eq. (65), being an equation in three vari-
ables, can be plotted in a three-dimensional model, as shown in
Fig.26. Plate current I,, the dependent variable, is plotted verti-
cally, and plate voltage £, and absolute temperature T are plotted
on the horizontal plane. The model, of course, extends to
infinity in the positive direction of all three variables, but the
8 LANGB, Diss. Dresden (1927).
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drawing shows only a small portion of the characteristic surface.
Theoretically, the front edge, or the intersection of the two
curved surfaces, is sharp, but, for reasons to be explained later,
it is actually somewhat rounded as indicated in Fig. 26.

44. Characteristic Curves of Diode.—If the model is viewed
in a direction perpendicular to the T-axis, the several sections
of the model for various values of T give the family of curves
shown in Fig. 27. If, on the other
hand, the model is viewed in a
direction perpendicular to the E,-
axis, another family of curves is
obtained and is plotted in Fig. 28.
Referring again to Fig. 26, every
point on the surface which has its
lower edge along the E,-axis is
independent of E, and hence is
determined only by the tempera- 7
ture 7. Every such current is
limited, therefore, by emission or
what we may call lemperature
saturation. Similarly,every point
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on the other surface which starts 0 Pake volioge  Ep
from the T-axis represents a cur- Fie. 26.—Characteristic surface of
rent determined only by E, and the diode.

hence a current limited by space-charge saturation. Those
points on the rounded edge of the intersection of the two surfaces
are limited simultaneously by both types of saturation.

The model of Fig. 26 is ideal and is often departed from in
practice. Very often the edge is much more rounded and one or
both of the surfaces may be inclined to the axis, so that saturation
is less marked and the horizontal portions of the curves of Figs.
27 and 28 may be inclined with positive slopes.

45. Curves of I, vs. I .—Figure 29 is a graph of the observed
plate current plotted against filament current instead of against
temperature. The envelope curve for a very large E, is some
complex funetion of the filament current.

The expression

rl
I, = (constant) - € I, (66)

where g is a constant, fits very well the experimental observations,
although there is no more theoretical justification for the formula
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Plate Current 1,

/ "
/ T,
ja— iy

Plate Voltage Ep
Fig. 27.—Plate current vs. plate voltage for the diode.

Plate Current Tp

/ Epy
ya Epy

Temperafure T

Plate current vs temperature for diode
F16. 28.—Plate current va. temperature for the diode.
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than its similarity of form to Richardson’s equation. The degree
to which the expression fits experimental observation is indicated
in Fig. 30, where logy, I, is plotted against 1/1,.

Another expression which agrees with the experimental results
with fair accuracy over a portion of the range of [, is

I, = CI™ (67)

where C and m are constants. This expression has even less
theoretical justification than Eq. (66) but does give a better

Ep=d5volfs
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Fra. 29.—Plate current vs. filament current for a diode.

idea of how rapidly I, changes with I,, because m, as is seen from
the logarithmic plot of Eq. (67) given in Fig. 31, is about 17.4.

The saturation plate current can be expressed in still another
way which has several very practical advantages. This is only
briefly referred to here, being described in more detail in Chap.
V. The saturation current is a function of the heating power P
dissipated in the filament, and the relation between I, and P
can be plotted conveniently on a special kind of coordinate
paper. The emission current per watt can also be plotted as a
function of P and is known as the emission efficiency.
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Practical details concerning various types of emitters in
common use and the effects on emission caused by potential
drop along the filament, cooling of the end, ete., are foreign to
this chapter, which is confined to the strictly ideal theoretical
aspects of emission. The practical details are considered in the
next chapter.

46. Cold-cathode Emission.—Reference was made in Sec.
30 to the idea, suggested by Schottky,® that the work function w
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Fia. 30.—Emission of a tungsten fila- Fig. 31.—Emission of a tungsten fila-
ment (UV = 201). ment (UV = 201).

is the work necessary to drag an electron from a metal in opposi-
tion to the electric force which pulls the electron back toward
the surface. This force is generally assumed to be the ordinary
electrostatic image force for distances from the surface greater
than a distance z,, which is of the order of a few diameters of the
surface atoms, and Schottky assumed that for distances less than
z, the force is constant and equal to the image force at z,. If
we assume that the temperature of the emitter is low, 7.e., of
the order of room temperature, the velocities of agitation of
the electrons can be neglected and the effect producing a mini-
mum of potential outside an emitter, due to the initial velocities
of emission, is practically out of the picture. Considering

81ScHOTTKY, Phys. Zeits., 16, 872 (1914); 20, 220 (1919); Ann. d. Physik,
44, 1011 (1914); Zeits. f. Physik, 14, 63 (1923).
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only this surface restraint at a cold electrode, we may represent
diagrammatically the course of the force and potential as in
Fig. 32. If z = =, the potential E becomes the electron affinity
for the metal. Then,

e
o7 (68)
Substituting in Eq. (68) the value of & for tungsten, 7.e., 4.52
volts, z, is about 1.6 X 108 em.

When an outside field is impressed, tending to draw the
electrons away from the elec-
trode, we may represent the
resultant potential as in Fig. 33.
This resultant is the sum of the
potential shown in Fig. 32 and
the potential E’ due to the out-
side field, where E’ is given in
terms of the rate of change of
potential at the surface of the
electrode. The curve for E’ is
not necessarily a straight line,
although it is so shown in Fig.
33 for plane electrodes. F1a. 32.—Schottky’s picture of the

The resultant potential has a force and potential near a surface of
minimum E. at a distance z, metal. No external impressed force.
from the surface. At this point the force on the electron is zero
and changes sign. If an electron reaches z., it is sure to leave
the surface because of tne outside field. The resultant force is
also shown in Fig. 33. The work to detach an electron from
the electrode surface against the forees holding it is represented
by the area under the resultant-force curve up to z... Hence,
the work function is decreased by the external field by the amount
(@ — En)e. .

It should be noted that the E,, and z, as used here have no
direct relation to the same letters as used in Fig 23.

E.. and 7., can be found by putting the derivative of the result-
ant potential with respect to z equal to zero. Thus,

1 e
= = 3 \am /s (69)

®— K, = \/e %Ex, (e.s.u.) 70)

whence
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Equation (70), expressed in volts, becomes

—_ dE, . —4
® —E, = 3.781/%— 10— volt (71)
The apparent electron affinity E, would be reduced to zero if
— dE, . —4
® = 3.78 7a 10— volt (72)

For tungsten, for which & = 4.52 volts, the value of dE'/dz
would have to be 1.43 - 108 volts/ecm. If such a field could be
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Fiec. 33.—Force and potential near a metal surface when an external field is
impressed. (Schottky.)

impressed, the saturation current, by Eq. (23), would become

I, = AT? Although such high fields cannot be obtained

experimentally, the reduction of the work function by external

fields is easily observable. In place of Eq. (23) we may write

e aE'
I, = are ("~ VE) (73)
edy

= ATzeEe’—ﬁ (74)

e ed_E’ 4.389'\ 'dE’(volta)
dzr — T d

£ =eT € = (75)

where
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is a factor which depends upon the field strength and temperature
and in effect increases the value of the saturation current I, as
defined by Eq. (23).

The experimental values of log ¢ plotted against (dE’/dz)*®
are found®® to give a straight line for clean surfaces of pure metals
when the field varies from a few volts per centimeter up to the
highest fields attainable (10® volts per centimeter). Generally
the slope of the logarithmic plot is larger than that calculated
from the factors in Eq. (75), owing probably to microscopic
roughness of the surface. With coated filaments, the de-
crease in work function due to an outside field is often very
marked.

The Schottky effect, as just discussed, often causes the satura-
tion portions of the curves of Fig. 27 to slope upward as the
plate voltage is increased, especially when high voltages are
used. Appreciable currents have been observed®® and studied
even when the emitting surface is at ordinary room temperature.
Lilienfeld has succeeded in constructing very satisfactory X-ray
tubes which depend upon this cold-cathode emission. The
effect is of considerable importance in high-power high-voltage
thermionic tubes.

II. SECONDARY EMISSION

47. Essential Facts Concerning Secondary Emission.—The
second type of emission referred to in the first paragraph of this
chapter is known as secondary emission and has been briefly
described in Chap. II. A rapidly moving electron or ion on
striking a solid substance may have sufficient energy to dislodge
one or more electrons from the solid. These dislodged electrons
are known as secondary electrons, although it is sometimes
very difficult experimentally to distinguish the secondary
electrons from the reflected primary electrons. A great deal

%2 ScHOTTKY, Ann. d. Phystk, 44, 1011 (1914); DusuMAN et al., Phys. Rev.,
256, 338 (1925); Lauriston and MAckEOwWN, Phys. Rev., 32, 326 (1928);
PFORTE, Zeits. f. Physik, 49, 46 (1928); DE BRUYNE, Proc. Roy. Soc. (London),
A 120, 423 (1928); REYNOLDS, Phys. Rev., 85, 158 (1930).

%3 Woob, Phys. Rev., b, 1 (1897); RoTuER, Ann. d. Physik, 81, 317 (1926);
MiLLikaN and Evring, Phys. Rev., 27, 51 (1926); 31, 900 (1928); Dk
Bruyng, Proc. Cambridge Phil. Soc., 120, 423 (1928); GossuiNg, Phil. Mag.,
(7), 1, 609 (1926); MrLLikaN and LAURITSEN, Proc. Nat. Acad. Sci., 14,
45 (1928).
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of experimental work has been directed to the study of secondary
emission. %

The essential facts concerning secondary emission, as sum-
marized by Compton and Langmuir,® are as follows:

a. Secondary electrons may be derived from insulators as well
as from conductors.

b. The number of secondary electrons per primary bombarding
electron depends greatly upon the physical characteristics of the
surface, thoroughly clean and degassed surfaces usually yielding
less than contaminated surfaces, and a film of electropositive
metal increasing the secondary emission.

¢. The number of secondary electrons per primary electron
inereases up to a maximum, as the velocity of the primary electron
is increased up to that corresponding to a few hundred volts, and
then decreases as the velocity of the primary electron increases.

d. The maximum number of secondary electrons per primary
electron reaches a maximum of from 1 to 1.5 for degassed sur-
faces, 3 to 4 for untreated surfaces, and 8 to 10 for metals coated
with electropositive metals.

e. The velocities of the secondary electrons are low and of the
order corresponding to only a few volts.®

f. The secondary electrons leave the surface in all directions,
the angular distribution curve depending somewhat upon the
characteristic of the surface.

g. Bombarding positive ions compared with electrons produce
very few secondary electrons. The number per positive ion is at
most only a few per cent of that for electrons for velocities
corresponding to voltages less than a few hundred volts and is
of the order of 10 to 20 per cent for velocities corresponding to
1,000 volts or more.

h. Metastable atoms meeting a surface result in the emission of
secondary electrons in greater numbers than are produced by
bombarding positive ions.

When secondary electrons are emitted by an electrode of a
discharge tube, they return to the electrode unless there is in the
vicinity a second electrode more positive in potential than the
emitting electrode. Under this condition the emitting electrode
may lose more electrons than it receives as primary electrons, so

% Hyatt, Phys. Rev., 32, 922, and Smitm, 929 (1928). References to
early work are given in the second reference.

5 CompToN and LanemUiRr, Rev. Modern Phys., 2, 123 (1930).

% FARNSWORTH, Phys. Rev., 26, 41 (1925).
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that the electrode becomes positively charged if it is insulated.
If the electrode is connected to the other electrodes through a
battery which maintains the potential of the electrode at a posi-
tive value, the eurrent to it may reverse on account of the second-
ary emission and the current may flow against the potential of
the battery. This action may be made clearer by an example
illustrated in Fig. 34.

The filament F supplies the primary electrons, some of which
are drawn to electrode P, by the positive potential Ez. This
electron stream is denoted by I.. Lo+ I,

Other primary electrons go to ‘J_
+

the more positively charged plate
P, the potential of which with
respect to the filament is Ep -+
Ez, The primary electron cur-
rent I; causes the emission of
secondary electrons from plate
Py, and these are attracted to the
second plate P, forming the elec-
tron stream I,. Evidently the
electron current to P, is I, — I.
Secondary emission also takes
place at P, but the secondary.
electrons return to P, since it is the most positive conductor in
the system.

This same action may take place if P, is isolated or is an
insulator, as, for example, a portion of the glass tube. When a
steady state is reached, I; must equal Is; but when the discharge
is started, I, is momentarily greater than I,, so as to impart to
P, the necessary positive potential to maintain the electron
stream I; to P;. Langmuir®” calls attention to this phenomenon
in high-vacuum discharge tubes in which P, is a small portion of
the glass envelope. The author has often observed the bom-
bardment of the glass envelope due to secondary emission, which
resulted in one case in melting a hole through the tube.

Some types of vacuum tubes making use of secondary emission
have been invented and are known as dynairons. These will be
referred to in Chap. XXII. Secondary emission is often present
in ordinary types of vacuum tubes and very much modifies the
mode of operation. Such effects may be harmful and even

5 LANGMUIR, Gen. Elec. Rev., 23, 513 (1920).

551

I~ 14
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I, +1o

F1e. 34.—Secondary emission.



92 THEORY OF THERMIONIC VACUUM TUBES

disastrous, as, for instance, when secondary emission causes the
grid voltage of an oscillator tube suddenly to become positive, a
phenomenon commonly known as ‘“blocking.”

III. PHOTOELECTRIC EMISSION

48. Essential Facts Concerning Photoelectric Emission.—
Photoelectric emission is the third type of emission referred to in
the early part of this chapter and was briefly described in Chap.
II. When radiation, such as light of sufficiently short wave
length, or X-rays, falls on the surface of a metal, electrons are
dislodged. Since the radiant energy is absorbed by the surface
atoms only in quanta, and since energy must be imparted to the
electron sufficient to carry it through the surface restraint
which is represented by the electron affinity ®, electrons will be
dislodged only if the frequency of light is greater than », where

hVo = Pe. (76)

In Eq. (76), h is Planck’s constant and Aw, is the quantum of
energy corresponding to ». If the frequency of incident light is
greater than »;, the quantum of energy is Av. The excess of
absorbed energy over and above the amount ®e appears as
kinetic energy of the emerging electron according to Einstein’s
equation®

hy = ®e + Lomo® 77

This holds provided the electron has no encounters with atoms
after it is detached from the atom by the radiation. Such
encounters cause a loss of kinetic energy. Some of the electrons,
before emerging, do have these encounters, and the velocities of
the emerging electrons range from zero to v,.. as given by Eq.
(77). The most probable energy, except when photoelectric
emission is caused by X-rays, is about one-half the maximum
energy.

From the above discussion it is clear why the velocities of the
emitted electrons, due to photoelectric action, are dependent
only upon the wave length of incident radiation and the electron -
affinity ®, whereas the number of emitted electrons depends
upon the intensity of the incident radiation and upon the metal.
Those metals having a low electron affinity give photoelectrons
for longer wave lengths, but the efficiency of the metal as a
photoelectric emitter is not directly a function of ®. The

¢ BINSTEIN, Ann. d. Physik, 17, 145 (1905).
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photoelectric-emission curves of a few metals are given in Fig.
35, taken from “Photoelectric Cells” by Campbell and Ritchie.
For other curves of photoelectric emission see a paper by Eleanor
Seiler.®® The alkali metals, sodium, potassium, rubidium and
their alloys, are most active as photoelectric emitters and are used
in photoelectric cells.
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Fig. 35.—Average photoelectric emission curves of alkali metals. (Campbell
and Ritchie, Pitman.)
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CHAPTER V

PRACTICAL SOURCES OF EMISSION AND SOME
GENERAL PHYSICAL ASPECTS OF VACUUM TUBES

This chapter deals with practical information and data con-
cerning thermionic emitters or cathodes as commonly used.

49. Common Types of Emitters.—At the present time there
are three types of thermionic emitters or cathodes in use. Any
of these types may take on different shapes and be heated in
different ways. At present, however, we are concerned only
with the physical and electrical characteristics of the three types
of emitters, leaving until later a discussion of the structure and
the method of heating the cathode.

The three types of emitters are:

1. Filaments of pure metals.

11. Oxide-coated cathodes.

II1. Metal filaments with an adsorbed monatomic film of one of
the electropositive metals.

I. FILAMENTS OF PURE METALS

Every metal when heated to a sufficiently high temperature
emits electrons in accordance with the emission Eq. (23), page 59.
But every metal at the same temperature does not emit the
same number of electrons per second because of the significant
difference in the values of the constants A and b, in Eq. (23).
Only those metals are useful, as emitters of this particular class,
which emit copiously at temperatures well below their melting
and vaporizing points. Tungsten is the outstanding metal for
filamentary emitters of pure metal. It has the highest melting
point (3655°K.) of any ductile metal and emits electrons in
satisfactory amounts when operated at temperatures at which
evaporation is not impracticably great. Tantalum is also a
highly satisfactory metal for emitters. Although its melting
point (3120°K.) is lower than that of tungsten, its lower work
function makes it a satisfactory emitter when operated at tem-
peratures which are lower than the normal operating temperature

956
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- of tungsten. A comparison of the emission of tungsten and tanta-
lum was shown in Fig. 13, Chap. IV.

Although emitters of the second and third types have replaced
tungsten filaments in low-power vacuum tubes because of the
lower heating power required for the same emission, these high-
efficiency emitters do not stand up well in most high-power
high-voltage vacuum tubes. Hence, cathodes of the first type,
made of pure metals, are almost universally used in such high-
power high-voltage tubes.

50. Tungsten Filaments.—The first tungsten filaments were
made by Just and Hanaman about 1903 or 1904, but these fila-
ments were brittle and non-ductile. In 1908 W. D. Coolidge
found that tungsten can be made ductile by working and becomes
brittle again if heated to a high temperature. Duectile tungsten
is fibrous in structure owing to the deformation of the crystals
and a breaking up of the ecrystalline structure. When the
temperature of the ductile tungsten is sufficiently elevated,
recrystallization takes place and the wire becomes brittle. After
1910 or early 1911 drawn tungsten wire came into general use
for the filaments of incandescent lamps.

A great deal of work! has been done to determine for tungsten
the constant A in the emission equation, Eq. (23), page 59, and
also to determine the work function w, or electron affinity &,.
In consequence, these constants are probably better known for
tungsten than for any other metal or substance. For pure
tungsten, Eq. (23) is

52,:00 amp.

— 2.
I, = 602r * 2B (78)

Since &, = 8.62 X 107%b,, the value of &, for tungsten is 4.52
volts. Equation (78) is plotted in Fig. 12, page 61 of Chap. IV.

The operating temperature of any filamentary ' emitter is
chosen to be as high as possible consistent with reasonable life.
The life of a pure-metal filament is determined by the rate of
evaporation of the metal and the consequent reduction in cross
section. Following the practice of incandescent-lamp design, a
life of 2,000 hr. is often used as a basis of reference. If the
decrease in cross section is limited to 10 per cent, the tempera~

! DavissoN and GERMER, Phys. Rev., 20, 300 (1922); Dusaman, Rowg,
Ewarp, and KipNer, Phys. Rev., 26, 338 (1925); ZWIkKKER, Proc. Amst.
Acad. Sct., 29, 792 (1926).
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ture of operation is that temperature which gives this decrease
in 2,000 hr.
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F1g. 36.—Characteristics of filament of pure tungsten 1 in. long operating at
temperature to give 10 per cent decrease in cross section in 2,000 hr.

Since rate of evaporation is a function of both temperature
and surface area, whereas the permissible life is dependent upon
the volume of the filament, the operating temperature is different
for filaments of different sizes.
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Langmuir published in 19162 some of the properties of tungsten
filaments, and in 1927 Jones and Langmuir® presented more
complete data, including the rate of evaporation as a function
of the temperature. From these data the curves of Fig. 36 were
calculated giving the temperature in degrees Kelvin, the resist-
ance in ohms, the heating power in watts, the voltage across
the filament, and the emission current in milliamperes, for fila-
ments 1 in. long and of various diameters in mils, operating at a
temperature to give a 10 per cent decrease in cross section in
2,000 hr, A curve is also shown in Fig. 36 for the emission
current in milliamperes per watt of heating power. Later in
this chapter the emission efficiency of tungsten will be discussed
in comparison with that of other emitters.

The emission and life of a tungsten filament are very much
affected by the presence of certain gases. All of the gases,
such as oxygen, nitrogen, carbon dioxide, water vapor, and
hydrocarbons, which can combine with the filament, so change
the surface of the emitter that the emission current is reduced.
At a relatively low temperature oxygen forms an oxide over the
surface of the filament, which very greatly reduces the emission,
At high temperatures this oxide is evaporated. For nitrogen,
Langmuir® found that the reduction of emission or ‘‘poisoning
action” occurs only when the filament is bombarded by positive
nitrogen ions. It is believed that nitrogen when ionized is more
active and can then combine with tungsten to form WNo,.
Hydrogen, however, can reduce the surface compounds and
restore emission in some degree. Water vapor has a particularly
powerful effect in reducing emission and at a pressure of only
10~ mm. of mercury produces very great changes in space
current. The hydrocarbons and carbon dioxide are reduced
at the high temperature of the filament. The carbon combines
with the filament forming tungsten carbide (WyC) and, in the
presence of a large amount of carbon, WC is formed. This
results in a considerable increase in resistance of the filament,
as shown by the work of Andrews.* Inert gases, such as argon,

2 LANGMUIR, Phys. Rev., T, 302 (1916).

3 LANGMUIR, Phys. Rev., 2, 461 (1913).

4+ ANDREWS, J. Phys. Chem., 27, 270 (1923).

5 Jones and LANGMUIR, Gen. Elec. Rev., 30, 310, 354 (1927); ForsYTHE
and WoRrTHING, Astrophys. J., 61, 146 (1925); Phys. Rev., 18, 144 (1921);
ZWIKKER, Physica, b, 249 (1925); Arch. Néerland. sci., 9, 207 (1925).
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helium, neon, and mercury vapor, have practically no direct
effect upon the emission from tungsten.

The presence of these inert gases, although having no direct
effect upon the emission, may have a great effect upon the
life of the filament for the following reason. Gas is ionized in
a vacuum tube if the plate voltage is sufficiently high. The
positive ions are driven to the filament and strike it with a
velocity dependent upon the plate potential. This bombard-
ment may cause a tearing off of particles of metal, perhaps of
molecular size, which results in a disintegration of the filament
and a rapid reduction of size with concurrent blackening of the
glass walls of the tube. This ‘“‘sputtering” of the filament is
especially marked in argon. There is, however, a critical voltage
for each gas below which this sputtering does not take place.
The critical voltage for air is of the order of 25 volts.

Attention has already been directed to the fact that when used
for filaments the physical properties of tungsten undergo some
change. Drawn tungsten wire is tough, strong, and springy, can
be bent without breaking when cold, and can be drawn, rolled,
and otherwise mechanically worked when red hot. The drawn
or swedged tungsten has a fibrous structure. If a large wire is
bent near an end, the wire usually splits into a number of fibers.
After the tungsten filament has been heated to incandescence
for a short time, recrystallization takes place and the tungsten
becomes very brittle. In fact, the purer the tungsten, the larger
are the crystals and the more apt the filament is to fracture.
It was discovered by accident in the laboratories of the General
Electric Company that the addition of small amounts of certain
foreign substances, such as thoria, to the tungsten reduces this
tendency to crystallization, and all lamp manufacturers now use
tungsten with a small percentage of thoria or some other equally
effective substance. The presence of thoria, or any one of a
number of other foreign substances, makes enormous changes in
the emission characteristics of tungsten.

The electrical properties of tungsten have been determined
independently by several investigators.®? Table VI gives results
obtained by Jones and Langmuir. The characteristics in Table
VI are expressed for a wire 1 em. long and 1 em. in diameter.
Column 2 gives the watts radiated from the surface of a wire of
these dimensions, 7.e., from a surface of = sq. em. Column 3
gives the resistance in microhms. The current in amperes
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and the voltage in millivolts are given in Columns 4 and 5,
respectively. Column 6 gives the light radiation in international
candles, and Column 7 the light flux in lumens. The electron
emission in Column 8 is the current in amperes from 7 sq. cm.

The power W in watts radiated from 1 sq. em. of tungsten
as a function of the absolute temperature T is of some interest
and is given by the following expression as determined by
Worthing and Forsythe.5 ’

1,040
T
This is of value in calculating the size of the plates of a power tube
to operate below the temperature at which appreciable emission
oceurs.

61. Tantalum Filaments.—Tantalum filaments in incandescent
lamps were first introduced about 1902 by von Bolton, but were
soon displaced by the more refractory metal tungsten. Tan-
talum when pure is hard but ductile, so that it can be drawn
into fine wire.

The melting point of tantalum is about 3120°K., much lower
than that of tungsten. Its electron affinity is about 4.07 volts
as compared to 4.52 for tungsten. In consequence, as shown
by Fig. 12, page 61, the emission of tantalum is roughly ten
times that of tungsten if both are at the same operating tem-
perature within the range from 2000 to 2500°K. Tantalum
filaments are used to some extent in high-voltage power tubes.

Tantalum, like tungsten, may become brittle after being heated
to a high temperature for some time. This brittleness is due to
recrystallization and the development of large crystals.

Tantalum is especially sensitive to residual gases. Oxygen
and water vapor cause the formation of tantalum pentoxide
with consequent great reduction in emission. Tantalum absorbs
large volumes of hydrogen, which causes the emission to decrease
and also makes the tantalum very brittle. Only by melting
the tantalum in a vacuum can all of the hydrogen be driven off.

logio W = 3.680(log,o T — 3.3) — 4+ 1900 (79)

II. OXIDE-COATED CATHODES

52. The Early Oxide-coated Cathode.—The second type of
emitter was developed from a discovery made by A. Wehnelt,®

5 WEHNELT, Ann. d. Physik, 14, 425 (1904).
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in 1904, that a coating of certain oxides on a metal core gives a
copious emission of electrons even at comparatively low tempera-
tures. Such an emitter is known as the oxide-coated or Wehnelt
cathode. Wehnelt, in his experiments, coated a platinum-strip
heater with oxides of various elements and found that the oxides
of the rare-earth metals barium, strontium, and calcium were
especially effective in permitting large currents to pass through
the discharge tube. In practically all of Wehnelt’s early experi-
ments considerable gas was present in the tube so that the path
of the beam of electrons was made luminous by the intense
ionization of the gas. Wehnelt did not have pure electron
emission because the presence of large numbers of positive ions
neutralized the space charge, thus allowing large currents to
pass, and the bombardment of the cathode by the positive ions
presumably influenced the emission from the cathode.

The core metal used by Wehnelt and others was platinum or
platinum-iridium alloy, the iridium being added to give greater
tensile strength. Because of the expense of platinum, other
materials for the core were sought and now various metals and
alloys are used. The most common are pure nickel, alloys of
nickel with platinum, with silicon, and with cobalt, iron, and
titanium, this last alloy being known as ‘ Konel ”” metal.

For the coating of modern oxide-coated emitters, only com-
pounds of barium and strontium are generally used. KExcept
for the ease of preparation of the emitter, it makes little difference
which of the many chemieal compounds of barium and strontium
is chosen as the raw material.

53. Mechanism of Emission from Oxide-coated Cathodes.—
For a few years after Wehnelt’s discovery there was con-
siderable controversy, as shown by the writings of Wehnelt,”
Soddy,® and others,® as to whether or not the residual gas
caused the large currents to flow by some chemical effect at
the cathode. :

It is now generally believed that the emission of the oxide-
coated cathode, when made with oxides of the rare-earth metals,
is pure thermionic emission from particles of the metals reduced
from the oxides, the oxide serving only as a reservoir for the

? WEHNELT, Phil. Mag., 10, 80 (1905).
8 Sobby, Nature, p. 53, November, 1907,
® FREDENHAGEN, Leipziger Ber., 656, 42 (1913).
LanaMmuir, Phys. Rev., 11, 484 (1913); Proc. I.R.E., 3, 261 (1915).
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metals. The high emission at low temperatures can be attrib-
uted to the low work function of these metals and the effects
of single atomic layers which aid the escape of electrons.

There are still differences of opinion as to the location of
the emitting layer or islands of metal, as to the mechanism of the
initial reduction of the metal, and as to the maintenance of the
active metal during the life of the filament.

b4. Location of Active Metal—The ideas concerning the
location of the emitting centers fall naturally into two schools, and
each has convincing experimental evidence to support its views.
One school, supported by Koller,”® Rothe,! Espe,'? Detels,
Becker,** and others, holds that the emitting metal is on the
outside surface of the oxide coating and that the core metal, upon
which the oxides are coated, plays no other réle than that of a
support and an electrical conduector.

The other school, including Lowry,** Wagner,'®* Reimann and
Murgoci,'” believes that the active emitting layer is a monatomic
layer of the electropositive metal which is adsorbed on the surface
of the core metal under the oxide coating. For example, Lowry,®
to explain the great increase in emission observed by him when
the core metal was changed from platinum to an alloy of nickel,
cobalt, iron, and titanium known as ‘“ Konel” alloy, holds that,
since the base metal makesso much difference, the emitting layer of
reduced metal must reside at the interface between core and oxide.
Increased knowledge of emitters of the third type has to some
extent given support to the view held by Lowry, Wagner, et al.
Wagner!® believes that the active metal is at the interface between
coreand coating. Hisargumentfor thisbeliefisthat, if electrolysis
of the coating by the emission current takes place, the positively
charged ions of strontium and barium are transported toward
the core. Wagner holds that some chemical tests of coated
cathodes which have been activated show the presence of active
metal on the surface of the core metal.

10 KOLLER, Phys. Rev., 25, 671 (1925).

11 RoTHE, Zeits. f. Phystk, 36, 737 (1926).

12 Bspr, Wiss. Veréffentlichungen Siemens Konzern, 5, 29 (1927).
13 DETELS, Jahrb. Drahtlos. Tel. Tel., 30, 10, 52 (1927).

14 BECKER, Phys. Rev., 34, 1323 (1929).

15 Lowry, Phys. Rev., 35, 1367 (1930).

18 WAGNER, Electronics, 1, 178 (1930).

7 ReiMANN and Murcoct, Phil. Mag., 8, 440 (1930).
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66. Activation or the Initial Reduction of the Active Metal.—
The oxide-coated cathode, made by coating a core metal with
compounds of strontium and barium and mounted in a tube
which is exhausted to a high vacuum, usually requires treatment
known as activation or ‘“‘breakdown” to establish substantial
electron emission. Before discussing the various methods of
activation, it is well to point out that there are two kinds of
oxide-coated cathode resulting from differences in the methods
of coating. The methods of preparation will be given more
in detail later, but for the present it is sufficient merely to point
out the essential differences in preparation which lead to the two
kinds of ecathode.

The two kinds are known as (1) the uncombined kind and (2)
the combined kind. The first or uncombined kind, as the name
implies, has a coating of compounds of strontium and barium,
usually the carbonates or nitrates, which are only mechanically
held on the core metal with no chemical combination there-
with. This kind of coating is made by drying on the coating
at relatively low temperatures and usually in an atmosphere
of carbon dioxide. When this kind of cathode is finally heated
to a high temperature in the exhausted tube, the carbonates or
nitrates are broken down into oxides.

The second or combined kind is made by heating the coated
cathode in air to a temperature of about 1000°K. At this tem-
perature the compounds of strontium and barium which are in
contact with the core metal combine with it to form platinates
or nickelates according to the metal used for the core. These
coatings are usually dark colored as contrasted with the white
coatings of the first kind of cathode.

Both kinds of cathode, when finally mounted in the exhausted
tube, are coated with oxides, and in the second kind with more
complex compounds as well. These oxides and compounds
do not emit electrons and the activation process consists in the
reduction of some of the compounds to metallic barium and
strontium. There are differences of opinion as to the mechanism
of thisreduction process. The opinions may be classified under the
following three heads: (1) reduction by electrolysis, (2) reduction
by positive-ion bombardment, (3) thermal reduction.

The observations on which these several opinions are based
are as follows: The cathode, after being heated and the tube
exhausted, may or may not have initial activity. The combined
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kind of cathode usually has practically no initial activity. If
the core metal of the uncombined kind of cathode is nickel,
siliconickel, or Konel metal, and if the temperature of the
cathode has been properly controlled during preparation, the
cathode is initially active. If, on the other hand, the core is of
chromium nickel, the cathode has no initial activity. The
cathodes which have practically no initial activity can be acti-
vated by applying a voltage of one or two hundred volts between
a plate and the heated cathode so as to draw emission from the
cathode. The emission is small at first but can be increased
by elevating the temperature. The emission builds up as
activation proceeds and the temperature of the cathode can
then be progressively reduced. This activation process may
take only a few minutes or it may require several hours. Usually,
gas is evolved during the activation, and the vacuum tube is
filled with the blue glow of ionized gas.

Espe!? suggested that electrolysis, due to the conduction of
the space current through the hot oxide layer, brings about the
reduction of the oxide to metal. The metal in this case would
be transported- and freed at the surface of the core, but diffusion
of the metal through the layer to the outer surface would then
take place at the high temperature of the layer of oxide. That
such electrolysis of the oxide layer does actually take place is
believed by Rothe,'* Detels,’® Becker,* Lowry,'® and others.
Detels found that oxygen was given off when a space current
was drawn from an oxide-coated cathode, but Becker showed
that oxygen was liberated only when the space current was not
limited by space charge. Becker states that the rate of liberation
of oxygen increases with the temperature, with the space current
drawn from the cathode, with the plate potential, and depends
somewhat on the composition of the oxide layer. If any elec-
trolysis takes place, oxygen is liberated at the outer surface
of the oxide coating. Some of it then diffuses into the layer
where it combines with barium and strontium metal. That
which does not diffuse into the layer may combine with the
active barium and strontium on the surface, and some very
small portion of the oxygen may be liberated and be driven into
the glass walls or combine with other substances in the tube.
We might picture a continuous eyelic electrolysis of the oxide
and recombination of constituents to form oxides, a film of active
metal being maintained on the surface,
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Since gas is usually present in the activation process, some
scientists hold that positive-ion bombardment accounts for the
reduction of the oxides. McNabb® believes that this bombard-
ment is necessary to activation. Wagner'® has calculated that
positive ions of COs, driven by a plate potential of 100 volts,
have sufficient energy to break down BaO and SrO into metal
and oxygen. Although activation may be hastened by positive-
ion bombardment, such bombardment in high vacuum can
hardly explain the maintenance of the supply of active reduced
metal, which continually evaporates from an active oxide-coated
cathode, as Becker,'* Davisson,'* and Eglin?® have shown to
occur.

When the base metal is nickel or certain nickel alloys, or even
platinum, electrolysis and positive-ion bombardment cannot
account for the initial activity of the uncombined coated fila~
ments. It is possible that the barium and strontium oxides
can be dissociated by heat, or by displacement of the barium
or strontium by the base metal when platinum or nickel is used.
Wagner'® has calculated from the heats of formation of the
various oxides that iron, chromium, and titanium are sufficiently
active chemically to liberate barium and strontium from their
oxides. Yet there is no initial activity when a nickel-chromium
base metal is used. At present there is no satisfactory complete
explanation of the initial activity sometimes observed, unless
it is due to thermal reduction.

In some cases there is a possibility of misjudgment concerning
initial activity. It is common practice to degas the cold elee-
trodes of vacuum tubes by heating them to a high temperature
by means of eddy currents. These currents are induced in the
electrodes by a powerful high-frequency current traversing a
coil of a few turns placed around the tube. During this degassing
process, intense electric fields are induced in the space within
the tube and ionization usually takes place, as evidenced by
the blue glow within the tube. Capacitance currents surge to
and from the electrodes, and positive-ion bombardment exists.
If the cathode is heated, electrolysis of the oxide coating may take
place. Although, under the proper conditions, activation may
take place during this high-frequency treatment, initial activity

18 McNaBs, J. Optical Soc. Am. Rev. Sci. Inst., 19, 33 (1929).

1 DavissoN, Phys. Rev., 34, 1323 (1929). See p. 1332.
20 BGLIN, Phys. Rev., 31, 1127 (1928).
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even without this treatment has sometimes beenobserved. Such
initial activity has been reported by Lowry!® when the only act
was the heating of the cathode for a few minutes to an abnor-
mally high temperature with a heating power of about twice the
normal value.

A summary of the most plausible theory of action of an oxide-
coated filament follows. First, we may be reasonably sure
that the chemical compounds forming the coatings are the storage
source from which the active metals barium and strontium are
reduced by electrolysis and sometimes, in part, by positive-ion
bombardment. Also, thermal dissociation may take place,
assisted in some way, perhaps by catalytic action or by the
chemical activity of the vapor of the core metal. The reduced
metals diffuse outward through the hot oxide layer and at the
same time oxygen diffuses inward. In spite of some recom-
bination within the oxide, some metal reaches the outer surface
and adheres thereto, perhaps in little islands, as a monatomic
film. The greater part of the electron emission takes place
from this adhered film, although some electron emission may
come from free metal within the coating, or even from free metal
on the surface of the base metal. The forces of adhesion reduce
evaporation of the metals. Perhaps an under layer of adhered
oxygen may play a part in reducing the work function. Pre-
sumably the metals evaporate and need replenishing, which
is accomplished largely by continuous electrolysis of the coating
by the space current and diffusion outward of the reduced
metal.

With so complex an action and structure, it is not surprising
that the total emission of a coated filament changes with time
and depends in a complicated way upon its previous history.
These cathodes show no marked saturation and this might be
expected if some of the emission comes from the deeper layers,
being drawn out by intense fields.

56. Emission Constants of Oxide-coated Cathodes.—The
work function of the various oxides used for oxide-coated fila-
ments has been measured by many scientists, beginning with
Wehnelt. There is very little agreement among the results of
the various experimenters, but there is a marked progressive
decrease in magnitude from Wehnelt in 1904 to Espe in 1926.
Detelst® showed that both ®;, and A decrease as activation pro-
ceeds. 'This progressive change, together with the fact that
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oxide-coated cathodes show no marked saturation, makes the
determination of the emission constants very difficult, and it is
not surprising that there should be a wide variation in values.
Espe!? offers as the most probable values of ®; those given in
Table VII. As is seen from the table, BaO has the lowest
electron affinity. The value of the constant A varies greatly

TasLe VII
Oxide &y, volts A,* amp./cm.? deg.?
CaO...ooii 1.77 1.29 X 102 0r 2.49 X 102
SrO. . o 1.27 | 4.07 or 2.58 X 102
BaO...oooi 0.99 | 2.88 or 2.72 X 102
CaO + 80 +BaO.............. 1.24 | 8.3 X 1073

* From ‘‘International Critical Tables,” MoGraw-Hill Book Company, Ine., New York.

for different filaments and as measured by different experimenters,
but is far from the value found for pure metal emitters.

57. Preparation of Oxide-coated Cathodes.—There are various
ways of manufacturing oxide-coated cathodes. The earliest
method of applying the coating is known as the candle method
and is deseribed by Arnold.?* The salt of the alkali-earth
metal, usually the carbonate, is ground to a very fine powder
in melted paraffin or resin and then the suspension is cast in
the form of a stick resembling a candle, from which the process
derives its name. Sometimes the salts of two or more of the
alkali-earth metals are mixed or separate candles for the separate
salts may be used. The candle is applied to the core metal while
hot and the paraffin or wax carrier allowed to evaporate. Several
layers are applied and may be alternated if separate salts in
separate candles are used. The cathode is then baked at about
1200°C. for an hour or two. During this baking, the salts are
broken down to oxides which to some extent combine with the
core metal forming dark-blue or black compounds, and the
so-called ‘““combined” kind of cathode results. In the early
tubes, the core was made by rolling a wire of platinum, or an
alloy of 10 per cent of iridium in platinum, to form a ribbon
having larger surface than a round wire. It was later discovered
that cathodes give emission at lower temperatures if the core is

21 ARNOLD, Phys. Rev., 16, 70 (1920).
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made of an alloy of 5 to 10 per cent of nickel in platinum.
Usually this core is slightly oxidized before the coating is
applied.

The uncombined kind of oxide-coated filament is used in
practically all of the commercial radio tubes of today. The most
common method of manufacturing this kind of emitter is to
pass the ribbon-shaped core, made of nickel or nickel alloy,
over grooved wheels, which direct the ribbon successively through
a trough containing a water suspension of finely ground barium
and strontium carbonates, then through a drying oven in which
an atmosphere of CO, is maintained, then through another
coating trough and drying oven, and so on for a number of such
passes. The finished cathode is pure white in color because
the coating consists only of the dried carbonates. In the prep-
aration of the water suspensions of the carbonates of barium
and strontium, it is very essential that the salts be pure and
that they be ground to very fine powder. M¢c¢Nabb'® finds that
the use of a colloidal suspension of the carbonates results in
greater emission, probably due to the finer particles. The
colloidal carbonates are flocculated at a lower temperature than
that which causes decomposition of the carbonates.

If the coating applied by the candle method is not strongly
heated in air, the binder is evaporated and an uncombined coating
of carbonates is left, which is not inferior to the combined kind
in emitting efficiency. Except perhaps as to the mechanical
structure and adherence to the core, it matters little how the
uncombined coating is applied.

Superior filaments can be made by evaporating the metals
barium and strontium in a vacuum so that some of the metal
condenses on a preoxidized filament, usually of tungsten, which
during the formation process is maintained at a red heat. The
condensed barium and strontium displace the oxygen of the
oxidized base metal, forming a thin coating of barium and stron-
tium oxides. The vapor of the alkali-earth metals can be
produced in the vacuum tube by heating a plate on which is
attached a small piece of the metal, or more conveniently by
gradually heating the azide of the metal?? until it is decomposed
and finally evaporated. This heating must be done cautiously
at a temperature of about 150°C., as the azide readily explodes

22 German patent 443,323 (1923).
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at higher temperatures. Many of the coated cathodes used
in Europe are made by the azide process, the azide often being
painted on the plate from which it is evaporated when the
plate is heated by eddy currents.

The coating of a metal base is only a part of the process of
the production of an active cathode. The cathode is mounted
in the tube, and the tube exhausted and baked in an oven at a
temperature near the softening point of the glass in order to
drive off the gas occluded on the walls of the tube. For soft
glass, the baking temperature is from 350 to 420°C., and for
hard glass from 500 to 700°C. The gases in the metal parts
of the tube are driven off by heating these parts by means of
high-frequency currents induced in them by an external coil, or
later in the process by electronic bombardment. The cathode
is then slowly heated to from 1400 to 1600°C., which serves to
drive off occluded gases from the combined kind of cathode,
and to convert the carbonates to the oxides for the uncombined
kind. In the latter case, a large amount of CO, is liberated
and is drawn off by the pump. Heating the cathode for a short
time to a higher temperature of about 1750° to 1800°C. helps
considerably in the formation process. The cathode, if of an
uncombined kind, now may be active but further activation or
breakdown is usually necessary. This is accomplished by
impressing from 100 to 200 volts on the plate through a pro-
tective resistance, usually a tungsten lamp of a size which is
lighted to nearly full brilliance by the normal emission current
from the finished eathode. The cathode may require momentary
heating to a high temperature to start the emission. Bom-
bardment of the cathode by positive ions of gas and electrolysis
of the coating take place. The emission current builds up
usually quite rapidly and the filament temperature may then
be reduced. If the coating contains much combined salts or
hydroxides, the activation process may take considerable time.
Becker'* suggests that, after considerable emission has been
established, the temperature and voltage should be adjusted
until the emission is just limited by space charge. The tungsten
lamp, commouly placed in series with the vacuum tube whose
cathode is being activated, automatically reduces the voltage
applied to the plate as the emission increases. This reduction
of plate voltage during activation may be very desirable, as it
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was shown by Hull and Winters?® that positive ions driven
against a cathode by a potential difference greater than 20 or
25 volts cause disintegration of the active-metal deposit. There
are many variations of the process of activation some of which
are described by Arnold,?t Mc¢Nabb,!® Wagner,!6 ete.

b8. Electrical and Radiation Characteristics of Oxide-coated
Cathodes.—The emission of electronsfrom the coated filament has
been shown to follow the emission equation, Eq. (23), page 59,
Chap. IV. The mostimportant charaecteristic of oxide-coated fila-
ments is thelow temperature at which copiousemission is obtained.
The normal operating temperature is about 1000°C., which
may be roughly deseribed as a cherry red, although with some
coated cathodes considerable emission is obtained at tempera-
tures so low that no visible light is emitted. The dark-colored
combined kind of cathodes are much better radiators of heat
and hence often require from two to three times the amount of
power to maintain them at the same temperature as the white
uncombined kind of exactly the same dimensions. Even some
of the uncombined cathodes which have oxidized cores require
more power, owing to the better radiating effect of the underlying
oxidized surface. The emission per watt of heating power
therefore depends upon the radiation coefficient as well as upon
the activity of the coating.

Davisson?* gives the following expression for the power
radiated per square centimeter from the combined kind of
oxide-coated cathode.

2

W = 5.735 X 1071204 + 2.5 - 10—4T)T4V2Lttsz

tt (80)
= 3737278, 4t T = 1000°K. S
cm.

Dushman? gives data, calculated from Eq. (80), for the power
radiated per square centimeter from the combined kind of
cathode used by the Western Electric Company, and also from
cathodes made with Konel metal as core. The data for the
latter kind of cathode Dushman obtained from results given
by Lowry.'* These data are given in Table VIII. The ratio

23 HuLL and WINTERS, Phys. Rev., 21, 211 (1923).

24 DavissoN, ‘‘International Critical Tables,” vol. VI, p. 53, McGraw-
Hill Book Company, Inc., New York, 1929.

28 DusaMAN, Rev. Modern Phys., 2, 381 (1930).
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of hot to cold resistance of these filaments is also given in Table
VIIIL.

TasLe VIIL—ReEsisTIviTY AND PoWER RapiaTED FrROM COATED
FiLaMENTS OF BAO 4+ SrO

Power radiated, W, watts per Hot resistance
square centimeter Cold resistance
T, °K.
W.E. or combined- W.E. or combined-
type cathode Konel type cathode Konel
300 0.022 1.00 1.00
700 0.79 1.66 1.80 1.11
800 1.41 3.01 1.96 1.13
- 900 2.35 4.72 2.12 1.16
1000 3.73 6.57 2.26 1.19
1100 5.67 8.91 2.40 1.21
1200 10.70 2.53 1.24
1300 15.15 2.65 1.27
1400 20.93 2.75 1.29
1500 28.31 2.85 1.32

The emission efficiency is discussed later and the values for
oxide-coated cathodes are given in Fig. 44, page 125.

The coated cathodes have one outstanding weakness, namely,
the development of so-called ‘‘hot-spots,” evidenced by intense
local heating at one or more points on the cathode, by the flying
off of hot particles of oxide coating, and usually by the melting
and burning out of filamentary cathodes. These hot-spots
are much more apt to form when high plate voltages are used,
particularly if the space current is limited by underheating of
the cathode. Thick oxide coatings are much more subject to
this difficulty. The reason for the formation of these hot-spots,
as given by Arnold,? is as follows: When the temperature is
low, the resistance of the coating is high and a thick portion
with a higher resistance is more heated by the space current than
a thin portion. This higher temperature increases the emission,
which then causes more heat. Thus the temperature builds
up to the vaporizing point of the oxide and the melting point
of the core metal. Such local increase in current does not
usually take place if the space current is limited by space charge.
This weakness of oxide-coated cathodes has prevented up to the
present time their use in high-voltage high-vacuum tubes.
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The useful life of an oxide-coated filament is terminated
either by burn-out of the filament or by loss in emission due to
operation at too high a temperature. If the coating is sintered
by excessive temperature, the emission cannot be restored in
full by any process of activation. The formation of hot-spots
or the flaking off of the coating from any cause may so much
reduce the coating that the cathode becomes useless. Some
oxide-coated cathodes have operated for thousands of hours
without appreciable decrease in emission.

III. METAL FILAMENTS HAVING AN ADSORBED MONATOMIC
FILM OF AN ELECTROPOSITIVE METAL

59. Discovery and Mechanism of Emission of Adsorbed
Monatomic Films.—Langmuir® discovered in 1914 that thoria,
which is often admixed with the tungsten in the manufacture of
tungsten filaments to reduce the recrystallization of the filaments,
can under proper conditions increase tremendously the thermionic
emission of the filament. Further investigation?” showed that
metallic thorium, produced by the reduction of the thoria at
high temperatures, gradually diffuses to the surface of the
filament under proper conditions of temperature and vacuum
and forms there an active layer one molecule thick. Thorium
has a low electron affinity and emits electrons abundantly at
low temperatures, yet the work function of a monatomic layer
of thorium on tungsten is lower than that of pure thorium and
the emission at a given temperature is greater than for a pure
thorium wire. Furthermore, the so-called thoriated filament
can be operated at a much higher temperature than can a pure
filament of thorium, owing to the strong force of adhesion which
retards the evaporation of the monatomic layer.

The high emission of a thoriated wire can be explained in part
by the high electric field that results from the electrical double
layer. This double layer is due to the adsorbed layer of electro-
positive thorium atoms, many of which, as Becker® has shown,
are adsorbed as positive ions. The intense electric field in the
surface layer is in a direction to assist an electron to escape,

26 LanGaMUIR and RocErs, Phys. Rev., 4, 544 (1914).

2 LANGMUIR, Phys. Rev., 22, 357 (1923); U. S. patents, 1,244,216, 1,244 217
(1917).

28 BECKER, Bell. Tel. Lab, Reprint B-412, or Trans. Am. Electrochem. Soc.,
55, 153 (1929).
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and the force function near the surface is very different from
that near a surface of pure metal.

If oxygen, which is electronegative, is adsorbed on a surface
of tungsten, the work function is greatly increased owing to the
retarding field of the adsorbed negative ions ef oxygen. If,
however, a monatomic layer of barium is adsorbed on the layer
of adsorbed oxygen, the intense field between the negative
oxygen layer and the positive barium layer is in a direction to
assist the escape of an cleetron. This field may extend many
atom diameters. The work function of such a composite surface
is less than that of a monatomie layer of barium on tungsten, and
the emission is many times greater at the same temperature.

60. Activation of Thoriated Tungsten Filaments.—In the
manufacture of a thoriated cathode, a few per cent (1 to 2 per
cent) of thorium oxide is added to the tungsten powder before
the sintering process. In the finished wire there may be left
only about 0.7 per cent of thorium oxide. This wire is mounted
in a vacuum tube, the tube is exhausted, and the glass and all
metal parts freed of occluded gas by baking in an oven and heat-
ing the electrodes by means of an induction furnace. Since
the thorium film is chemically very active, oxygen and water
vapor, if present, attack and destroy the film. Furthermore,
positive-ion bombardment, resulting from the ionization of
residual gas, quickly destroys the sensitive thorium film. For
these reasons it is more important in this case than in the case of
other types of emitters to procure the best vacuum possible.
Usually it is necessary to vaporize in the tube some active
chemical substance such as magnesium, ecalcium, phosphorus,
or some one of the several other suitable chemicals, which absorbs
the residual gas and produces and maintains a high vacuum.
These substances are popularly known as ‘“‘getters’” and their
use dates from 1884 when Malignani® patented the use of
‘“vaporizable reagents’ to take up residual gases in an incan-
descent lamp. He used arsenic and iodine as vaporizable
reagents. Soddy,3® in 1906, vaporized calcium to clean up the
gases in a vacuum chamber and obtained thereby a very high
vacuum.

When the best vacuum procurable has been obtained, the
tungsten cathode is heated almost to its melting point, to about

# MavrioNaNI, U. S. patent 537,693 (1884).
# Soppy, U. S. patent 859,021 (1906).
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2500°C., for from 34 to 2 min. This high temperature does two
things. First, the surface is cleaned owing to the vaporization
of any oxide film, and, second, some of the thoria inside the metal
of the cathode is reduced to metallic thorium. Since all thorium
which might have existed on the surface is evaporated at this
high temperature, the cathode immediately after this tempera-
ture treatment possesses only the emission of pure tungsten.

The activation process consists in heating the cathode to a
temperature within the range of from 1800 to 2000°C. Within
this temperature range the thorium, which was reduced by the
intense heating, diffuses rapidly outward and a monatomic layer
of thorium on clean tungsten builds up. The thorium apparently
moves between the tungsten crystals rather than through the
crystals, so that the finer the crystals the more readily does this
diffusion process progress.

The work function of -the cathode is reduced from that of
tungsten by an amount dependent on the fraction ¢ of the
surface covered by the film of thorium. Langmuir?” assumed
that the work function for any
value of 8 is a linear function of

(&)

w

where bj is the equivalent value
of by of Eq. (23), b, is the value
2 ar o7 5 04 05 06 07 o5 a9 0 Of bo for pure tungsten, and C'is
Values of 8 a constantandequaltob,, — b,

Fra. 37.—® vs. 0 for thori tung- ; -
O B o, horta 25,7 by being the value of by for 0 =
1. TFigure 37 is a plot of values

13 6 as given by the equation

= LT

iy L , by = by + C8 (81)
E j 0~ Nottingham

s

-

b
of ¢, i.e., %K: obtained by Dushman and Ewald3! for thorium on

tungsten. These values were obtained from emission data, cor-
rected for the Schottky effect by Eq. (74), page 88, in order to
obtain the emission for zero field outside the emitter. This correc-
tion as given by Eq. (74) is undoubtedly inaccurate, as pointed
out by Nottingham.?? This is due to the fact that the force field
assumed by Schottky (see Chap. IV) at the surface of a pure
metal is, as Becker has shown, very different near a surface

31 DusuMaN and Ewaup, Phys. Rev., 29, 857 (1927).
32 NoTTINGHAM, Phys. Rev., 36, 386 (1930).
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covered by a monatomic film of electropositive atoms. Notting-
ham deduces that, for 6 = 1, b, is 36,500 or ®, is 3.15 volts.
The value of the constant A of the emission equation, Eq. (23),
is also affected by the film of thorium, as shown by the experiments
of Dushman and Ewald?! and by those of Kingdon.?® In Fig. 38,
the observation points marked by a circle were obtained by Dush-
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Fig. 38.—A vs. 8 for a monatomic film of thorium on tungsten.

man and Ewald, while the observation points marked by a cross
were obtained by Kingdon. The curve represents the following
empirical equation, given by Kingdon:

Ay = (a] + &~ — 14, (82)

In Eq. (82), A hasthe numerical value of unity, but-has the dimen-
sions of amp./cm.? deg.? The constant a; has the numerical value
4 for a surface of tungsten totally covered with a monatomic film
of thorium. The numerical value of a; for a tungsten surface

38 KINGDON, Phys. Rev., 24, 510 (1924).
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is 60.2. The same criticism applies here to the correction as
given by Eq. (74) for the Schottky effect. Nottingham,??
using a different method for the calculation of 4 for zero field,
obtains the value of 59 when ¢ = 1. This value of A is shown
by the solid circle in Fig. 38.
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Fia. 39.—Log I, vs. # for a film of barium on tungsten. (Becker.)

The value of 8 may be obtained from experimental data by
use of Eq. (81).
_bs — by
g = T (83)
Since log A, varies in such a way as to be nearly linearly related
to by, as shown by experiments of Kingdon,* a more convenient
form of Eq. (83) to be used in determining & is

_log Iy - log I,
T log I; — log I (84)
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where I, is the saturation current for any value of 8, I, is the
saturation current for § = 0, and I, is the saturation current for
6 = 1, all at the same temperature.

Becker® claims that when the film of adsorbed metal becomes
more than one atom thick, the emission decreases, as shown by
Fig. 39 taken from Becker’s paper. Langmuir has recently
expressed the opinion that it is impossible, under the conditions
of these experiments, to build a layer of alkali metal more than
one atom thick because of the rapid induced evaporation. If
this is true, then 6 is less than unity at maximum activity.

Langmuir has shown that, at constant temperature, ¢ increases
with time according to curve A, Fig. 40a. This curve is plotted

Current

(03]

0o

Time Time
a b
F1e. 40.—Rate of activation of thoriated-tungsten filaments. (Langmuir.)

logarithmically in curve B, Fig. 40b. From Eq. (83) the value
of 8is OP/OM. According to Langmuir the value of § may be
expressed by the equation
g=1—¢x (85)
or
log. (1 — 8) = —Ki

The plot of log (1 — 8) against the time ¢ is a straight line, as
shown by curve C, Fig. 40b, the slope of which is the value of
the constant K, which measures the rate of activation. The
reciprocal of K is known as the activation time T,.

Figure 41, from Langmuir’s paper,” shows the activation
curves for a number of temperatures. The higher the tempera-
ture, the more rapidly the thorium diffuses outward to form the
film. Evaporation of thorium from the film also takes place
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and is more rapid the higher the temperature. If thorium
atoms pile on top of each other to form a film more than one atom
thick, evaporation of the outer atoms takes place more readily
because the adhesive forces are less. This tends to prevent the
formation of a layer thicker than a monatomic layer.

During the activation process, thorium is rapidly diffusing
from the inside and being evaporated from the film. The life
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Fia. 41.—Rate of activation of a thoriated-tungsten filament at temperature T's
after flashing at 2800° K. (Langmuir.)

of a thoriated filament is limited by the supply of thorium in the
wire and hence the life is greater the lower the temperature.
Furthermore, the operating temperature must be chosen so
that diffusion outward is sufficiently rapid to compensate for
the evaporation of the thorium from the surface. The best
operating temperature is about 1900°K., although it depends
somewhat upon the size and thorium content of the wire. Table
IX gives the equilibrium values of emission current, life, and
activation time T\, at different temperatures, for a tungsten fila-
ment containing 1 per cent of thoria.

A thoriated cathode which has lost its emission can often be
reactivated, provided the vacuum is still high and the thorium
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TaBLE IX.—EQUILIBRIUM CHARACTERISTICS AT VARIOUS TEMPERATURES
oF A TunasTEN FruaMenT ConTaiNniNg 1 PErR CeNT oF THORIA!

. I, amperes Per | y.co of thoria, Activation time .
T, °K. 0 square centi- h Te
ours
meter seconds

1300 0.99997 4.14-107¢

1400 0.99975 3.12-107% | .......... 1.43 - 101

1500 0.99878 0.0179 | .......... 5.23 . 10°

1600 0.99528 0.0812 | .......... 2.88 - 108

1700 0.9848 0.287 | ... 2.15.107

1800 0.9605 0.772 720,000 2.02- 108

1900 0.9191 1.59 94,000 2.18 - 105

2000 0.8713 2.89 15,100 2.48 - 104

2100 0.781 3.43 2,897 9.48 - 103

2200 0.551 1.24 643 2.10- 103

2300 0.139 0.114 164 531

2400 0.0601 0.168 47 7.0

2500 0.0355 0.357 14.6 1.28

2600 0.0207 0.774 5.01 0.268

2800 0.0088 3.48 0.74 0.0161

3000 0.0041 13.5 0.14 0.0014

1“Handbuch der Experimental Physik,”” Wien and Harms, Akademische Verlagsgesellschaft
M.B.H., Leipzig, 1928.
content of the metal has not been exhausted. The process of
reactivation consists in flashing the filament for 10 to 20 seec.
at a high temperature by impressing across the filament about
three and one-half times normal operating voltage. The cathode
is then operated at about one and one-half times normal operating
voltage, with no plate voltage, for from 1 to 2 hr. If this treat-
ment does not restore emission, the thorium content of the metal
has been exhausted.

A schedule showing the marked physical changes of a thoriated
tungsten cathode within various temperature ranges, as given by
Schottky and Rothe,?* is given below. The figures in parentheses
are given by Dushman,

T < 1900°K. Operating Temperatures
(1800) Reduction, evaporation, and diffusion
practically absent. Stable condition.

3 ‘““Handbuch der Experimental Physik,” Wien and Harms, p. 169.
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T = 1900-2100°K. Activation Temperatures
(1800-2000) Practically, only diffusion and induced
evaporation exist. 8 = 1. Activation
velocity increases with temperature.

T = 2100-2400°K. Diffusion and spontaneous evaporation
(2000-2300) exist. 6 < 1. High activation velocity.

T = 2400-2600°K. Deactivation Temperatures
(2300-2600) Spontaneous evaporation exceeds diffu-
sion. 8 < 1. Only small amount of
reduction.

T > 2600°K. Reduction Temperatures
Intense reduction, diffusion, and
evaporation.

All that has been said regarding thoriated wire .or cathodes is
also true, in principle, for base metals other than tungsten, as
tantalum and molybdenum, and also for monatomic films of
electropositive metals, such as barium, caesium, and lanthanum.3%

The emission characteristics for monatomic films of thorium
and caesium on tungsten, as given by Langmuir,®® are shown in
Fig. 42. Langmuir and Kingdon3® have shown that, if tungsten
is first slightly oxidized and then covered with a monatomic film
of caesium, the emission current is much greater than from a
film of thorium directly on tungsten, as shown by the curve of
Fig. 42 and also by Fig. 13, page 62.

The emission efficiencies of filaments with monatomic films
are given in Fig. 45 and are discussed in the next section.

61. Emission Efficiency.—The practical value of a source of
electrons for use in vacuum tubes depends largely upon its emis-
sion efficiency. The thermionic emitter requires heat to main-
tain its temperature, and the necessary heat energy is almost
invariably supplied electrically. If P is the electrical power
supplied to heat the emitter, there must be some functional
relation between the total emission current I, and the total power
P, or

I, = F(P) (86)

% BEckBR, Phys. Rev., 28, 341 (1926); 34, 1323 (1929); Trans. Am.
Electrochem. Soc., 656, 153 (1929); DusamManN, DexNIsoN, and ReYNoLDS,
Phys. Rev., 29, 903 (1927); DusamaN and Ewarp, Phys. Rev., 29, 857 (1927);
Kinepon, Phys. Rev., 24, 510 (1924).

36 LANGMUIR, Ind. Eng. Chem., 22, 390 (1930).
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It has been found experimentally that, for the operating range
of temperature, Eq. (86) can be expressed with fair accuracy
in the form

I, = CP» 87

where n is a constant dependent upon the kind of emitter, C
is a different constant for each particular filament because, as
will be seen, C is dependent upon the surface area of the emitter.
The degree to which FEq. (87) represents the experimental
results over the operating range from 2400 to 2700°K. can be
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Fig. 42.—Emission characteristics of various monatomic films on tungsten.
(Langmusir.)

seen by examining Fig. 43, which shows the logarithm of emission
current per square centimeter plotted against the logarithm of
the power in watts per square centimeter for tungsten, taken
from data by Jones and Langmuir.®?” For tungsten, the exponent
n obtained from Fig. 43 is 4.87.

The plot of emission current against filament heating power
is only approximately represented by Eq. (87), as is shown by
the deviation of the points in Fig. 43 from the straight line, both
above and below the operating range. Davisson, by slightly

¥ JonNES and LANGMUIR, Gen. Elec, Rev., 80, 312, 354 (1927).
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distorting the coordinates of the double logarithmic paper,
obtained a chart on which the emission-power curve plots as a
straight line, provided the radiation from the filament follows
the Stefan-Boltzmann law. Figure 44 shows the emission of
tungsten, from data by Jones and Langmuir given in Table VI,
plotted on this special paper. There is some deviation from a
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Fi1c. 43.—Emission-power curve for tungsten.

straight line at the upper part of the graph. Figure 44 also
shows a line for thoriated tungsten, plotted from data given by
Dushman and Ewald,® and two lines for oxide-coated platinum-
nickel alloy, from data given by King.?® Since it is often unsafe
to use the normal heating power in obtaining data for full
emission, the advantage of a chart of the type shown in Fig. 44

# DusaMAN and Ewawlp, Gen. Elec. Rev., 26, 154 (1923).
® King, Bell System Tech. J., 3, No. 4 (1923).
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is that the normal emission can be obtained by extending the

straight-line plot through data points obtained for low power.
In Eqgs. (86) and (87), the emission current I, is proportional

to the surface area A of the emitter. Also, since the power P
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Fic. 44.—Emission-power chart.

is radiated from the surface of the filament, it too must be
proportional to the surface area A. Dividing Eq. (87) by A

gives
I, P\
1= cA (Z) (88)

I, =0'pn" (89)

or
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where I, is the emission current per square centimeter, P’ is the

power per square centimeter, and ('’ is a constant applying to 1

$q. cm. and hence is dependent only upon the material of the
emitter. It is apparent that

-8
ggg C'=CA? (90)
600 LER231 1
500 EwTso ] {Ee If we divide Eq. (89) by P/,
400 Eg=2" 115 = we have the emission efficiency
300 £,='5% expressed as emission current
200 per square centimeter per watt
used in heating. This is de-
+ R noted by S and from Eq. (89),
%‘08 Foea’ ] I P
&; Z§ S = B = c'pP (91)
3 50 £ cx299 Expressed for the total filament,
§ 40 »—-529},2{5-.[:}5*=33 P Eq. (91) becomes
§50 Jggzs g LA I, Pt
£ 2 “PAT P 02
% Obviously, from Egs. (91)
® o and (92), S plotted against P or
2 P’ on the special-coordinate
Z Tovzo2 chart of Fig. 44 is astraightline,
5|y | Be=735 and is approximately a straight
4k : line on ordinary logarithmic
3 paper. Of more practical in-
) ]wm terest is the value of S under
:}E‘.;_o normal operating conditions
chosen to give a life of the order
1 of 2,000 hr., since this value

Fia. 45.—Emissiqn efficiency of com- gives an approximate compari-
mercial tubes. . .

son of the relative emission
efficiencies of the three types of emitters. Values of S thus
obtained for a number of tubes for each type of emitter are
plotted in Fig. 45. A wide variation would naturally be expected
in the value of S for both the oxide-coated and thoriated filaments
because of different physical conditions and different degrees of
activation which are inevitably met with in commercial tubes.
Under operating conditions, it is evident that on the average the
emission efficiency of the thoriated filament is about ten times
that of tungsten, and the efficiency of the oxide-coated filament
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about one hundred times that of tungsten. It is to be noted that
the upper group of observations for oxide-coated emitters is for
filamentary cathodes, while the lower group is for separately
heated cathodes. The latter group would be expected to show a
lower efliciency than the former group.

62. Cooling of Ends of Filament.—In an actual tube the whole
of the filament is not at the same temperature, owing to the
conduction of heat away from the filament by the end connections
and supporting wires. The most marked effect produced by this
variation in temperature is a reduction in the emission, since those
parts of the filament which are cooled are less active in emitting
electrons. The effect is more pronounced for a short filament,
and the emission efficiency of such filaments is reduced by a con-
siderable amount.

Another effect of the cooling of the ends of the filament is to
round off the knee of the curve of emission current plotted against
plate voltage (see Fig. 27, page 84). The reason for this may be
made clear by considering that the resultant filament-saturation
curve is made up of the sum of many curves, each being for an
infinitesimal length of the filament and for a certain temperature,
the temperatures for most of the elemental curves being different.

63. Voltage Drop along Filament.—If the emitter is also the
heating element, there is a voltage drop along the filament of from
2 to 5 volts for receiving tubes, according to the design. The
voltage drop along the filament of a power tube is usually much
greater and may be as much as 50 volts. This potential gradient
along the filament has several effects. The difference of potential
between the positive plate and the negative end of the filament is
greater than that to the positive end of the filament. Conse-
quently, when the space current is limited by space charge,
the space current is greater from the negative end than from the
positive end of the filament. If the plate voltage is low, the
filament drop may be an appreciable fraction of the plate voltage,
so that the unequal distribution of space current along the fila-
ment is greatly accentuated. On the other hand, in transmitting
tubes, this inequality in distribution of the space current is
usually negligible because of the large plate voltage in comparison
with the filament voltage.

Another effect of the voltage drop along the filament is to
round off the knee of the space-charge-saturation curves of Fig.
28. The reason for this is similar to that already given for the
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rounding of the knee of the temperature-saturation curves due to
a temperature gradient along the filament. In this case the
resultant curve of space current plotted against temperature can
be thought of as the sum of a large number of curves, each for a
small length of filament and a particular plate voltage, the plate
voltage being different for the various elemental lengths of
filament.

The third effect of the potential gradient along the filament is to
alter the shape of the space-current curve plotted against plate.
voltage at its lower bend, changing it from the three-halves-
power law to one of another exponent which Langmuir has shown
theoretically to be five halves. This five-halves-power law can
easily be derived by simple integration of the three-halves-power
law along the filament. Van der Bijl,*° in his book, states that
actually the lower bend of the curve of receiving tubes often fol-
lows quite accurately a square law, which is more convenient
mathematically.

64. Effect of Space Current on Filament Current.—As yet
no account has been taken of the fact that the space current
entering all along the filament (electrons leaving) is superimposed
upon the heating current, making the actual current in the fila-
ment different at different points along the filament. Since the
heating at any point of the filament is proportional to the square
of the total filament current at that point, the space current, if
appreciable compared with the filament current, may cause a
considerable variation of temperature along the filament. This,
in turn, alters the emission and alters the resistance and conse-
quently the potential gradient along the filament. All these
various effects are mutually dependent and may conspire to
accentuate the temperature difference between the two ends of the
filament, even to the extent of causing one end to burn out. It is
desirable, therefore, to study the effect of the superimposed space
current upon the total filament current.

It is very difficult to take account of all the effects which are due
to the superimposition of the space current on the filament cur-
" rent. The danger of burning out the filament is greatest in
power tubes where the space current is usually a larger portion of
the filament current than in receiving tubes. In power tubes, the
plate voltage is usually so high that the voltage drop along the

# Vax pER By, “The Thermionic Vacuum Tube and Its Applications,”
p. 64, McGraw-Hill Book Company, Inc., New York, 1920.
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filament can be neglected in obtaining an approximate solution.
Furthermore, since in the normal operation of a tube, space cur-
rent is for most of the time limited by space charge, the inequality
in emission due to the temperature gradient along the filament can
be neglected. Consider a filament receiving space current uni-
formly along its length. In Fig. 46, let L be the length of the
filament, and z be the distance from the positive end to any point
of the filament. If I, is the total space current, that portion of it

I,
flowing to a length dz anywhere along the filament is df, = fdx.

Is
Plate
[ -]
4
dl -I—sdx EE
ek ="
dl ! dl -
+ 1 . 2
- % =D
______________ P
R R,
J L
n ltii— +

Fi1G. 46.—Space current in the filament.

Let R, and R; be two resistances in the heating circuit, which may
represent controlling resistances. The heating battery is assumed
to have negligible internal resistance, although the battery
resistance may be considered as a part of R, if the plate circuit is
connected to point A, or as part of R, if the plate circuit is
connected to point B. The current dI, divides at the filament
into two portions whose magnitudes are inversely as the resist-
ances of the two paths. Therefore, dI;, that portion of dI, going
to the left, is related to dI., the portion going to the right, as

dl, (L — 2)r + R,

d—Iz - zr 4+ R, (93)

where r is the resistance of unit length of the filament. The
e.n.f. of the heating battery makes no difference in this division
of current; and if the battery has negligible internal resistance,
it makes no difference whether the plate circuit is connected
to point 4 or to point B.
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From Eq. (93), the following expressions for dI, and dI,
are easily obtained:

_ L=+ Ry I,
_ <L—x>r+Rz.£fdx5

R L

zr + R, I,
=:UT+R1_£dz 5

R L '

where R is the total resistance of the filament circuit. At any
point z on the filament, that portion of the space current in the
filament which is flowing toward the positive end is the sum of
all the dzy’s from z to L, and that portion flowing toward the
negative end of the filament is the sum of all the d7s’s from the
portion of the filament from zero to z. At point z, the actual
space current in the filament which is flowing toward the negative

end is
L. = j;’dlz - j;LdIl

_ (Fzr + R I YL ~2)r + By I
‘LT Ed’;_L“‘R— L=

o Yan,
=IsE—T (96)

The total current at any point is obtained by adding the fila-
ment current I, supplied by the filament battery to the space
current given by Eq. (96). Therefore, the total heating current
is

L
| Hen
I=Ia+IsE_—R_ 97
At the positive end of the filament the heating current is
R
5 + R
I+=Ia_Ia'T (98)
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where B is the resistance of the filament. At the negative end
the heating current is

R
5 R

R

Examining Egs. (98) and (99), it is evident that the tempera-
ture of the positive end of the filament is reduced, while that
of the negative end of the filament is elevated by the space
current. In order that the increase in temperature of the nega-
tive end may be small, £, should be small. Increasing R, since
it increases R, helps to reduce the excessive heating of the nega-
tive end of the filament. We may make a general statement that,
when the space current is appreciable compared with the filament
current and there 1s danger of excessive heating of the negative end
of the filament, any external resistance in the filament circuit should
be connected between the negative end of the filament and the plate-
circutt connection to the filament circudt.

When alternating current is used to heat a filamentary emitter,
the plate return is connected to a mid-point tap on the secondary
winding of the transformer which supplies the heating current,
or to the mid-point of a resistance connected directly across the
filament. Assuming that the heating current I, in Eqs. (97),
(98), and (99) is a sinusoidal current, 7, = /2, sin wt, the
total instantaneous heating current at any point of the filament
from Eq. (97), is

I_=I.+1,- (99)

R
o+ Be

. = . x
{ = /2, sin wt-}-]sfl——R— (100)
The square of the effective value of current given by Eq. (100)
is

2

R
<L+ R,

T 2
L™ R oy

If the transformer mid-point is used, R; and R, are practically
zero and the effective heating at any point of the filament is
proportional to

E=I+D

2
E=ﬁ+ﬁ@—9 (102)
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Obviously, from Eq. (102), both ends of the filament are slightly
overheated, but the amount is usually negligible. The heat
capacity of the filament is usually great enough to smooth the
temperature fluctuation due to the alternating current.

66. Equipotential Cathodes.—It has become general practice
to heat cathodes by alternating current, thus obviating either
the annoying frequent running down of the dry cell or the
troublesome storage battery and charging outfit. When alternat-
ing current is used for heating a filamentary emitter, the filament
is usually made short and heavy in order to reduce the alternating
voltage across the filament and thus reduce the fluctuations in
the plate current which cause hum in repeaters and receiving
sets. A better way of eliminating any effects upon the grid
and plate circuits due to the alternating heating currents is the
use of equipotential cathodes or separately heated emitters.
This type of eathode, now used in many of the commercial
receiving tubes, usually consists of a cylinder of nickel or nickel
alloy coated on the outside with an oxide-emitting coating and
heated by a filament within, which carries the alternating heating
current. Sometimes this heating filament is coiled and sup-
ported by insulating plugs inserted in the ends of the cylinder,
or the filament may pass through two longitudinal holes in a
long insulating piece that fits inside the cylinder. The former
arrangement is quick heating, but is more apt to short-circuit
than the latter arrangement which has the prinecipal fault of
requiring a minute or more to attain operating temperature
owing to the poor heat conduectivity of the. insulating tube.
With both schemes, emission from the heater to the grid and
plate must be prevented by shielding, and emission from the
heater io the cathode eylinder is usually prevented by an opposing
field produced by making the heater positive in potential with
respect to the eylindrical cathode.

The emission efficiency S of a separately heated cathode is
generally less than that of a directly heated cathode of the same
type, as shown in Fig. 45 for measurements on commercial (type
27) tubes.

66. Magnetic Effect of Current through Filament.—The
current through the filament produces a magnejic field surround-
ing the filament and this field acts to deflect the emitted electrons
in a direction perpendicular both to the field and to the direction
of motion of the electrons. In practice, however, the electron
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has very small velocity near the filament where the magnetic field
is strongest, and hence the magnitude of the deflecting force is neg-
ligible in comparison with the electrostatic pull of the positively
charged plate.

67. Effect of Gaseous Ionization on Plate Current.—In Chap.
IV, some of the effects of gas upon the emission of a cathode
were discussed. There it was pointed out that the saturation
emission of tungsten is reduced by chemical reaction of the

9
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Fig. 47 —Effect of gas on the current through a diode.

tungsten with small amounts of oxygen, nitrogen, or water
vapor. Oxygen and water vapor were also especially detri-
mental to the emission from oxide-coated and thoriated cathodes.

Besides its effect upon the emission, gas when ionized may
greatly affect the plate current, if it is limited by space charge.
This effect upon the plate current is due to the partial neutraliza~
tion of the space charge by the positive ions. Because of the
low velocity of the positive ions, a single ion can neutralize the
electrostatic effect of hundreds or even thousands of electrons.
Therefore, a slight trace of gas can have a marked effect upon the
plate current, as shown in Fig. 47.
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The curve marked ‘“‘high vacuum” was taken when the bulb
was connected to the pumps and the vacuum was as high as
possible. The curve marked ‘‘trace of hydrogen’ was taken
after a very small amount of hydrogen had been admitted.
Undoubtedly some oxygen and some water vapor were present
which considerably reduced the saturation current. The fila-
ment current in this case was greater than that in taking the high-
vacuum curve. The two curves are practically coincident up
to about 17 volts, where ionization begins. The curve with
gas rises rapidly for higher voltages, owing to the partial neutrali-
zation of space charge by the positive ions. The third eurve
marked “considerable hydrogen” was taken for the same fila-
ment current as for the high-vacuum curve and shows the effect
of the gas upon the saturation current. It also shows the lower
current before ionization due to frequent collisions of the elec-
trons with the molecules of gas.

A very convenient method of testing for a trace of gas in a
vacuum tube will be described in a later chapter.

68. Schottky Effect or ‘‘Schroteffekt.”—Schottky,* in 1918,
predicted theoretically that, since the electron stream in a
thermionic vacuum tube consists of a statistical stream of
discrete charges, there should be fortuitous fluctuations in, the
plate current, and hence disturbances should be set up in any
tuned circuit connected in the plate circuit. Schottky called
this phenomenon the Schroteffekt, or ‘‘small shot effect.”” That
this small random fluctuation of the electron current does exist
has been shown by various investigators,*? who have measured
the electrical variations in tuned circuits at various frequencies.
The theory developed by Schottky and others-4* applies only
to electron currents not limited by space charge. Such theory,
although checked approximately by experiment, does not help
in the calculation of the Schroteffekt in amplifiers because the
effect is much less when the current is limited by space
charge.

41 ScHOTTKY, Ann. d. Physik, b7, 541 (1918); 68, 157 (1922).

42 HurLy and WinLiaMs, Phys. Rev., 26, 147 (1925); HarT™MAN, Ann. d.
Physik, 66, 51 (1921); Phys. Zeits., 23, 436 (1922); Jounson, Phys. Rev., 26,
71 (1925); Wrirriams and VINcENT, Phys. Rev., 28, 1250 (1926).

43 Jounson, Ann. d. Physik, 67, 154 (1922); Fry, J. Franklin Inst., 199,
203 (1925); BaLLANTINE, Radio Freq. Lab. Reprint 7, 1928, or J. Fronklin
Inst., 206, 159 (1928).
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Llewellyn* has deduced the magnitude of the shot effect
when the space current is limited by space charge. The expres-
sion obtained by Llewellyn for the mean-square voltage produced
by the shot effect across an impedance Z in series with the
filament-to-plate path, both with and without space charge,

18
5 _ 31 613 ° 2 103
E2 - (3[:;) Ky L (Z)ndn ( )

In Eq. (103), e is the electronic charge, (Z). is the impedance
of Z at frequency n, I, is the saturation current corresponding

Space current

T Filament temperature

F1G. 48.—Space current vs. temperature of cathode.

to temperature 7, and I is the space-charge-limited current.
The meaning of I and I, may be made clearer by referring to
Fig. 48. The ratio 81/3I, can be written

ol _ aI/oT
oI,  8I,/aT

Expression (104) is easily evaluated as indicated in Fig. 48.
When the space current is not limited by space charge, the ratio
given in Eq. (104) reduces to unity, and Eq. (103) reduces to
the usual equation for no space charge.

If an amplifier giving a voltage ratio (@), is used to increase
the voltage across the impedance, Eq. (103) becomes

# LLEWELLYN, Proc. I.R.E., 18, 243 (1930).

(104)
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5e [ 01 \el, [ 7 o (2
i = («TI..)? J; (Z)2(G)2dn (105)

Equations (103) and (105) show that the shot effect is zero
when the space-current curve is parallel to the temperature axis
in Fig. 48. If a certain plate voltage is impressed on a vacuum
tube and the filament current is increased, the shot effect increases
with I, until the ratio 81/8I, begins to depart appreciably from
unity. Beyond this point the shot effect decreases and approaches
Z€ero,

Although the shot effect is practically zero when the space
current is limited by space charge, other effects exist to give
fluctuations in the space current and thus cause noise in high-gain
amplifiers. Llewellyn** and Ballantine* have discussed these
various effects. A brief reference is here made to one of the most
important causes of fluctuation noises in amplifiers, namely, the
thermal effect. 'The heat agitation of electrons in a conductor
sets up across the conductor fluctuations in potential dependent
upon the impedance of the conductor and its temperature.
Schottky*! first called attention to this cause of fluctuations in
current in a conductor. Others***® have verified experimentally
the existence of such fluctuations, both in metal conductors and
in the space between a filamentary emitter and the plate.

69. The Cold Electrodes.—Thus far in this chapter we have
confined our attention to the cathode. A few remarks are now
appended concerning the cold electrodes of the vacuum tube.

Certain metals?” are better than others for use in vacuum
tubes, the best metals in general being those that can easily be
denuded of their gas content. The metals nickel, tungsten,
molybdenum, and tantalum are commonly used. Nickel is
inexpensive and is easily denuded of its occluded gases when
heated to redness during the exhausting process. Tungsten,
molybdenum, and tantalum have an advantage over nickel
because of their higher melting points and are often used in
high-power tubes in which the plates may operate normally at
high temperatures. Tantalum absorbs enormous volumes of
gas when heated and for this reason is very useful in

4 BALLANTINE, Radio Freq. Lab. Reprint 21, 1930.

46 JouNsoN, Phys. Rev., 32, 97 (1928); Nyquist, Phys. Rev., 32, 110 (1928).

47 The properties of some of the rare metals are well described in a booklet
¢“Rare Metals” published by the Fansteel Products Company, Inc., North
Chicago, Il
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maintaining the vacuum in a tube. Often a small piece of
tantalum is welded to the plate for the purpose of absorbing gases.
Tantalum and molybdenum can be worked when cold, while
tungsten must be worked when hot.

The energy possessed by the rapidly moving electrons consti-
tuting the space current is converted into heat when the electrons
strike the plate. If the plate voltage is high, the amount of heat
may be sufficient to raise the temperature of the plate to incan-
descence. This heat is dissipated almost entirely by radiation.
The capacity of power tubes is limited by the rate at which the
plate loses its heat. 'The power in watts radiated from an exposed
surface of tungsten is given by Eq. (79). Table X gives the
watts radiated per square centimeter calculated by Eq. (79),
page 102, and the emission current calculated by Eq. (78) for
certain values of the absolute temperature T'.

TaLte X.—PoweER RADIATED aND EmissioN CURRENT PER SQUARE
CENTIMETER FROM TUNGSTEN

T K. P, watts per I, milliamperes per
’ square centimeter | square centimeter
1000 0.5701 1.054 X 10712
1200 1.663 9.42 X 107°
1400 3.898 6.56 X 107¢
1600 7.89 5.8 X 10™¢
1800 14.37 4.56 X 1072
2000 24.01 1.008
2200 38.31 13.2
2400 57.78 114.3
2600 83.80 719

According to the data of Table X it is permissible to dissipate
about 12 to 14 watts per square centimeter. A higher tempera-
ture would cause too great an emission from the plate.

It is customary to blacken the surfaces of the plates of some
tubes by carbonizing or by oxidizing in order to increase the
radiating efficiency of the plates. When the plates are thus
treated, the dissipation may be several times greater than that
given by Eq. (79).



CHAPTER VI
NOMENCLATURE AND LETTER SYMBOLS

Before developing further the theory of vacuum tubes, a suit-
able system of notations or letter symbols must be adopted in
order to denote easily the many different quantities involved.
Although several schemes of notation have been suggested, no one
system as yet has come into general use. = A satisfactory system
of symbols is urgently needed because of the exceptionally large
number of different components and aspects of the same quantity
necessary to be distinguished in this field. For example,the
potential between two points may consist of a steady value on
which is superimposed a periodically changing value. We have
then to deal with the steady value, average value, peak value,
and maximum value of a harmonic component, total instan-
taneous value, instantaneous value measured from the average
value and also from the steady value, etc. The symbols should
be such as to suggest, as far as possible, the quantities represented
and to burden the memory of the reader as little as possible.
Furthermore, the symbols should be convenient for blackboard
use, easy to write on a typewriter if possible, and, most important
of all, the symbols should be easily set up in type so that the
printing of theoretical papers is not excessively expensive. This
last requirement has been the principal stumbling block to
the acceptance of any system of special symbols, and yet it
appears to be impossible to represent all of the necessary quanti-
ties by ordinary type unless awkward combinations of letters and
subscripts are used. The author believes that free expression
in this new and important field of vacuum tubes should not be
hampered by shortsighted limitations placed upon the choice of
symbols, but that special symbols should be accepted, as has been
done in other branches of science, such as mathematics, astron-
omy, and botany.

The system of symbols here presented, except for a few minor
changes, was suggested in 1927! and is convenient and adequate,

! CHAFFEE, Vacuum Tube Nomenclature, Proc. I.R.E., 16, 182 (1927).
138
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as proved by several years of use by the author. Special symbols
are required, although more awkward alternatives to the special
symbols are suggested, to be used when the special type is not
available. :

70. Fundamental Scheme of System of Symbols.—Before
describing in detail the various symbols, a few general principles
are presented.

1. Capital letters are used only for quantities which are not
directly functions of time, current, or potential, but which may be
functions of frequency.

2. Small letters are used for instantaneous values of quantities
which are directly functions of time or of some other independent
variable such as current, potential, temperature.

3. Boldface type is used to denote complex or vector quantities.

4. Subscripts immediately following a letter symbol denote, in
general, location rather than kind of quantity.

a. Subscripts f, p, and ¢ immediately following a letter
denote quantities directly associated with the filament,
plate, and grid of a vacuum tube.

b. Subscripts @, b, and ¢ immediately following a letter
denote quantities which are associated with the portions
of the filament, plate, and grid circuits external to the
vacuum tube.

¢. Capital letter subscripts 4, B, and € denote sources of
power, such as batteries and generators, in the filament,
plate, and grid circuits.

5. Subscripts immediately following parentheses enclosing a
quantity indicate the frequency of the alternating quantity or the
Jfrequency at which the quantity is evaluated.

Subscripts &, 7, and ! immediately following parentheses
enclosing a quantity are used to indicate high, intermedi-
ate, and low frequencies.

6. Those electrical quantities most used, such as total tnstanta-
neous values and effective or r.m.s. values, are denoted simply by
small and capital letters with no attached supersigns.

Nore.—The symbols used in the first five chapters are not in strict
accordance with this proposed system. Capital letters I and E were there
used to denote steady values instead of r.m.s. values. It seemed unwise to
introduce before this point a more or less complicated system of symbols.
A small letter for potential might have been confused with the symbol for
electronic charge which is now so firmly established by usage that it seemed
unwise to change the letter for it.
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From this point on, static characteristic curves will be expressed in terms
of small letters.

71. Special Symbols.—Some of the special symbols, together
with their alternatives, are described below.

7. Dash over a letter which denotes an electrical quantity indicates
the steady value of that quantity.

Ezample: E. Alternatives: (B)o or (LE).

8. Dash over a letter which denotes a circuit characteristic indicates
the value of that characteristic for a steady current.

Ezample: R. Alternatives: (R)o or (R).

9. Two dashes over a letter which denotes an electrical quantity
indicate the tzme average of that quantity.

Ezxample: B. Alternatives: Euy or (E).

10. Circumflex over a capital letter which denotes an electrical
guantity indicates the mazimum value of a sinusoidally varying
quantity.

Ezample: B. Alternatives: Erax, o7 (nE).

The maximum value may also be denoted by the square root of
two times the effective or r.m.s. value, as \/2E.

11. Caret sign over a letter which denotes an electrical quantity
indicates the peak value of the quantity.

Ezample: E. Alternatives: Epx or (LE).

12. Tilde sign over a small letter which denotes an electrical
quantity indicates that the quantity varies harmonically.

Ezample: €. Alternative: (ze).

13. Dash over a small letter which denotes an electrical quantity
indicates a component measured from the steady value.

Example: & Alternative: (se).

14. Two dashes over a small letter which denotes an electrical
quantity indicate a component measured from the average value.

Ezample: . Alternative: (s€).

15. A A sign preceding a letter which denotes an electrical quan-
tity indicates that the quantity is small but finite.

Ezxzample: AE or Ae.
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16. An inverted circumflex over, or square brackets about, a letter
or symbol indicates the equivalent value or indicates that the quan-
tity is fictitious.

Ezamples: Eor [E].

72. List of Symbols.—For easy reference, the various quan-
tities, with their distinguishing symbols as described above, are
listed below:

LisT oF QUANTITIES WITH SYMBOLS
Preferred Alternative

Quantity Symbol Symbol

Effective or r.m.s. potential.............. E
Maximum of harmonic potential.......... VZEor E  Eme or (nE)
Steady component of potential........... E (E)oor (E)
Average value of potential............... E E,; or (.E)
Peak value of potential.................. E By or (LE)
Total instantaneous potential............. e
Instantaneous potential measured from

steady value. ........................ € ()
Instantaneous potential measured from

average value...............cciuun... € (<€)
Small potential..................... ... AFE or Ae
Equivalent potential.................... E [B]
Fictitious potential................... ... E 1E}
Resistance to steady current............. R (R)o
Resistance to current of high or radio fre-

QUETICY L e ve vt veee et i e et (R
Resistance to alternating current without

specifying frequeney................... B
Variational resistance.................... r

NoTe.—Although the symbols are illustrated as applied to potential and
resistance, they are similarly applied to other electrical quantities and circuit
characteristics.

73. Illustrations and Examples.—The use of the symbols
is further illustrated.

A harmonically varying potential superimposed upon a steady
value is illustrated in Fig. 49a. In the case shown, the steady and
average values are identical. Obviously,

e=FE+&=E + E sin o,
= E + /2E sin of.
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A current or potential often varies nonsinusoidally. An
example of this is illustrated in Fig. 495. We may then write

(4
e

= E 4 &, or, developing e in a Fourier series,
= ﬁ + (E’)l sin wil + (E’)z sin (wzt + CI’g)
+ (E)s sin (wit + ®3) + « - -

e=E+E€=E+E sin wt

@
EESTR o | B

Y ¥ Time

Fig. 49a.

Fic. 49b.

where the subscripts attached to w and & indicate the several
harmonics.
In Fig. 50 curve Oab represents the characteristic curve of
a conductor whose resistance to steady current is a function of the

i

applied to a vacuum-tube circuit.

b/ i=t(e)
Tan. 'r <>
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) - di 1
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1
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g |
1
1
E e
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impressed voltage. The resist-
ance should be denoted by a
small letter with a dash over it
to indicate that it is a steady-
current resistance. Therefore,
the resistance E/I is denoted
by 7. The wvariational resisi-
ance, which is equal to
limitAei(,(i—z), is denoted by
r. Its reciprocal, the varia-

tional conductance, is denoted
by k.

In Fig. 51 the use of symbols with subseripts is illustrated as

The circuit L;C; is assumed to

be carrying a sinusoidal current induced from a eircuit not shown.
The total instantaneous plate voltage e, may be made up of a
steady component E, and an alternating component A%,, so that

ep=Ep

+ A%,
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Similarly, the voltages e, ¢;, and ¢, may be made up of steady and
sinusoidal components. The currents to plate and grid may also
be made up of components as shown in the figure.

The system of symbols described is adequate to distinguish
the various quantities which are usually dealt with in theoretical
discussions of the operation of vacuum tubes. When the theory

inIP+A1P
S

—4]|\|||\|]|1|||\|§—'WW

Y Y

Fia. 51.—Illustration of use of symbols.

is simple and, in consequence, few symbols are necessary, some
of the special signs may be omitted. In problems dealing only
with direct currents, it would be absurd to place a dash over every
letter denoting current and potential. The tilde sign may be
omitted if only sinusoidal variations are being considered.

In later chapters, other special letters and symbols will be used

to represent special quantities then defined. For a complete list
of symbols see page v.



CHAPTER VII
THREE-ELECTRODE TUBE OR TRIODE

Previous to the year 1907, practically the only use to which
the two-electrode tube was put was the rectification of alternating
currents, either for power purposes or as a Fleming valve detector
in the reception of radio messages. These applications will be
described in later chapters. Lee de Forest! in 1907 made a most
important and valuable improvement in the vacuum tube, which
very much expanded its field of usefulness. His invention con-
sisted in the addition of a third electrode adapted to the electro-
static control of the electron current to the plate, and the vacuum
tube as thus constructed he called the “audion.” TUsually, the
control electrode is in the form of a wire grid or mesh, situated
between the filament and plate so that the electron stream passes
through the spaces of this control electrode. This third electrode
is usually called the grid.

The use of a third electrode, as introduced by de Forest, was not
entirely novel. Lenard? in 1902 used a third electrode in a
vacuum tube for the purpose of studying the photoelectric effect.
De Forest, however, deserves the credit of making the vacuum
tube a more practical device by the insertion of the grid.

It should be remarked that at about the time de Forest made
his invention, von Baeyer? in Germany added a grid in the form
of a wire-gauze cylinder, placed between filament and plate.

The object of this chapter is to study the current-potential
characteristics of the triode, from both the mathematical and the
graphical points of view.

74. The Equivalent Diode.—Van der Bijl* in 1913 was one of
the first to give a quantitative discussion of the effect of the third
electrode when situated between filament and plate. The
following treatment is substantially his.

! De Forest, U. 8. patent 841,387 (1907); U. S. patent 879,532 (1908).

:LeNARD, Verh. D. Phys. Ges., 8, 149 (1902).

3 VoN BAEYER, Verh. D. Phys. Ges., T, 109 (1908).

¢ VAN pER Buw, Verh. D. Phys. Ges., 15, 338 (1913); Phys. Rev., 12, 180
(1918).
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In Fig. 52, F, G, and P represent the filament, grid, and plate
of a triode. The directions of the positive currents (opposite to
direction of travel of the electrons) Iy, i,, and 7, are indicated by
arrows. The potentials of the grid and plate with respect to
the filament are determined by the grid and plate batteries Eo
and Ez. In the arrangement shown, e, = E; and e, = KEs.

Observe the use of the notation for steady current to indicate
the filament current, because in general it is held constant. The
plate and grid currents and the corresponding plate and grid volt-
ages are indicated by small letters,
because in general in the opera- D
tion of the tube they vary with i
time. Although the characteris-
tics may be obtained experiment-
ally by using steady values of
current and voltage, these char-
acteristics of the tube are valid
for varying current and voltage
and are expressed, therefore, in
terms of instantaneous values.

We shall first examine the elec-
trostatic fields in the vacuum Fi. 52.—The triode.
tube before the filament is heated. The intensity of the electro-
static field at the filament due to the grid voltage alone, the plate
voltage being zero, is proportional to e¢,. Further, if e, be
assumed zero and e, be applied, the intensity of the field at
the filament due to e, is the same as though some smaller volt-
age De,, where D is a constant, were impressed between fila-
ment and grid in place of ¢, between filament and plate.

The constant factor D takes account of the shielding effect
of the grid mesh and the greater distance from the filament to
the plate than from the filament to the grid. Van der Bijl used
the Greek letter v to denote the shielding factor D, whereas in
German literature the letter D is used and is called the Durchgriff.
Obviously D has a value less than unity.

If e, and ¢, are simultaneously impressed, the resulting field
at the filament is equal to the sum of the fields due to e, and ¢,
acting separately and is proportional to e, -+ De,. Therefore,
¢y -+ De, is an equivalent grid voltage which would produce the
same field intensity at the filament as is actually produced by the
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joint action of both grid and plate potentials. This equivalent
grid voltage is denoted by [e,].

It was shown in Chap. IV that the space current, if limited by
space charge, is determined by the electrostatic field at the
filament produced by the charged plate. When the space eur-
rent flows, the field at or very near the filament is reduced to
zero by the opposing electric field set up by the space charge.
The electrostatic field at the filament is the same as if [e)]
alone were impressed on the grid, the plate being at filament
potential. By analogy with Eq. (39), page 69, for the diode, we
may say that the total space current in the triode is given by

i =i, + i, = Ble,)”* = B(e, + De,)* (106)

where B is a constant. Equation (106), like Eq. (39) for the
diode, holds only for the lower part of the plate-current curve
before filament saturation begins to limit the current.

The total space current of a triode can thus be caleulated by
assuming the triode to be replaced by a special kind of diode; the
cathode and the plate of the triode being the negative electrode
of the diode, and the grid of the triode being the positive elec-
trode of the diode. Such a diode is not the kind of diode for
which Eq. (39) applies; hence constant B in Eq. (106) is not the
same as the constant of Eq. (39). If a standard type of diode
were made having a solid plate in the same position as the grid of
the triode, the space current in this diode would be the same
as the space current of the special diode if a voltage Ae,] were
impressed across the standard type of diode, where X\ is a correc-
tion factor less than unity. Therefore, using Eq. (40) instead of
Eq. (39), y

1 = Ble,]% = 2.336 X 10‘6-——()\;3‘;3 - 1111111%

The correction factor A can be found as follows: The space
current from the cathode is determined by the intensity of the
electrostatic field at the cathode due to the neighboring charged
electrodes although this field is reduced to zero by the opposing
field from the space charge when the space current flows. This
electrostatic field at the cathode is directly proportional to
the induced charge ¢ per unit area of the cathode, assuming
the cathode grounded and the other electrodes charged. For
example, in the triode

107)

g = c8 + Cpp (108)
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where ¢, and ¢, are the coeflicients of capacitance. Since the
space current is the same if [e;] alone acts on the grid, the plate
being grounded,

q = c,le)] = c,(e; + Dey) (109)
From Eqgs. (108) and (109)
¢, = De, (110)

Again, since the same current flows in the standard type of diode
when \e, acts on its plate,

g = c(he;) (111)

where ¢ is the coefficient of capacitance for the standard diode.

Consider now the triode. If ¢, is equal to ¢,, the space between
grid and plate is a constant-potential region, and the plane of
the grid is practically an equipotential surface. The field between
grid and ecathode is then practically the same as if the grid were
replaced by a solid plate as in the standard diode. Conse-
quently from Eqgs. (108) and (111),

c=¢+ ¢, =c(l+D) (112)

Since the special diode and the standard diode are assumed to
pass the same current, HEqs. (109) and (111) can be equated,
[e;] and e, being numerically the same. Hence

!
" 1+D

Equation (107) for the triode with plane electrodes can
now be written

A (113)

=1, + 1, =

2.336 X 10—!*( o

De, \* amp.
d2 1+D

1+D/) cm.? (114)

From Egs. (52) and (113) the total space current per unit length
for a triode with eylindrical electrodes is

. 1468 X 108/ ¢, De, \%
ip + 1, = D (1 D + T4 D) amp. (115)

Evidently the correction factor which must be multiplied into
B of Eq. (106) to give the constant for the standard type of diode

(1 %
is <m> * In other words, the plane-electrode form of

triode with plate connected to cathode and a voltage e, impressed
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on the grid is equivalent to a standard diode having a plate at a
distance d,(1 4+ D)* from the cathode. If the triode has cylin-
drical electrodes and the cathode has a small radius compared to
that of the grid so that $8? is practically unity, the plate of the
equivalent diode has a radius r,(1 + D)*.

As explained in Chap. IV, it is more exact to add to the equiva-
lent voltages in Eqs, (106), (107), (114), and (115) a small
voltage ¢, which is an approximate correction to allow for the
initial velocity of emission of the electrons and for any contact-
potential difference which may exist. The more exact form of
Eq. (114), for example, is

.. 2.336 X 10~ )
T+ % =m(ea+Dezz+e)%

amp.
po (116)

76. Curves of Constant Total Space Current.—If D is actually
a constant, as assumed, graphs of constant 7, 4+ 1, plotted on the
e, — e, plane should be parallel straight lines. That this is true
in some cases is shown by the graphs of Fig. 53. As shown
by the figure, D departs from its constant value for small positive
values of e, It also departs from constancy for a range of
negative values of e, which is greater, the greater the current.
Since the triode is practically never used with values of ¢, within
these limits, this departure of D does not at all reduce the prac-
tical value of the assumption of constant value of D. This
departure from linearity of the constant-current curves for small
values of e, is due to a space charge built up near the plate.
When e, is small, the electrons which pass through the grid and
move toward the plate are in a retarding field. The electrons lose
the velocity acquired in moving from cathode to grid, and near
the plate they have their minimum velocity. If the plate voltage
is zero, the electrons have zero velocity at the plate. If the
plate voltage is negative, the electrons have zero velocity some-
where between the plate and grid, depending upon the value of
e,. Where the velocity of the electrons is low, their density
is great and therefore a negative space charge exists between the
grid and plate which alters the effect of the plate voltage in
producing an electrostatic field at the cathode. For small posi-
tive values of e,, the space charge decreases the effect of e,
and hence e, must be increased in order to maintain the same
current from the cathode. For small negative values of e,, the
space charge opposes the effect of the grid to produce an accelerat:
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ing field at the cathode. Under this condition, the plate voltage
must be less negative to maintain constant current from the
cathode.

Figure 53 also shows that when the space current is reduced to
values of the order of 0.001 milliamp., the value of D departs
from its constant value. D becomes considerably greater than
the usual value for positive values of e,, and slightly less than the
usual value for negative values of ¢,. This change in the value of
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u =556
T
= o e ]
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Fia. 53.—Static characteristic curves of constant total space current of a triode
having a tungsten filament (UV 201).

D is mostly due to the change in location of the region of minimum
potential outside the cathode. In Chap. IV, Sec. 42, it was
explained that the point of minimum potential outside the
cathode, caused by the initial velocity of emission of the electrons,
is ordinarily very close to the cathode. But when the space
current limited by space charge is a very small fraction of the
total emission of the cathode, this region of minimum potential,
which may roughly be considered as the position of a virtual
cathode, moves out to a very appreciable distance from the
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cathode surface. In Fig. 53, when the space current is 0.001
milliamp. and the total emission current is greater than 5 milli-
amp., the position of the virtual eathode is much nearer the grid
than normally, and hence the effective shielding of the grid is less.
That this is the eorrect explanation is shown by the graph in
dashes of Fig. 53 taken for 0.001-milliamp. space current, but for a
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Fie. 54.—Static characteristic curves of constant total space current. E; = 2.5
volts. Equipotential cathode (UY 227).

much reduced filament temperature corresponding to a filament
voltage of 2.7 instead of 5.0 volts. This reduction in filament
temperature much reduces the total emission and hence reduces
the effect of initial velocity of the electrons.

In Fig. 53, ¢, is negative in the second quadrant and hence all
the space current goes fo the plate. In the fourth quadrant, e, is
negative and hence all the space current goes fo the grid. In
the first quadrant are both a grid current and a plate current.
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The dotted lines are loci of constant ratio of plate to grid current,
the ratio being noted on the curves.

The constant total-current curves are not always so regular
and straight as those shown in Fig. 53. For example, the curves
of Fig. 54 were taken for a tube of cylindrical plate and grid and
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Fi1a. 55.—Total space current vs. equivalent grid voltage. Tungsten filament
(UV 201). D = 0.181.

a separately heated, oxide-coated cathode. For positive values of
e, the value of D is practically constant for a constant value of
total space current. D varies somewhat as the space current
varies, being about 0.090 for 20 milliamp. and 0.105 for 5 milli-
amp. The same effect described in the case of Fig. 53 operates
to increase D for small values of current. The variation of D
for large values of current in this tube is due to irregularity of the
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geometry of the tube and will be treated more in detail shortly.
Note particularly the large change in D as e, becomes negative,
especially for small values of ¢, and small space currents. For
example, for a current of 0.001 milliamp., D is approximately
0.014.

In Fig. 55, the total space current is shown plotted against
the equivalent grid voltage [¢,] for the tube from which the data
for Fig. 53 were taken. The observed points were taken for
values of ¢, ranging from 20 to 120 volts, and, except for experi-
mental error, lie well on a single curve for the equivalent diode.
The value of the contact potential ¢’ in Eq. (116) is difficult
to determine from these data but is apparently not much greater
than 0.5 volt.

As explained in Chap. V for the diode, the potential drop along
the filament and other effects may cause the exponent of Eq.
(116) to be different from 34. The exponent for the curve of
Fig. 55 is about 1.68 over the lower part of the curve but becomes
1.33 at the upper part.

If Din Eq. (116) is taken outside the parentheses,

i + i, = D*Ble, 4 u(e, + ¢)J* (117)

where u = 1/D.{ Evidently w is the ratio of the voltage change
applied to the plate to that applied to the grid for the same change
in plate current. The factor u is known as the voltage amplifica-
tion factor or, preferably, the voltage ratio of the tube and is a very
important quantity. For the tube used in obtaining the curves
of Figs. 53 and 55, u is 5.52. '

This treatment for the triode is valuable in giving a simple
physical picture and in pointing out the constancy of D under
certain conditions. It is limited in its application because the
three-halves-power law of Eq. (116) does not accurately give the
true course of the current curve. Furthermore, it does not
express the current when temperature saturation affects it or when
secondary emission or gas ionization is present. A mathematical
formula, such as Eq. (116), for example, is seldom of value in
dealing with problems concerning vacuum tubes. A general

t The voltage ratio of a triode is denoted by the Greek letter x4 in much
of the literature on vacuum tubes written in English. The author, however,
prefers the letter « for this quantity as being the letter nearest in form to g,
and in order that the three coefficients, u, k, and s, of a triode may be denoted
by letters of the Roman alphabet.
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theory will now be given taking into account all effects which
determine the flow of the grid and plate currents in a triode.

76. General Treatment of the Triode.—The plate and grid
currents of a triode are the two dependent variables and are
different functions of the three independent variables, namely,
temperature of the cathode, plate voltage, and grid voltage.
Expressed in mathematical language,

iy = FI(T, ey, €) (118)
7y = fl(T) €py et;') (119)
The manner in which both 7, and 7, vary, as the temperature T of
the emitter is changed, is similar to the variation of the space
current of a diode with changes in temperature, as discussed in
Chap. IV. To simplify the problem, the temperature will be
assumed constant at the rated value. Equations (118) and (119)
may be written
iy = Fep, €,) (120)
i, = f(em eﬂ) (121)
77. Static Characteristic Curves of the Triode.—The func-
tional relations of Eqgs. (120) and (121) cannot be expressed by
any mathematical equations which hold over the entire range of
values of the variables as used in practice. We must then resort
to graphical methods to give a picture of the variations of 7, and
1, with changesin e, and ¢,. Since we have reduced each equation
to one of three variables, each relation can be represented by a
surface in three dimensions. In each case we may plot dependent
variable, 7, or 7,, vertically, and the independent variables e, and
e, horizontally. Plate III shows photographs of two plaster
models of the plate and grid currents of a particular triode. The
surfaces for different triodes are different in scale and in some
details but the general characteristics of all triode surfaces are the
same. Those of Plate III may be considered as typical.
Sections of these surfaces, made by planes perpendicular to
the three axes, give for each surface three families of curves,
known as the static characteristic curves of the tube. TUsually,
in solving a given problem, one family of plate-current curves
and one family of grid-current curves give all the necessary
information, but the particular sets of curves used depend on the
problem. One should become familiar with the general shapes
of all six families of curves. These curves are illustrated for a
particular tube in the following six figures taken from a paper by
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Prate 1I1.—Plate-current and grid-current surfaces of a triode. (a) and (b)
plate-current surface; (¢) and (d) grid-current surface.

(Facing page 154)
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van der Pol.® The curves of Fig. 56 are the 7,—e, curves
obtained by section of the plate-current surface made perpendic-
ular to the grid-voltage axis. Figure 57 shows the ¢, — e,
curves for constant values of ¢,, and Fig. 58 gives the contours for
constant plate current. The portion of the curves of Fig. 58
for negative grid voltages is coincident with the curves of constant
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Fic. 58.—Static characteristic curves of the plate current of a triode. Curves of
constant plate current. (van der Pol.)

total space current, since for negative grid voltages the grid
current is zero. This portion of the curves of Fig. 58 shows that
D is constant over this region at least, but tells nothing as to the
constancy of D for other voltages.

The corresponding families of curves for the grid-current sur-
face are given in Figs. 59, 60, and 61. The curves of Fig. 61 for
negative plate voltages are curves of constant total space current
and are practically extensions of the portions of the curves of
Fig. 58 for negative grid voltages.

® vaN DER Pov, Bavrn, Zeits. f. Hochfrequenatechnik, 26, 125, (1925).
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Referring to the plate-current surface shown in Plate III, we
note two important regions. The first region is that of the steep
flat portion almost perpendicular to the axis of grid voltage.
The second region includes the depression of the upper part of
the surface.
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Fia. 61.—Static characteristic curves of the grid current of a triode. Curves of
constant grid current. (van der Pol.)

The first region is that part of the surface used in the normal
operation of the triode as an amplifier, detector, and oscillator.
In Fig. 57, the curves for grid voltages from —20 to 420 volts
indicate sections within this region. It is seen that over a con-
siderable part of this region the curves of Fig. 57 are straight,
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parallel, and equidistant for equal increments of grid voltage,
which shows that this region is practically a plane. The same
plane portion is indicated by the closely spaced, parallel, straight
lines which cut across the axis of zero grid volts in Figs. 56 and 58.
The depression in the second region of the plate-current surface
is due partly to secondary emission of electrons and partly to
the change in the fraction of the total space current taken by the
plate. On one sloping side of the depression, secondary emission
occurs at the plate; on the other sloping side of the depression,
secondary emission may occur at the grid. For example, in Fig.
57, the slope of the depression indicated by the portions of the
curves having a negative slope is due to secondary emission from
the plate. On this part of the surface the grid voltage is always
greater than the plate voltage, and as the plate voltage is
increased, the plate current decreases. This results because the
increase in plate voltage causes a larger increase in secondary
electrons which are then drawn to the grid than the increase of
primary electrons striking the plate. This same part of the
surface is indicated in Fig. 56 by the lower, nearly horizontal
portions of the curves for constant plate voltage. In Fig. 58, it is
indicated by the portions of the contour lines which are approxi-
mately parallel to the axis of grid voltage and are marked from
6.0 to 3.0 milliamperes in the direction of increasing plate voltage.
The other sloping side of the depression of the plate-current
surface oceurs where the plate and grid voltages are approximately
equal. As the plate voltage increases, the grid voltage being
held constant, the plate current increases rapidly. This is due
partly to the normal increase in flow of electrons to a terminal
whose voltage is increased, but mostly to the shift of the total
space current from grid to plate as the plate voltage becomes equal
to and greater than the grid voltage. Secondary emission at the
grid may play some part in shaping the surface in those portions of
the region where the plate voltage is greater than the grid voltage
and the grid voltage is positive and greater than 50 or 100 volts.
This slope of the depression is indicated in Fig. 57 by the steeply
rising curves for constant grid voltages of from 30 to 250 volts,
and in Fig. 56 by the portions of the curves having a negative
slope. Since the increase in plate current in this region with
increasing plate voltage is due largely to the shift of current from
grid to plate, the decrease of grid current is evident as shown
in Fig. 59 by the portions of the curves with a negative slope.
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Certain special types of vacuum tubes known as dynatrons
operate on one of the slopes of this depression in the plate-current
surface.

The steep plane portion of the characteristic surface of a
triode, designated above as the first region, is the region of
greatest importance when studying the operation of triodes as
amplifiers and detectors. It is the usual practice to plot this
region of the characteristic surface to much enlarged scales of
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Fre. 62.—Static characteristic curves of a triode. %, — ¢ curves for constant
grid voltage (UV 201).

voltage and current and hence much more restricted ranges of
voltage and current than for the curves of Figs. 56 to 61. For
example, Fig. 62 shows the 7,—¢, curves for various constant
values of ¢, ranging from —24 volts to +12 volts, in 2-volt steps.
A chart of this sort will frequently be used in the following
discussions. Figure 63 is the chart of the corresponding 7, — ¢,
curves for various constant valucs of ¢,. Figures 62 and 63
demonstrate that there exists a practically flat portion of the
plate-current surface. Figure 64 shows the i,—e¢, curves for
various constant values of ¢,, but differs from Fig. 60 in being
for a much smaller range of voltages. Figure 64 includes the
operating range of most low-power vacuum tubes. It is par-
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ticularly noteworthy that, except for very low values of e,, the
plate voltage has very little effect upon the grid current for
the range shown in Fig. 64. This is shown better by the
i,— e, curves of Fig. 65.

The characteristic curves just described may be considered as
typical of the characteristic curves of all high-vacuum triodes.
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Fia. 63.—Btatic characteristic curves of a triode. 1, — ¢, curves for constant
plate voltage (UV 201).
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Of course, certain features may be exaggerated in certain tubes,
and the scales of current and voltage vary according to the dis-
tances between electrodes, size of electrodes, and closeness of
grid mesh. The saturation of the plate and grid currents shown
in Figs. 56, 57, and 59 for the tube with a tungsten filament is
much less pronounced for tubes having oxide-coated or thoriated
cathodes., The presence of gas greatly distorts the character-
istics, as will be explained in Chap. X.

78. Time Lag in Vacuum Tubes.—In a triode, the only effects
which can cause a time lag between the plate current or the grid
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current and the applied voltages are the time of flight of an
electron from filament to grid or plate, and the time of readjust-
ment of the space charge, the latter being directly dependent
upon the velocity of the electrons. The time of flight of an
electron is extremely short. For a potential difference of 1 volt
and a spacing of 14 cm., this time is about 0.5 X 107 sec.
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Fra. 64.—Static characteristic curves of a triode. ¢; — ¢; curves for constant
plate voltage (UV 201).

Hence, the time lag due to this cause need not be considered
except when the tubes are used for very short waves of the order
of 10 meters or less. The time required for the space charge
to readjust itself may be greater than this time, because the
potential differences which determine the equilibrium of the
space charge are small. If gas is present and ionization takes
place, the positive ions, having a much greater mass than the
electron, move much more slowly, so that considerable lag
effects are observed in tubes containing gas. For the present,
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only gas-free tubes are considered and the lag due to the electrons
is neglected. The static characteristic curves of Figs. 53 to 65
may be considered valid for rapid changes of the variables.

T79. Variational Characteristics of Triodes.——The character-
istics of triodes have been described thus far in terms of char-
acteristic curves. 'We shall now develop a general mathematical
method for dealing quantitatively with these characteristies.
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Fig. 65.—S8tatic characteristic curves of a triode. 1, — ¢p curves for constant
grid voltage (UV 201).

We may start with Eqs. (120) and (121) and assume the tem-
perature of the cathode to be constant. The total differential
of Eq. (120) is

| By, O
di, = aepd,e,, + ae,,de" (122)
Similarly, for Eq. (121),
.9, 3,
di, = Edep + 6egde" (123)

Expressions (122) and (123) are general relations which depend
upon no assumptions or restrictions as to the functional relations
(120) and (121) except that these functions be continuous.

The four partial derivatives occurring in Eqs. (122) and (123)
are important coefficients and are given specific names. The
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coefficient (97,/9ep),—conse. has the dimensions of conductance.
It is called the cathode-to-plate variational conductance, or simply
the plate variational conductance, and is denoted by %k, Its
reciprocal is the plate variational resistance and is denoted by
r5. The coeflicient (d4,/9¢,)c,—cons. is the cathode-to-grid varia-
tional conductance, or simply the grid variational conductance,
and is denoted by k,. Its reciprocal is the grid variational resist-
ance and is denoted by r,.

The other two coefficients in Eqgs. (122) and (123) involve
the effect of the grid circuit on the plate circuit or the effect
of the plate circuit on the grid circuit and have been called
mutual coefficients. Exception may well be taken to the use
of the word mutual, because the effects defined by these coefli-
cients are only one-way effects. For example, the coefficient
(975/9€,)e,—const. has long been known as the grid-to-plate mutual
conductance, but it does not give the reciprocal effect of the plate
circuit upon the grid circuit. A better designation for this
coefficient is the grid-to-plate variational transconductance, or
simply the wvariational transconductance, and is denoted by s,.
Similarly, the remaining coefficient (8%,/9€,)e,mconst. is the plate-to-
grid variational transconductance, or simply the variational reflex
transconductance, and is denoted by s,. Hence, Eqs. (122) and
(123) may be written in the following forms:

di, = kpdep, + spde, (124)
&, = s,de, + kyde, (125)

If the plate and grid voltages are so varied that the plate
current remains constant, another useful partial differential
coefficient is obtained, namely, (de,/9€,); —const. 'The negative of
this coefficient is known as the plate variational amplification
factor, or better the plate variational voltage ratio, and is denoted
by u,.

A relation among the three coefficients belonging to the plate
circuit can be obtained by putting di, of Eq. (124) equal to zero.

Then.
(e
(deg di =0 a aeg ip=°°m’t‘_ e = kP (126)

As a result, we obtain the important relation

Sp = Upkyp (127)
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A similar analysis may be carried through for the grid-current
equation, Eq. (125). Putting di, equal to zero,

-3
dep dig=0 - 6@1, $y=const. -

The negative of the partial derivative expressed in Eq. (128)
is known as the variational reflex factor, or the variational reflex
voltage ratio, and is denoted by wu,. A relation similar to Eq.
(127) obtains for the grid coefficients, namely,

Sy

P (128)

Sy = uyk, (129)
For easy reference the six coefficients are listed below:
o,y _ 1
b= (5), -5
3
8p = <3—6:>'e,, Sp = Upkyp
= (%
up h <66‘7>i,,
. (130)
ko= {%%) -1
‘ <aeﬂ>ep Ty
9
Sg = (a_;:;)e,, Sg = Ygky
I
e = <66p>i,,

Referring to Eq. (117), page 152, the voltage ratio u is given by

u

de,
669 {p+ig=const.

(131)

If ¢, is negative and hence 7, is zero, Eq. (131) reduces to Eq.

(126) and u becomes u,. Further, if ¢, is negative, ¢, is zero and
u becomes 1/u,. If we add Eqs. (124) and (125),

d(ip + iu) = (kp + sg)dep + (sp + kg)deq

Following the method used in arriving at Eq. (126), we have

_ S + ky

S, + k»

The six variational coefficients of a triode, as defined in Eqgs.
(130), are the fundamental factors in terms of which the

(132)

(133)
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theory of operation of the vacuum tube is developed. It is
therefore essential to become familiar with the definitions of
the coefficients and to have a visual picture of the manner in
which the coefficients vary over the characteristic surfaces of a
triode. Although triodes may vary considerably in design, the
effects of varying the size, shape, and spacings of the electrodes
are principally to change the scales of the characteristic surfaces,
without materially altering their general shape. As a necessary

350

N
X
<)

T~
\\
i

250

S
&
200 \

~—_
‘\J

Micromhos
oyl

40 Vol

—
Transconductance s

oy
\\s
\: ¢
(%4
(=]

100

\\
\\/00
\w‘

.

A

-30 -25 -20 -15 -10 -5 §] 5 10
Grid Voltage eginVolts
Fia. 66.—Transconductance of a triode (UV 201).

consequence, the variations of the six coeflicients over the
characteristic surfaces are similar for all triodes, even though not
the same in scale and magnitude.

The variational characteristics of a vacuum tube can be
plotted in two ways. The first and usual method consists in
plotting the values of the coefficients against one of the variables,
such as ¢, or ¢,. Such graphs for the variational coefficients,
corresponding to the particular characteristic curves of Figs.
62 to 65, are plotted against e, in Figs. 66 to 71.
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The variational properties of a triode may also be shown to
advantage by drawing contours for constant values of the coefhi-
cients on the static characteristic curves as in Figs. 72 and 73.

The triode coefficients can be approximately determined
directly from the static characteristic curves in the region where
the curves are approximately straight. For example, let the
curves of Fig. 74 be two of the 7, — ¢, curves of a tube for two
grid voltages differing by a finite amount Ae,. The ratio (ab/ca)
is approximately k&, and is the slope of the ¢, — e, curves. Also,
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Fic. 69.—Reflex transconductance of a triode (UV 201).

sp is approximately (A¢,/Aey)e,—const. OT ab/Aey; and u, is approx-
imately (— Aey/Aey): —const. OF — (ca/Ae,).

The values of the coefficients obtained by using finite incre-
ments of the variables are inaccurate if the increments are large or
if the curvature is appreciable. However, approximate values
are conveniently determined by this method. Any one of the
three families of curves for the plate current, two of which are
shown in Figs. 62 and 63, gives all three of the plate coeflicients.
Similarly, all three of the grid coefficients can be obtained from
any one of the three sets of grid-current curves, two of which are
shown in Figs. 64 and 65. The coefficients can be more accu-
rately determined from the static characteristic curves by measur-
ing the slopes of the curves. By this method, the slopes of the
curves of Fig. 62 give k,, the slopes from Fig. 63 give s,, etc.
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The graphical methods as outlined for determining the six
coefficients are inaccurate and cumbersome. Electrical methods
for directly measuring the coefficients are in common use and will
be described in a later chapter.

An examination of Fig. 68 shows that u, is approximately con-
stant for negative values of ¢, for the particular triode used. The
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plate conductance kp, shown in Fig. 67, and the transconductance,
given in Fig. 66, are not constant over any considerable range.
Wherever the graph of k, or s, is straight, the corresponding static
characteristic curve is parabolic in shape. If the graph of k, or s,
is a straight horizontal line, the corresponding static character-
istic graph is straight. Figures 69 and 71 show that, within the
range of voltages of the graphs, both s, and u, are negative
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quantities and have very small values except when e, is small.
Figure 61 shows, however, that 4, may be positive as well as
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Fra. 71.—Reflex factor of a triode (UV 201).
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negative if the value of ¢, is large. The grid conductance %, of a
high-vacuum tube is practically always positive for positive
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values of ¢,. It is zero for negative values of ¢, because there is
then no grid current. Figure 59 shows that s, is negative for
small positive values of e, It becomes positive for certain
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F1a. 73.—Contours of plate variational conductance of a triode (UV 201).
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values of e, for which u, is positive. For negative values of
€p, S, i in general positive but very small.

Sinee vacuum tubes are more often operated with negatively
polarized grids, and s, and k, are then zero, the grid coefficients
are of little interest compared to the much more important plate
coefficients up, kp, and s;.
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80. Further Study of the Action of the Grid.—The various
characteristics of a triode as measured externally have been set
forth in the preceding sections. We shall now examine in more
detail the action of the grid in controlling the flow of electrons
inside the tube. Since the triode is an electrostatic device in
that its action is governed by the electrostatic forces acting upon
the electrons, a fair insight into the action of the grid can be
had by a study of the electrostatic fields about the elements of the
triode for various combinations of the plate and grid voltages.

First, let it be pointed out that the electrons travel in obedience
to the forces exerted on them not only by the charged electrodes
but also by the space charge. The electrostatic flux lines, which
pass from the plate to the cathode when the cathode is cold and
no emission takes place, are intercepted by the space charge when
the cathode is heated. The electrons move toward the plate in
sufficient numbers to intercept all of the lines of flux, and hence
no flux lines reach the cathode when the space current is limited
to saturation value by space charge. The space charge is
ordinarily most dense near the cathode. But when the plate
voltage is low, the space charge may be great near the plate, as
pointed out in Sec. 75. The position of the space charge may
considerably alter the shape of the electrostatic field about the
elements and thus alter the relative effects of the grid and plate
in controlling the current. When the space charge is most dense
near the cathode, the distortion of the field due to the space
charge is least. Under these circumstances, a fair idea of the
action of the grid can be deduced from the shape of the electro-
static field for a cold cathode.

The shape of the electrostatic field about a wire grid placed
between two electrodes has been calculated as a problem in pure
electrostatics, first by Clerk Maxwell® and later by several
others.”»%%10 Only simple cases, which geometrically are sym-
metrical, can thus be treated. ¥or example, a wire grid between
two parallel plane surfaces, all three being infinite in extent to
eliminate edge effects, can be solved. A cylindrical grid com-
posed of wires parallel to the axis of the eylinder, placed con-

8 MaxwgLL, ‘“‘Electricity and Magnetism,” 3d ed., Vol. I, Par. 203,
Oxford, 1904.

7 ABRAHAM, Arch. Elektrotechnik, 8, 42 (1919).

8 ScHoTTKRY, Arch. Elektrotechnik, 8, 21 (1919).

® Vo~ Laug, Ann. d. Physik, 69, 465 (1919); Jahrb. Drahtlos. Tel. Tel., 14,
243 (1919).

10 Kina, Phys. Rev., 18, 256 (1920).
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centrically between an inner and outer cylinder, all of infinite
length, can also be solved.

The shape of the electrostatic field, when edge effect is present,
can be obtained experimentally by setting up a model of a triode
in a shallow tray containing acidulated water, and tracing out
equipotential lines by a probe connected to a telephone receiver.
The equipotential lines of Figs. 75, 76, and 77 were obtained
in this way, and the lines of flow (shown in red) of electrons
from cathode to the other electrode were sketched by making
them everywhere perpendicular to the equipotential lines. For
other drawing of equipotential lines and lines of flow, see
Moller. !

The left half of Fig. 75 represents the condition when the grid
potential is so negative that the field at the cathode urges
the electrons back into the cathode. The grid potential for the
right half of Fig. 75 was calculated to give zero field at the
cathode, and hence the figure represents the condition when
the electron flow to the plate is practically cut off. The value of
u was caleulated by formula (137), to be given later. In the right
half of Fig. 75, a few electrons pass to the plate around the grid, as
indicated by the flow lines. In Fig. 76, the grid potential is zero
for the left half of the figure and is positive for the right half.
Figure 77 gives the corresponding four cases for a cylindrical
arrangement of the electrodes.

If the distance from cathode to grid is not large compared
with the distance between grid wires, and the potential of the grid
is somewhat negative, there may be regions of the cathode where
the field urges electrons back into the cathode while, in the regions
between, the field is in the reverse direction and urges electrons
away from the cathode. This condition is known as 7sland
emission.

The electron stream, especially for negative grid potentials, is
constricted as it passes between grid wires so that the electrons
strike the plate in localized areas, as shown in Figs. 76 and 77.
This is often made visible by sharp lines of fluorescence on the
plate in some tubes having oxide-coated cathodes. This fluores-
cence is caused by electronic bombardment of minute quantities
of the oxide material which has been deposited on the plate by
evaporation from the cathode.

11 MLLER, ““ Die Elektronenréhren,” p. 18, Friedr. Vieweg & Sohn, Akt.~
Ges. Braunschweig, 1922,
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The Durchgriff D or voltage ratio u can easily be derived from
the solution of the electrostatic problem. The method in
general terms consists in calculating the changes of grid and plate
voltages which produce the same change in the electrostatic field
atthe cathode. Then u is the ratio of these increments in voltage.
The reason that the space charge near the cathode has but little
effect in making the measured value of u different from the cal-
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Fia. 77.—Equipotential lines and lines of force in a triode having cylindrical
electrodes. Paths of electrons shown in red.

culated value is as follows. The space charge, when very near
the cathode, affects the field at the cathode due to charges on
the grid and plate by about the same fractional amount. There-
fore, the ratio of the increments of voltage on plate and grid to
produce the same change in plate current is but slightly affected
by the space charge.

Several forms of expression for u have been derived and differ
according to the approximations made.1%1213

12 MrLLER, Proc. I.R.E., 8, 64 (1920).
13 Voepes and ELDER, Phys. Rev., 24, 683 (1924).
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Miller in Mareh, 1919, in a report at the Bureau of Standards,
which was later published,!? gives the following formula for the
voltage ratio of a triode with plane electrodes. The cathode is
assumed to be an infinite emitting plane.

2rnb .
© = ~log. (2 sin 7pn) (plane electrodes—Miller) (134)

where b is the distance from the grid to the plate, n is the number
of grid wires per centimeter length of grid, and p is the radius of
the grid wires.

King!® calculated the following two expressions for u, the
first for plane electrodes and the second for eylindrieal electrodes,
the grid wires being assumed parallel to the axis of the eylinders.

u = ————— (plane electrodes—King) (135)

(eylindrical electrodes—King) (136)

In Eq. (136), p, and p, are the radii of the grid and plate.
Equations (134) and (135) are practically the same if 7pn is a
small angle.

In deriving these expressions for u, the radius of the grid
wires was assumed small in comparison with the distance between
wires. Vogdes and Elder'® have given the following expressions
which are not thus limited. These are the most aceurate expres-
sions yet derived for this important parameter.

_ 2wnb — log. cosh 2rnp

Tog. coth 27mp {plane electrodes—Vogdes and Elder)

(137)

2mrnp, log. br _ log. cosh 27np
P,
u =

(eylindrical electrodes—
Vogdes and Elder) (138)

g
log, coth 2mnp

In Eq. (138), if %’3 is less than 2, log, ;2 may be expanded in
g7 g
a series, and Eq. (138) becomes
2
21rnb[1 - %‘% + é(i) — . ] — log. cosh 27np

v= log, coth 27np

(139)
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If b/p, is small in comparison with unity, Eq. (139) becomes the
same as Eq. (137) for the plane electrodes. As the value of
b/p, increases, the value of u for a cylindrical arrangement
of electrodes becomes less than that for a plane arrangement of
electrodes, the values of p and n remaining the same. The value
of the series in brackets, Eq. (139), is plotted against b/p, in
Fig. 78. Since the last term in the numerator of Eqs. (137),
(138), and (139) is usually small in comparison with the first
term, the plot of Fig. 78 gives a fair idea of the ratio of values
of u for a plane and a cylindrical arrangement, the values of
p, n, and b being the same.
1.0 o—= ] ,
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The formulas for the cylindrical arrangement of electrodes
were derived for grids having wires parallel to the axis of the
cylinder, whereas most commercial triodes have helically wound
grids. However, formula (138) gives results which are in fair
agreement with the measured values of u, as is shown by the
following table taken from the paper by Vogdes and Elder.!3

TaBLE XI.—CALCULATED AND OBSERVED VALUES OF # FOR TRIODES WITH
Herican Gribs

Tube. ..o (@) b) (c)
Calculated by Eq. (138).................... 5.97 16.7 34.5
Observed......... ... ... .. 6.25 18.0 34.0

The variation of u caused by a change in the position of the
maximum density of the space charge is well shown in Fig. 79.
This is a plot of the measured values of u along constant total-
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space-current curves of Fig. 53, page 149. The value of u
is practically constant along the constant-current lines until
the region of low values of e, is reached, when u goes through a
series of fluctuations, as shown in Fig. 79. Some of the small
variations are probably due to ionization of the residual gas
in the tube. With some triodes, the value of u for negative
plate voltages is greater than for positive plate voltages, as
shown in Fig. 79, but this is not always the case.
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Fig. 79.—Values of v along lines of constant total space current (UV 201).

*81. Dependence of u on Dimensions of Electrodes.—From
a design standpoint, the extent to which « depends on the various
dimensions of the electrodes is of interest. Using formulas
(137) and (138), the ratio of the fractional variation in u to
the fractional variation in any parameter can readily be calcu-
lated. This caleulation has been made by Prof. R. G. Porter of
Northeastern University, and the results are plotted in Figs. 80 to
86 for a particular set of parameters which correspond to a certain
commercial triode. Figures 80, 81, and 82 give the results

* See Preface.
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for a triode having approximately a plane grid and plate and a
V-shaped filamentary cathode.

Figure 80 gives the variation of » and of du/u + db/b as b,
the distance from grid to plate, is varied. The formulas and the
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Fre. 80.—Variation of » with distance from grid to plate for a triode having
plane electrodes.
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Fre. 81.—Variation of u with grid mesh for a triode having plane electrodes.

values of the parameters are given in the figures. As is evident
both from the formula for u and from the graph, u varies nearly
linearly with b.
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Figure 81 gives the variation in » and in du/u + dn/n as the
number of grid wires per inch, denoted by =, is varied. For the
particular conditions of Fig. 81, the variation of u is nearly

- parabolic. This is shown by the fact that the percentage change
in u is approximately twice the percentage change in ».

Figure 82 gives the variation in « and du/u + dp/p as the radius
of the grid wire is varied.

The most important deduction from Figs. 80, 81, and 82 is
that the factor n is the dominating factor in determining the
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Fig. 82.~—Variation of u with radius of grid wire for a triode having plane
electrodes.

value of u. Whereas w varies approximately linearly with b
and with p, it varies about as the square of n. For plane elee-
trodes the distance from the cathode to the grid does not enter
into the expression for u.

In the cylindrical arrangement of electrodes of a triode, the
distance from cathode to grid and the distance from cathode to
plate enter into the determination of the voltage ratio u. There
are four factors in the expression for u as given in Eq. (138).
The effect upon « of a variation of each of these factors is shown
in Figs. 83, 84, 85, and 86. The scheme of plotting is similar
to that used for Flgs 80, 81, and 82 and the four figures are
self-explanatory.
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When a triode has a cylindrical plate and grid, the grid mesh n
has about as much effect on u as in the case of the plane arrange-
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ment of electrodes. The distances from the axis of the cathode
to grid and to plate are much more important in their effects on
u than in the plane-electrode triode. For example, u passes
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through & maximum as p;, the distance from the axis of the
cathode to the grid, is varied. And w varies very rapidly as
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Fi1a. 85.—Variation of « with grid mesh for a triode having cylindrical electrodes.
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Fi1a. 86.—Variation of u with radius of grid wire for a triode having cylindrical
electrodes.

p, is varied, when p,/p, is much different from the value which
gives 2 maximum value of u. The maximum value of u occurs
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when log, %’ equals unity, or when %gis equal to 2.72. Figure

g g
83 shows that u also varies rapidly with p,, for all values of
the ratio py/p,. It is evident that the best value of p,/p, is about
2.72, because for this value a small variation of p, has no effect
upon u.

The formulas (138) and (139), which are the basis of the discus-
sion concerning the cylindrical arrangement, were deduced on
the assumption of a filamentary cathode of very small radius
in comparison with the radii of the grid and plate cylinders.
In some commercial tubes using separately heated cathodes,
the emitting cylindrical surface often has a radius which is a
large fraction of the radius of the grid. It might be expected
that the value of u for such a tube would deviate considerably
from the value given by the formulas. In general such is not
the case because, as in the plane-electrode arrangement, changing
the distance from cathode to grid has little effect upon the ratio
of the electrostatic field produced at the cathode by the charged
plate and grid electrodes acting separately.

It is to be noted that formula (138) was deduced for a grid
structure having wires parallel to the axis of the eylinder, whereas
most commercial tubes have a helically wound grid structure.
The value of u is practically the same for the two types of grids,
provided the size of wire and the mesh are the same.

82. Effect on u of Non-uniform Dimensions of a Triode.—
We have discussed the effects of the various parameters of a
triode on the voltage ratio u, each parameter being assumed to
have the same value for all portions of the structure. Very
frequently, however, some one or more of the important dimen-
sions of the elements of a triode may vary within a single triode.
For example, the grid cylinder may not be exactly cylindrical
but may be slightly conical, or the spacings between grid wires
may vary along the grid so that » is not the same for the whole
length of the grid structure. Such a variation in the dimensions
causes the value of u to vary with the space current. That a
variation in a dimension of a triode causes a variation of u with
space current can easily be seen by the following example.
Suppose that all dimensions of a particular triode are uniform
except the grid mesh n, which is n; for half of the grid and n.
for the other half, n, being less than n;. Such a triode operates
like two triodes in parallel, one having a voltage ratio u,, corre-
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sponding to ni, and the other a voltage ratio u., corresponding
to ne. When the grid and plate voltages are such as to reduce
to zero the current through the high-u section of the grid, current
may flow through the other section, and the equivalent value
of u for the tube is u;. For larger values of the space current,
both parts of the grid are operative and the equivalent value
of u is greater than u,.

The above example can be treated analytically as follows.
Let the space current through the two portions of the grid be
given by

7= Bi(ep + uleg)xl (140)

iz = Bsy(ep + use,)” (141)
where z; and z: may have any values, which usually range, how-
ever, from 1 to 2.

The total space current ¢ through the tube is found by adding
Eqgs. (140) and (141). Since u = 9i/9e, + 91/0ey,

_ Bz (e, + uie))® ™ + Bausxs(e, + use,)* !

14
Bixi(ep + u16,)*! + Baxa(e, + usge,)*? (142)
or
1 z—1 1 z2—1
Ty, T1 Tog X2
w= 2O S T T 113)

By ot xy + Byy * 2

Equation (143) shows that the equivalent value of u depends on
the current passed by the two sections of the grid.

We shall now make a more general analysis of a triode having
variable dimensions or parameters. First, imagine the triode
divided into sections by planes perpendicular to the length or
axis of the elements and hence coincident with the lines of flow
of the electrons. These sections are to be made so small that
the various parameters in a section may be considered constant.
The sections may differ owing to one or more of several reasons.
Any of the dimensions of the electrodes may be different; the
electrodes may be out of line or eccentric or deformed; the emis-
sion of the cathode may be different in the various sections
owing to varying temperature or to the emission constants vary-
ing along the cathode. Iet the subscripts 1, 2, 3, etc., denote
the quantities pertaining to the several sections. Each section
passes a certain plate current and a certain grid current and has
certain differential parameters. For example, the mth section
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passes a plate current 7, and a grid current ¢,, and has a trans-
conductance s, and plate-voltage ratio #,». Then,

iy = Zipm, and i, = Zigm (144)

The equivalent transconductance is

Sp = ZSpm (145)
The equivalent reflex transconductance is

S; = Z8ym (146)
The equivalent plate and grid variational conductances are

kp = Zkpm (147)

k, = Zkym (148)

The equivalent plate-voltage ratio is, by Eq. (127),

_ ZUpmkpm

and the equivalent reflex factor is, by Eq. (129),
b
u, = ﬁ%c"%" (150)

Formulas (145) to (150) apply not only to triodes which vary
within themselves but also to triodes in parallel. For example,
two triodes in parallel act as a single triode having a plate-
voltage ratio

v — Upkp, + u,,zk,,,}
i ko, + ko,
an equivalent transconductance equal to the sum of the individual
transconductances, and an equivalent plate conductance equal
to the sum of the individual plate conductances.

The value of the equivalent voltage ratio given by Eq. (149)
nearly always increases with increasing grid voltage. This can
best be shown by differentiating Eq. (149) with respect to e,.
The result is

dupm dkym _ ZUpmkpm~ A pm
,dﬁ - [2<kw de, ) + 2:<upm de, ):I Zkom 2 de,
deg - Ekpm

If the values of u,n be considered to be independent of ¢,, the
first term of Eq. (151) can be neglected, and

(151)
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dkpm dkpm
du, zkpmzuprr-Tepﬂ— - zupmkpmzd—ez;

e, SIE (152)

To simplify the discussion, let us return to the consideration of
two sections of a triode having different values of « and %, or of
two triodes in parallel. Equation (152) becomes

d(k
— 2 @ [ Kp
—% (uzn upz) kpzdeg(kpz)

de,, o (kpx + kpz)2

£

(153)

ce k

Plate Condmic'l‘an

0
Grid Voltage eq

Fia. 87.—Ratio of plate conductances of two triodes.

Evidently from Eq. (153), u, will not change with ¢, if u,, = u,,,
or if the ratio %, /k,, is independent of ¢, Ordinarily the
numerator of Eq. (153) is a positive quantity. If, for example,
Up, is greater than u,, k,, is less than &,, and will increase with
increasing e,, but later than k,,, as indicated in Fig. 87. It will
be noted that k,/k,, has generally a positive slope. However,
the courses of the conductance curves may be such as to make
u, decrease with increasing grid voltage, but such a result can
be obtained only by combining triodes of very different sizes and
by making the polarizing voltages of the two grids different.
Curves A, B, and C of Fig. 88 show the voltage ratio of two
triodes of about the same size. The equivalent voltage ratio
when the two triodes are operated in parallel for the same and
for different polarizing voltages, is shown in curves AC and AB.
These curves are plotted against the polarizing *voltage of one
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of the triodes. Figure 89 gives the variation of u, in a single
triode, the grid of which was carelessly constructed so that the
distance between grid wires varied along the grid.

The discussion given for two triodes can be extended to more
than two triodes in parallel or can be applied to a single triode
with several sections having different values of u,.
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Fia. 88.—Resultant values of u, for two triodes in parallel.

As pointed out, any irregularity in the structure of a triode
may lead to a varying voltage ratio u, but the variation of u,
as the grid voltage varies in a positive direction, is always
an increase in u. Such a variation of u increases the wave-
form distortion and is therefore undesirable in an audio amplifier.
When a vacuum tube is used as a radio-frequency amplifier,
wave-form distortion is not so important and a variation in u
may be an advantage. Ballantine and Snow'* have shown that

14 BALLANTINE and Swxow, Proc. I.R.E., 18, 2102 (1930); Radio Freq.
Lab. Reprint 22, 1930,
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a variable-u tube may materially decrease the ‘cross talk,”
as it is called, in radio receivers. This cross talk is a modulation
of a selected carrier wave by a modulated carrier wave having a
different frequency. Since the variable-u feature is usually

1
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Fic. 89.—Voltage ratio of a triode having cylindrical electrodes and a separately
heated cathode. Variable grid mesh.

incorporated in tetrodes and pentodes, its discussion will be
deferred to a later chapter.

The reader interested in the design of vacuum tubes is referred
to a valuable paper by Yuziro Kusunose,'® Calculation of Char-
acteristics and the Design of Triodes.
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CHAPTER VIII

FUNDAMENTAL CONSIDERATIONS PERTAINING TO
TRIODES

Before describing the uses of triodes, it is necessary to derive
certain fundamental theorems which serve as the basis of almost
all the analytical theory of the operation of triodes in their
various applications. This chapter presents these theorems
and certain other fundamental deductions which are necessary
for a thorough understanding of the operation of triodes.

I. EQUIVALENT-CIRCUIT THEOREMS

When the grid potential of a triode is varied, the ratio of the
instantaneous plate potential to the instantaneous plate current
never remains constant. In other words, the instantaneous
resistance 7, of the triode is a function of ¢,. The plate circuit
of a triode consists of a source of electrical power, usually having
constant potential, in series with the vacuum tube which acts
as a varying resistance, and some circuit in which the desired
electrical effects are produced. When this tube resistance is
caused to vary by changing the grid potential, the current sent
through the circuit by the source of power is thereby caused to
vary. Such an action is similar to that of a microphone trans-
mitter, the resistance of which is caused to vary by the changing
air pressure on the diaphragm. A circuit containing a varying
resistance is not easily treated mathematically. However, by
means of a fundamental theorem known as the equivalent-circuit
theorem, the varying resistance may be replaced under certain
conditions by a constant resistance and a varying e.m.f. This
theorem is applicable to both the plate and grid circuits of a
triode.

83. Equivalent-plate-circuit Theorem.—Figure 90 represents
a triode with impedances Z, and Z; in the grid and plate cireuits.

1 The-first reference to this theorem which the author has found is in
an article by J. M. Miller, Proc. I.R.E., 6,143 (1918). In a footnote, Miller
states that the theorem was suggested to him by H. H. Beltz. See also
H. W. Nichols, Phys. Rev., 13, 404 (1919).

192
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These impedances must have a conducting path to allow the
steady currents to pass. The sources of electrical power in the
grid and plate circuits are indicated by the batteries E; and Es,
conventionally shown with their negative terminals connected
to the cathode. If the cathode is a filament along which there
is a steady potential drop, the potential of the negative end

Fi1a. 90.—Circuits of the triode.

is taken as the potential of the cathode. The total instantaneous
currents and potentials are shown in the conventional manner
in Fig. 90.

The steady components of the grid and plate potentials
are designated by E, and E,, and _
the steady components of the e .
grid and plate currents by I, and g'b
I,. The grid voltage is caused
to change by an e.m.f. indicated
by eq.

Figure 91 is the 7, —e, diagram
for the triode, and if there is no
varying potential impressed in o
the grid circuit, the operating
point @ is determined by the
steady components of the grid and plate potentials. Point @ is
called the quiescent or Q-point.

Let the grid voltage ¢, be given an increment de, by reason
of a small variation of e¢;. The plate current and plate voltage
change according to Eq. (124) is

TP'"“y " B

ep

Epﬂﬂep’ Ep
Fra. 91.

diy, = kode, + spde, (124)
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The operating point Q of Fig. 91 moves to some new position B
depending on the relative magnitudes of dz,, de,, and de,. Equa-
tion (124) alone is not sufficient to determine the values of the
increments, but the impedance Z, and Eq. (124) together do
determine the new point B. If ¢, is the instantaneous potential
across Zy, it is clear from Fig. 90 that

Ei—ea—e=0 (154)

Hence,
de, = —de (155)

The relation between dey and di, is completely determined by
the impedance Z;. Combining Eqgs. (124) and (155),

di, = k(—des + uyde,) (156)
Since k, = 1/r,,
rpdi, + dey = uyde, (157)

Equation (157) shows that small variations of plate current
can be calculated by assuming that a fictitious e.m.f., equal to u,de,,
acts in a circuit containing Zy and a constant resistance equal to
7p. This theorem, known as the equivaleni-plate-circuit theorem,
or the e-p-c. theorem, will also be given in other forms.

Equation (157) is a fundamental relation which cannot be
reduced further until we know the relation between de, and dz,,
and the manner of variation of de,. Usually ¢, is a function of
time, so we may write Eq. (157) in the equivalent form

di, | dey  de,
TP'E + ‘E = upgt— (158)

Equation (158) is of value in solving transient effects in vacuum-
tube circuits. For most purposes it is not the most useful form.

Equation (157) is expressed in terms of inerements of the total
values of plate current, plate voltage, and grid voltage. Simpli-
fication results if we assume that Eq. (157) holds without appre-
ciable error when these inerements are finite though small.
We may denote these small finite changes by A¢,, Ae, and
Ae,, which are to be considered as a small current and small
potentials measured from @ as a new origin of coordinates.
Using this new system of measurement, we rewrite Eq. (157) in
the form

rs0l, + Aey = uple, (159)
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If the impedance Z, has resistance Rs, inductance Ly, and
capacitance C;, where these constants are the equivalent series
values for any network denoted by Zs, then the well-known
expression for Ag, is

d(Alp) f (Aiy)dt

Aey = RbAlp + LD C (160)
b
Substituting Eq. (160) in Eq. (159),
d A dt
(A“’) 4 (Re + r)aiy + 120% _ne, (161

Equation (161) shows that small variations of plate current, as
measured from the steady value of plate current, when caused
by any kind of small variation in grid voltage, as measured from
the steady value of grid potential, can be calculated by assuming
that the tube is replaced by a fictitious e.m.f. u,Ae, in series with a
constant resistance numerically equal to the value of r, at point
€. This is another statement of the e-p-c. theorem.

As an illustration of the principle just demonstrated, suppose
that the grid voltage of a triode, the plate circuit of which con-
tains inductance and resistance, is suddenly decreased by a small
amount. The course of the plate current with respect to time
can be calculated in the usual way for a circuit containing induc-
tance L, and resistance R, + r,. The current drops exponentially,
approaching a new steady value, the time constant for the

decrease of current being The important restriction

Ly
By +1mp
must be kept in mind that the change in plate current, calculated
by the application of the above simple rule, is true only when the
changes in current and in potential are so small that 7, and u,
remain essentially constant. If the applied change of grid
potential is large, Eq. (158) must be used, in which 7, and u,
are not constant.

As another illustration of the application of Eq. (161), suppose
Ae, is a small sinusoidal e.m.f. of the form Ae, = \/2AE, sin ot,
and we desire the steady-state value of the alternating component
of the plate current. If AE, is small, the alternating component
of plate current can be calculated by assuming that a fictitious
voltage u,AE, acts in a circuit of impedance Z, 4+ r,. Hence,

up AE,
Tp + Zb

Al = (162)
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The root-mean-square value of the alternating component of plate
current is
_ u,AE,

V(B F 1) + X3

The A sign may be omitted if it be remembered that the e-p-c.
theorem can be applied only when the alternating components of
currents and potentials are small or when, with larger variations,
there are no appreciable changes in the values of the tube coeffi-
cients. The latter restriction implies that the operating point is
on g plane region of the plate-current characteristic surface.

84. Equivalent-grid-circuit Theorem.>—The derivation of the
equivalent-grid-circuit theorem or e-g-c. theorem is exactly similar
to the derivation of the e-p-c¢. theorem. KEquations (125) and
(129), pages 165 and 166, combine to give

Al

(163)

di, = k,(de, + u.dep) (164)
Adding e.m.f.’s in the grid circuit of Fig. 90,
eo—e —e +E, =0 (165)
Hence,
de, = dey — de. (166)

where ey is an impressed e.m.f. from an outside source. Combin-
ing Egs. (164) and (166), using r, as the reciprocal of k,,

r,di, + de, = deg + u,de, (167)

The differential equation for the grid circuit, which corresponds
to Eq. (158), is obtained by dividing Eq. (167) by dt, giving
di, |, de. deg de,
S R
Equation (167) shows that a small variation in grid current can
be calculated by assuming that an equivalent voltage, deq + wu,des,

2 The author has been unable to find any derivation or statement of the
e-g-¢. theorem. Van der Bijl, in his book, ‘“The Thermionic Vacuum
Tube and Its Applications,” p. 187, McGraw-Hill Book Company, Inc.,
New York, 1920, gives the equivalent of Eq. (125). Latour in Elecirician,
December, 1916, also derives Eq. (125).

Nichols, Phys. Rev., 18, 404 (1919), refers to the variation of grid current
due to the variation of plate voltage which can be expressed in terms of a
voltage introduced into the grid circuit.

Llewellyn takes fully into account the reaction of the plate voltage on
the grid circuit, but does not derive or state this theorem (Bell Tel. Lab.,
Reprint B-20).

+ (168)
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acts in a circuit containing Z, and r,. 'This is the most general
statement of the e-g-c. theorem.

Following the same procedure adopted in developing the e-p-c.
theorem, we may extend Eq. (167), without much error, to apply
to small finite currents and potentials Az, Ae,, Ae, and Ae,,
measured from the operating point of the grid-current surface.
Thus Eq. (167) becomes

rAt, + Ae, = Aey + uyle, (169)

If Ae. is expressed in terms of its components across the parts
of the impedance Z.,

Atg)dt
C.

Ae, = RuAi, + Lvd(gti") 4 I (170)

which gives, combined with Eq. (169),

d(Ai,) . f(AZ)dt
L, p7 + (B. + r)Ai, + C.

In Eq. (171), A7, is a small finite current and Ae, and Ae, are
small finite potentials measured from the steady values of the
total current and potentials. They are, therefore, small variable
current and potentials, measured from a new origin of coordinates,
the A sign being unnecessary except to indicate that the theorem
applies only to such small current and potential changes that r,
and u, are essentially constant. Equation (171) is another way of
stating mathematically the e-g-c. theorem.

If Aeo is a small sinusoidal e.m. f. of effective value AE,, solving
Eq. (171) gives

= Aey + uyAe, (171)

AEO + ugAEp
g +Z,

When the grid of a triode is polarized negatively, the grid
current is zero and r, is infinite.

85. Equivalent Circuits of the Triode.—The two theorems just
derived show that if the variations of potentials and currents
in the circuits of a triode are small, so that the triode coefficients
are essentially constant over the range of variation, the changes
can be calculated by considering them apart from the steady
components of currents and potentials. This permits us to draw
separate equivalent-cireuit diagrams for the separate components
of the curreuts and potentials.

al, = (172)
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Figure 92 shows the equivalent circuits of a triode for the
steady components of the electrical quantities. The circles
marked G, P, and F indicate the grid, plate, and filament terminals
of the triode. The resistances R, and R, are the resistances for
steady current of the external circuits. The steady-current
resistances within the triode are 7, and #,. The currents I,

ilfi—
EC

Fi1a. 92.—Equivalent circuits of the triode for the steady components of current
and potential.

and I, are determined by Ohm’s law, but, since 7, and 7, are
functions of E, and E,, the grid and plate currents are determined
graphically.

Figure 93 shows the equivalent circuits for small changes of the
electrical quantities, these changes being determined by the way
in which the impressed e.m.f. Aey varies with time, and by the
constants of the circuits as given on the diagram. The conven-
tion of signs as used throughout the discussions in this book is

+tAe,- F

Fic. 93.—Equivalent circuits of the triode for the varying components of current
and potential, Electrode capacitances neglected.

indicated. The internal variational resistances of the triode, 7,
and r,, are functions of £, and E, and hence are obtained from the
solution of the steady-current case of Fig. 92. The grid and plate
circuits are linked by the fictitious e.m.f’s. upAe, and u,Ae, and
therefore must be solved simultaneously. Fortunately, however,
under the conditions of ordinary use of a triode, the grid resistance
is usually infinite and hence the grid current is zero. It is
important to note that all effects due to the internal capacitances
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of the triode are neglected, so that the circuit diagram of Fig. 93
is applicable only when the rates of change of the electrical
quantities are so low that these capacitances have no appreciable
effect. In Chap. XI the equivalent circuits will be treated when
the capacitance effects are included.

If the impressed e.m.f. Ae, is sinusoidal, with r.m.s. value AE,,
the r.m.s. currents are calculated by the use of the equivalent
circuits of Fig. 94. Here also, the effects of the capacitances of
the triode are neglected, which limits the use of the circuits of
Fig. 94 to low frequencies. The complete equivalent circuit is

F1a. 94.—Equivalent circuits of the triode for a-c. components of current and
potential. Electrode capacitances neglected.

obtained by placing capacitances between each pair of electrode
terminals. The complete circuit is discussed in Chap. XI.

86. Alternative Equivalent Circuits of a Triode with Constant-
current Generator.—An alternative equivalent circuit, which
involves a constant-current generator, can be derived easily from
the equivalent-circuit theorems already given. This alternative
circuit was first suggested probably by Mayer3 in 1926 and later
strongly recommended by Bligh.* It leads to a considerable
simplification of some problems, as will presently appear.

Dividing Eq. (157) by r,,

. _ uyde, de
dip = T (173)
or
., de
spde, = di, + r— 174)
P

The equivalent plate circuit of Fig. 95 is consistent with Eq.
(174). The equivalent internal series circuit of Fig. 93 is replaced

3 MAYER, Tel. Fernspr. Tech., November, 1926,
¢ Buigh, E.W. and W.E., T, 480 (1930).
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by a resistanceless generator of voltage de; which delivers a
current s de, to the constant resistance r, in parallel with the
plate load Z;.

Fig. 95.—Equivalent circuits of the triode with resistanceless generators. Elec-
trode capacitances neglected. Grid side valid only when des = 0.

Dividing Eq. (167) by r,, and assuming de, to be zero, we
derive the grid-circuit equation. Thus

s,de, = di, + dr—ef

4

(175)

The equivalent grid circuit corresponding to Eq. (175) is shown
in Fig. 95. It comprises a resistanceless generator of voltage
de. which delivers a current s,de, to the constant resistance r, in
parallel with the grid load Z.. If de, is not zero, the simplifica-

AEgz-AE, G P AE,=-AE,

Fig. 96.—Equivalent circuits for alternating currents of the triode with
resistanceless generators. Electrode capacitances neglected. Grid side valid
only when AE, = 0.

tion made possible by the use of a resistanceless generator, as
illustrated in Fig. 95, does not hold in the grid circuit; the equiva-
lent circuits of Fig. 93 should then be used.

It is evident from the derivation of the equivalent circuits of
Fig. 95 that they are valid for transient currents as well as for
sinugoidal alternating currents. The equivalent circuits for
alternating currents are shown in Fig. 96, which corresponds to
the equivalent series circuits of Fig. 94.
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The advantage of the equivalent circuits of Figs. 95 and 96
arises from the fact that all of the circuits are in parallel. Since
admittances rather than impedances are simpler in dealing with
parallel circuits, the circuit elements in Fig. 96 are indicated as
admittances. Equations (174) and (175), when expressed in
admittances and applied to a-c. problems, become

spAEg = (kp 4+ Yb)AEb (176)
and
s;AE, = (k, + Y)AE, (AE, = 0) 177

An extension of the principles given for triode circuits, in which
the currents through the interelectrode capacitances are included,
is given in Chap. XI.

II. PATH OF OPERATING POINT

In gaining a thorough understanding of the operation of a
device, graphical methods are often of greater assistance than a
purely mathematical analysis; as, for instance, a shunt-wound
generator has a characteristic curve which cannot easily be
expressed in mathematical form. The performance of the shunt
generator with any specified load is expressed graphically. Simi-
larly, a triode is a device whose performance is often much more
easily explained by diagrams than by equations.

Consider in somewhat greater detail a few of the diagrams
showing the path on the characteristic plate and grid surfaces
over which the operating points move under various conditions
of operation.

87. Steady-current Problem.—For the present, attention will
be confined to the plate circuit. The treatment of the steady-
current problem of Fig. 92 for the determination of the position
of the Q-point is as follows: The curves of Fig. 97 represent
the 7,—e, characteristics of a triode. From a point on the
voltage axis, determined by the voltage Ej of the plate-circuit
battery, a straight line ad is drawn making an angle with the
vertical whose tangent, taking account of scales, is equal to the
resistance B;. The intersection of the line ad with the particular
characteristic curve determined by the steady grid potential £,
gives the quiescent point . Point  determines the steady
plate current I, and the steady plate voltage E,. A line drawn
from @Q to the origin O makes an angle with the vertical axis
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whose tangent equals 7. It is obvious that I, thus determined,

fulfills the cireuit requirements of Fig. 92.
In this method of graphical solution for a series circuit, we have
superimposed on the characteristic curves of one device, the tube,
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Fia. 97.—Path of operation on the 4, — e, chart.
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F1a. 98.—Plate-circuit diagram for a triode with a tungsten lamp as plate load.

the characteristic curve of the second device, the external
resistance, this curve being reversed and displaced along the
voltage axis by the amount of the steady applied voltage Es.
Line ad is the characteristic curve of the resistance R, plotted
backward from point £ on the voltage axis as origin, so that
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voltages across the resistance are measured to the left from point
Epz. This method of plotting is necessary to make distances on
the voltage axis add according to the relation £ = E, + E.

If the external plate circuit contains a device having any
steady-current characteristic other than a straight line, the
Q-point, and hence the steady current, can be obtained by the
same method. For example, suppose that a tungsten lamp is
included in the plate circuit. Because of the rise of temperature
of the filament with current, the characteristic graph of the lamp
is a eurve. The characteristic of the lamp is plotted in a reverse
direction from point Ejp, as shown in Fig. 98. The Q-point is the
intersection of the characteristic ecurve for the lamp and the triode
curve corresponding to constant grid voltage E,.

88. Varying-current Problems. R, = R;. Q-point on the
Plane Region of the Characteristic Surface.—Having determined
the steady position of the operating point, we now find the path
over which this point moves when the grid voltage is varied.
The first and simplest case to consider is a triode having a pure
resistance R, connected in the plate circuit, the resistance being
the same for steady current and alternating currents of all fre-
quencies. The triode has plate- and grid-polarizing voltages
such that the @-point is near the center of the plane portion of the
characteristic surface. If the grid voltage is varied, the operating
point must move along the resistance line, as shown in Fig. 97,
which illustrates the case now being considered. If the grid-
voltage variation is so small that the operating point does
not leave the plane portion of the characteristic surface, the
actual path of operation on the characteristic surface is a straight
line, and all variables are linearly related. The path of operation
as projected on each of the three mutually perpendicular planes
through the axes is, in this case, also a straight line. The pro-
jection of the path on the i,—e, plane, shown in Fig. 97, is ph
and is determined in length by the grid-voltage variation. The
projection of the actual path on the ¢,—e, plane is shown by
the straight line pA in Fig. 99, and by a similarly marked line on
the e,—e, plane in Fig. 100.

If, as assumed in Figs. 97, 99, and 100, the grid-voltage varia-
tion is sinusoidal, as shown in the auxiliary diagram of Fig. 97,
the plate-current and plate-voltage variations are also sinusoidal,
as is indicated in the figures. The average value of the grid
potential is the same as the quiescent value, so that in this wholly
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linear case the average values of the plate current and plate
potential are also identical with the quiescent values. Since in
more complicated cases it will be necessary to distinguish between
average and quieseent values, we shall indicate the quiescent
point, or @-point, by a circle and the average point, or A-point,
by a cross.

If the grid-voltage variations contain a steady component or
contain even harmonics instead of being sinusoidal as was
assumed in Figs. 97, 99, and 100, the average value of the grid
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voltage is different frcm the quiescent value and the average point
does not coincide with the quiesecent point. Since, however, the
actual path on the characteristic surface is straight and con-
sequently all variables are linearly related, the average point
lies on the characteristic surface and hence on the straight-line
paths on all three diagrams.

89. Varying-current Problem. R, = R,. Q-point on the
Plane Region of the Characteristic Surface.—Frequently, the
external plate circuit offers a very different resistance to alter-
nating currents than to steady currents. Let (&), be the resist-
ance offered to alternating currents of frequency /27, and let
Ry as before represent the resistance offered to steady currents.
Suppose that the @Q-point is situated on the plane portion of the
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characteristic surface, as assumed in the cases just discussed,
and that the grid-voltage variations are sinusoidal. The @-point
is determined as before, but the alternating variations follow a
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Fia. 101.—Path of operation on the plane region of the characteristic surface.
Resistance load. Ry # Rp, Aey; = g 8in wf.

path ph, which passes through @ but makes an angle with the
vertical whose tangent equals (R:),, as shown in Fig. 101 (see
Appendix A). The average and quiescent points coincide in this
case.

If, on the other hand, the small grid-voltage variations are
nonsinusoidal, as shown in the auxiliary diagram of Fig. 102, the
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Fra. 102.—Path of operation on the plane region of the characteristic surface.
Resistance load. R,, ¥ R,. Grid voltage nonsinusoidal.

grid-voltage variations can be resolved into an average value
AE, and certain sinusoidal components. The steady component
changes the steady grid-polarizing potential and hence moves the
steady-current resistance line to the average point A. If the
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external resistance (R;), is the same for all a-c. components of
the grid-voltage variations, the a-¢. path is through 4, as indi-
cated by ph of Fig. 102. This average point lies on the charac-
teristic surface of the triode because all variables are linearly
related, and hence the curve for average grid voltage E, passes
through 4. 1In this case the Q-point does not lie on the path of
operation. The instantaneous values of plate current and plate
voltage, corresponding to the instantaneous value of grid voltage
numerically equal to E, (when Ae, = 0), are determined by a new
point B on the path of operation. Points @, 4, and B are all
on the characteristic surface of the triode.
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B FIG.~103.—Path of operation on the plane region of the characteristic surface.
Ry > By and X, = 0. Ae¢; = AE, sin wt. Arrows give direction for capacitive
reactance.

90. Varying-current Problem When Z; Has a Resistance,
R, = R,, and a Reactance. Q-point on the Plane Region of
the Characteristic Surface.—Consider the path followed by the
operating point when the path is still located entirely on the
plane portion of the plate-current characteristic surface, but when
the impedance Z, has a resistance to steady current of Rs, an
equivalent resistance (K), to alternating current of frequency
w/2r, and a reactance X, for the same frequency. If the alter-
nating component of the plate current is A7, = A, sin wt,

- Aep, = —Aeg,

—AIA/(Ry)Z + X2 sin (wt 4+ tan—? X
(Rb)w

= _ﬁp(Rb>w sin wf — ﬁpr €oS wit
= —(Ro)ubi, — XoVAIE — A2



CONSIDERATIONS PERTAINING TO TRIODES 207

Transposing and squaring,
Ael + 2(Ry) Aephi, + ZiA:E = XEAIE (178)

Equation (178) is the equation of the path of the operating point
expressed in terms of coordinates measured from @ as origin.
The path is an ellipse, as shown in Fig. 103. The operating point
travels in a clockwise direction if X3 is positive or inductive, and
in a counterclockwise direction if X is negative or capacitive.
The quiescent and average points are coincident.

If A¢, in Eq. (178) is given its maximum value \/ 2A1,, Aey i
equal to (Ry,),Al,. Therefore, in Fig. 103, Qn = (Ry),AlLL.
Hence, line ph, determined as before by the resistance (Rb),,
intersects the elliptical path at its points of tangency with the
horizontal lines I, + AI, and I, — Al

Again, if, in Eq. (178), A7, is zero, Ae, is equal to X,AI,, showing
that the horlzontal [intercept Qm is equal to X,AI,. Further-
“more, the distance Qk is equal to @ = (Z,),AL,. Tt is clear
that Qm/Qn = Xs/(Ry), = tan 8, and Qn/Qk = (Rs)./(Zs)., =
cos 8, where 6 is the phase angle of (Z;),. The vertical intercept
Qq is equal to Xu/(Zs),, . AL,

The actual path on the characteristic surface, the projection
of which on the 7,—e, plane is shown in Fig. 103, is an ellipse and
has elliptic projections upon the two other planes, as shown by
the dotted ellipses of Figs. 99 and 100. In all three ellipses the
direction indicated by the arrow is the direction of motion of the
operating point for capacitive reactance. The direction for
capacitive reactance is opposite to that for induective reactance.

91. Varying-current Problem. R, = B,. Q-point on a
Curved Region of the Characteristic Surface.—We shall now
study a more difficult case, in which the path of the operating
point is on a curved region of the plate-current characteristic
surface. The grid voltage is assumed to vary sinusoidally about
a steady value E, and, in order to accentuate the effects, the
grid-voltage variations are not restricted to small amplitudes.
The i,—e, diagram assumes the form shown in Fig. 104, where
Ey is the steady potential of the plate battery. Line ad, as
before, is laid off making an angle with the vertical whose tangent
is equal to I, the resistance of the impedance to a steady current.
The quiescent plate current is determined as before by the
intersection of the resistance line ad and the 7,—e, curve corre-
sponding to the quiescent grid voltage E,. Two positions of Q
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are shown in Fig. 104, corresponding to two assumed values of
E,. One position is in the lower curved region of the character-
istic surface and the other is in the curved region due to filament
saturation. If the plate impedance is a pure resistance, having
the same value for alternating current as for steady current, the
projection of the path of operation upon the 7, —e, diagram is a
straight line through @ and coincident in direction with line ad.
The extent of travel ph on the ¢,—e, diagram is determined by
the amplitude of variation of the grid potential. Although the
grid potential varies sinusoidally, the plate current is nonsinusoi-
dal because of the nonlinear relation between the variables caused
by the curvature of the characteristic surface. Plots of the plate

Plate Current

) il

0

Fig. 104.—Paths of operation on curved regions of the characteristic surface.
Pure resistance as plate load. Ry = Ry. ¢, = E, sin wt.

current and plate potential with respect to time are shown also
in Fig. 104.

The quiescent operating point is represented in Fig. 104 by
the circles on the line ad. When the operating point moves
over the path ph, the quiescent values of plate current and plate
voltage are not the average values. Since 7, and e, are linearly
related (see Appendix A), the point determined by the average
values of e, and 7, lies on the path ph. The relations between
i, and e, and between e, and ¢, are not linear, however, so that
the average point does not lie on the path when it is projected
upon the other two planes. Therefore, the point determined by
average values, i.e., by d-c. instrument readings, does not lie upon
the characteristic surface when the portion of the surface traversed
by the operating point is curved. In Fig. 104, E, is the average



CONSIDERATIONS PERTAINING TO TRIODES 209

value of the grid voltage, but the i,—e, curve for E, does not
pass through the point A which is determined by I, and E,.
92, Varying-current Problem. R, = B,. Q-point on a
Curved Region of the Characteristic Surface.—As a final case in
the study of the path of operation, assume the external plate
cireuit to offer the same pure resistance to all alternating com-
ponents of the plate current, but the a-c. resistance B, to be
different from the steady-current resistance R,. The Q-point,
assumed to be on a curved portion of the characteristic surface,
is determined as before. Because of the nonlinearity of the
actual path, there are average components of the changes in

Plate Current ip

Plate Voltage e P

Fic. 105.—Path of operation on a curved region of the characteristic surface
By %~ Ry, ¢; = E, sin wt.

plate current and in plate potential. These average-value
increments determine the average point A on the steady-current
resistance line. The path of operation is a straight line ph
which passes through A projected on the 7,—e, diagram shown
in Fig. 105. Since the variables are not linearly related, point
A does mot lie on the characteristic surface of the triode.
Hence, in the i,—e, and e,—e¢, diagrams for this case, point 4
does not lie on the projected path of operation which is curved
instead of straight. If the grid-voltage variations are sinusoidal,
E, is the average value of grid voltage, but that A is not on the
characteristic surface is shown by the fact that the curve for
E, does not pass through A. The instantaneous values of plate
current and plate potential when Ae, is zero are determined by
point B, the intersection of the curve for E, with the path of
operation. Points @ and B are on the characteristic surface.
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The reader may be interested in proving that the Q-point lies
on the path of operation on the 7,—e, diagram only when X,
is zero for all components of the plate current, and when either
Ry=RyorI, = I,

93. Varying-current Problem. Effect of Grid-circuit Resist-
ance. R, = R, R, = R,—The operating paths of the preceding
discussion have been derived with no reference to the grid circuit,
since it was assumed that the grid-potential variation was
known. If, however, the grid circuit has impedance connected
in series with the sinusoidal e.m.f. ¢, the grid-potential vari-
ation is no longer sinusoidal, and its value at any instant
depends on the drop of potential through the grid-circuit imped-

”~
eg=Egsinwt

Fig. 106.—A triode having a pure resistance in grid and plate circuits.

ance. In order to derive the plate-current wave form, the grid
circuit as well as the plate circuit must be considered. The
derivation of the exact wave form for the plate and grid currents
is in most cases a difficult problem. The solution for one
special simple case follows as an illustration of the method.
Figure 106 gives the circuit constants and connections for the
case considered. Pure resistances, whose values are independent
of frequency, form the grid- and plate-circuit external imped-
ances. Figures 107 and 108 are the 7,—e, and ¢,—¢, diagrams
of the tube. First, the resistance line ad is laid off in Fig. 107
from the point d on the voltage axis and at a distance from O
equal to the steady-plate-battery voltage Es. The quiescent
point cannot yet be determined since it depends upon the
quiescent grid potential E, which is as yet unknown. The
operating point must travel over some portion of the line ad,
also unknown. Each point of its path corresponds to a certain
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value of e, and a certain value of ¢,. For each point of line ad
of Fig. 107, there is a corresponding point on the 7, —e¢, diagram
of Fig. 108, determined by the corresponding values of ¢, and ¢,
for each point. The path line ad of Fig. 107 has a corresponding
path line on the 7,—e, diagram, shown as ur in Fig. 108. Line
uv is the projection upon the ¢,—e, plane of a path on the grid-
current characteristic surface and corresponds to the path on
the plate-current surface determined by the impedance Z,.
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F1c. 107.—Path of operation on the plate-current surface when By, = Ry and
R; = R;. Grid current not zero.

The next step is to determine the grid-current and grid-voltage
time plots from Fig. 108. At a distance E, from the 7,-axis a
circle is drawn, the radius of which is equal to E, A refer-
ence vector Ey, rotating with angular velocity w, gives, by
projection upon the voltage axis, the instantaneous values of e.
The time plot of ¢, is shown in Fig. 108. The distance from the
Z-axis to this plot gives the value of E, + &. But, by referring
to Fig. 106, it is seen that

E.4+&=¢, +e (179)
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The value of ¢, at any instant ¢ can be found from the inter-
section of the path line uv with a line lw laid off from the point
on the voltage axis representing E. + &, and making an angle
with the vertical whose tangent is equal to R,= E.. By per-
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Fie. 108.—Path of operation on the grid-current surface when B, = B and

forming this construction for various times during a cycle,
the wave forms of ¢, and 7, can be determined. The quiescent
point, indicated by a circle, lies on the path line ww, but the
average point, shown by a cross, does not lie on the path, because
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of the curvature of the path line. Furthermore, since the
average point is not on the grid-current characteristic surface,
the 4,—e, curve passing through the average point does not
correspond to the average plate voltage. The actual path is
'l

The wave form of ¢, plotted against time has been determined.
To find the plate current and plate voltage at any time ¢, it is
necessary merely to project lines horizontally and vertically
from the intersection of line ad, (Fig. 107), with the particular
ip—e, curve which corresponds to e, at time . The repetition
of the process of projection yields the wave forms of 7, and e,
as shown in Fig. 107. The quiescent point in Fig. 107 can now
be found from the quiescent point in Fig. 108, but the average
point, shown by a cross, can be found only after determining
the average value of 7, or ¢,. The average point lies on the line
ad but does not lie on the i,—e, curve corresponding to the
average grid voltage E,.

III. POWER RELATIONS IN TRIODE CIRCUITS

In studying the power relations in triode circuits, 7.e., the
power sources and the power absorbed by the several parts
of the circuits, two cases must be recognized. The first case
includes those types of operation of the triode in which there is
no transfer of power in either direction between the grid and
plate circuits. The second case includes the more complex
types of operation when power may be transferred either from
the grid circuit to the plate circuit, or from the plate circuit
to the grid cireuit, or in both directions.

94. Conditions of Power Interchange between the Grid and
Plate Circuits.—Preliminary to the study of power relations,
examine the conditions under which power may be transferred
between the two cireuits of a triode. It is obvious that no power
can pass from or to the grid circuit when there is no grid current.
There is no grid current when the grid is polarized negatively
and when the grid-potential variations are so small as never
to reach positive values. Further, there is no transfer of power
when the frequency is so low that no appreciable current passes
through the capacitance between grid and plate. There is
no sharp line of negligibility of capacitance current, because
some capacitance current exists at all frequencies. A very small
capacitance current may cause power exchange from or to the
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grid circuit, and, although this current may be very small, the
power exchange may be appreciable compared to the total power
available. Ordinarily, at audio frequencies the power inter-
change through the grid-to-plate capacitance of a triode is
negligibly small.

If, however, there is a flow of grid current, it does not neces-
sarily follow that power is transferred between the grid and plate

F1a. 109.—Schematic diagram showing currents between the electrodes of a
triode.

circuits. If, for example, electrons pass from cathode to grid as
well as from cathode to plate, there is no actual e.m.f. introduced
into either circuit by the other circuit, and the currents in the
two circuits are independent. Hence, no power can be trans-
ferred from one circuit to the other. More complicated con-
ditions may arise, however, due to ionization, secondary emission,
or capacitance between electrodes, by reason of which current
may pass directly between grid and plate or vice versa as con-

G P ventionally illustrated by the current
— Q-2 ——O—— 4, in Fig. 109. In this case, as we
shall see by examining analytically the
power relations, power may be trans-

7, "’f// 7t ferred from one circuit to the other.
\)'1( It may be objected rightfully that
ﬁlé Fig. 109 does not represent every con-

Fre. 110—Diagram illus- dition that may arise in a triode.
trating currents in a triode Figure 109 does represent conditions
when fonization occurs. when current ¢,, is the current through
the capacitance between electrodes or when secondary emission
from the grid or plate gives rise to a current to the other elec-
trode. Secondary emission may take place, however, from some
other point, such as 8 in Fig. 110, which is not at the potential
of either the grid or the plate. Again, ionization may take place
in the space between electrodes, by reason of which currents
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may exist, as illustrated in Fig. 110 by the currents 7, 7,s, and
%5, where S is the point of ionization. When ionization plays
an important part in the conduction, there are many points
indicated by S.

We shall now analyze the simpler and more usual case illus-
trated in Fig. 109. The extension of the treatment to the more
complicated case of Fig. 110 is left for the reader.

The sum of the voltages in the plate circuit, multiplied by
the current 7, and averaged over a time 7, which is the longest
period of the electrical variations, gives the power equation

1(%; 1(* 1(*
7 J; Esiydt — 75 L eviydt — 7 L eyipdt = 0 (180)

Since 7, = 155 + 14, Eq. (180) becomes
17 (T
Py - P, — Tj; eplprdt — TJ; epipgdt = 0 (181)

The first integral in Eq. (180) is the power delivered by the plate
battery and is denoted by P5. The second integral in Eq. (180)
is the total power delivered to the load Z:, and is denoted by P;.
The third term in Eq. (181) represents power lost in heat within
the tube and is denoted by H,; The last term in Eq. (181)
will be dealt with presently.

The power equation for the grid circuit is obtained in a similar
manner and is '

17 (7 1 (7 1(7
TJ; Eclgdt + —TJ; egigdt — TJ:) ecith — ‘TJ; eqith = 0 (182)

Since 7, = %57 — ipg, Eq. (182) becomes

1 r 1 T
Pc + Po - Pc - TJ(; eaigfdt + TJ:) egipth =90 (183)

The terms in Eq. (183) are power delivered by the C-battery,
power delivered by the e.m.f. e;, power delivered to the load Z,,
heat lost within the tube and denoted by H,;, and a term to be
considered.

The sum of Egs. (181) and (183) is

T
Py +Pe+Py=Py+P,+H,+ Hyp+ TIJ; (ep—ey)Tpedt (184)

The left-hand side of Eq. (184) is the total power input to the
system, and the right-hand side is the equal amount of power,
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part of which is delivered to the external impedances and part
lost in heat inside the tube. Evidently the last integral represents
heat loss in the tube due to the current i,, and is denoted by
H,, Hence,

1(7 1 (7
H,, = TJ(; Eplpgdl — TJ; €yl podt (185)

In general, the term H,; is a positive quantity, although we
must not ignore the possibility that electrons may go between
grid and plate or vice versa against the electric field between
the electrodes. This phenomenon may take place because of
initial velocity of emission of the secondary electrons, or because
of momentum imparted to a carrier due to impact of another
carrier. In such cases H,, may be negative,

T
If 71, J; epindl 18 megative, power flows into the plate circuit

from the grid circuit, or else, as a remote possibility, the negativ-
ity of the integral is due partly to energy imparted to the carriers
in current 7,, by the carriers in 7,;. Then H,,isincreased by the
amount, of energy transferred directly from the current stream
ip5 to current z,,. ’

% j; elps0t is positive, power flows into the grid
circuit from the plate circuit, or else a similar phenomenon, as
deseribed above for the plate circuit, takes place so that a part of
71, j; efppdf comes from H,;. We shall study this
case of power interchange between the two circuits in more
detail following the analytical study of power relations for the
simpler cases given in the next section.

95. Power Relations with No Power Interchange between the
Grid and Plate Circuits.—In deducing the general power relations
in the plate circuit of a triode, the circuit arrangement is as
indicatedin Fig. 111. The plateload Z, is any form of impedance.
The plate-circuit ammeter is a d-c. instrument which reads the
average plate current I,. A d-c. voltmeter is to be imagined
connected from plate to filament to give the average plate voltage
E,. An instrument is not shown connected across the tube,
because of the disturbing effect of a current path in that position.
The plate current 7, which may be of any periodic form, can be
resolved into an average component I, and a component 7,

Similarly, if

the integral
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which has zero average value and is measured from the average
value I,. Thus

=D+ (186)
Similarly, the plate voltage e, may be resolved, giving

&="FE+% (187)
and the load voltage may be resolved, giving

e=FE+% (188)

I
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Fig, 111.—A triode and its plate load.

The power supplied by the plate battery is

17
PB = TJ;) Eﬂipdt
107~ - 1(7=. (189)
Ti; EBIpdt + TJ; EBZpdt
= EB-Tp

where T is the time of one complete cycle. Since the plate bat-
tery is the only source of power in the plate circuit, Eq. (189)
gives the input power. The battery power is correctly given by
the battery voltage times the average current.

The power delivered to the tube is

1 T
P,=7 L epipdt

T
- 2] @+, +ina (190)

= = 1 (7T
= E”I”+7’f €lpdt
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Equation (190) shows that the power delivered to the tube is
expressible in two terms, one the d-c. power calculated from
average values or d-e. instrument readings, and the other the a-c.
power, the a-c. values being measured from the average value as
axis.

The power delivered to the load or impedanee Z; is

1 T
Pb = Tj:) ebipdt

T =
%f (Hs + &), + 3,)dt (191)

= = 17
= Epr + Tﬁ Ebzpdt

The load power consists of a d-c¢. component and an a-c. com-
ponent, just as with the tube power.

The input power must equal the sum of the tube and load
powers. Hence,

_ - - - T
Eul, = (E, + E)I, + :‘; ﬁ (€ + @)7,dt (192)

Adding the voltages in the plate circuit,
Exs—E, —E, =&+% (193)
Equation (193) shows that &, + e, is constant; but sinee both e,

and &, have zero average values, the two parts of Eq. (193) are
equal to zero. Thus,

Ey—E,—E,=0 (194)

& = —¢&p (195)

Examining Eq. (192) in the light of Egs. (194) and (195), it is

seen that the power equation can be divided into two equations,

one for d-c. power, denoted by dashes over the letter P, and the
other for a-c. power, denoted by P. Hence

Py=P,+ P, (196)
P,= -P (197)

where P, is in general a positive quantity representing dissipation
of energy in the load. The total power Ps in the load is

P, =P, + B, (198)
and the total power P, in the tube is
P,=P,+P,=P,— B, (199)
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The results of the analysis may be stated as follows:

1. When there is no secondary emission or ionization, the plate
battery is the only source of power in the plate circuit. The
power supplied by the plate battery is given by the average cur-
rent output multiplied by the battery voltage.

2. The power supplied to the load consists of two parts: the
d-c. power, calculated from the average current through the
load and the average voltage across the load, and the a-c. power.

3. The power dissipated as heat at the plate of the tube is
equal to the d-c. power, calculated from average values of plate
current and plate e.m.f., minus the a-c. power supplied to the
load.

If the special case of sinusoidal variations of plate current
and plate potential is considered, the results can be somewhat
simplified. Average values are now the same as the quiescent
values. Figure 112, which is the 7,—e, diagram for sinusoidal
variations with a pure resistance as plate load, is similar to Fig.
101. The power supplied by the battery is E,I,, which is given
by the area of rectangle bsd0. The d-c. power P; supplied to the
load is given by the area of rectangle @Qsdj, and the d-c. power
P, supplied to the tube is given by the area of rectangle 5Q;0.
The a-c. power P, supplied to the load is given by
Pb = (AIp>2Rb

2
Qf >2< of (200)

Therefore P,, which is the useful a-c. power output, is given by
the area of triangle pfQ. Since P, = — P, the power lost as heat
at the plate is given by the area (bQjO — pf@Q), and the total
power in the load by area (@sdj + pf@Q).

Even if the 7,—e, curves were parallel straight lines over the
entire 7,—e, plane, and if the amplitude of variation of plate
current were as great as possible while maintaining sinusoidal
variations, the area of triangle pf@ could never be greater than
one-half the area of rectangle bQ70. Even if B, were zero, the
theoretical maximum limit of efficiency is 50 per cent for sinu-
soidal operation. Because of the curvature of the 7,—e, lines,
the practical maximum efficiency for sinusoidal operation is much
less than 50 per cent.
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If the plate impedance has reactance, and the variations of
all electrical quantities are sinusoidal, the a-c. power terms can be
represented by certain areas. Refer to Fig. 103 for the discussion
of this case. The d-c. components of power are exactly as
described with reference to Fig. 112. The a-c. power B, is given
by Eq. (200), so that P, is given by the area of triangle pfQ, as in
Fig. 112.

The quadrature power is equal to AE, X AI,/2 X X/Z or
(AI,)2/2 X X. Tt has been shown that the intercept Qm of Fig.
103 is equalto AT, X X. Since the line Im is equal to AI,, the area

Plate Current ip

///

\ \\\ \

‘\\\\ ‘\\\\\\\ .\\\\\ ,\\\\\
0 Plate VoH’age l Ep EB ep
F&p'ﬂ

Fig. 112.—Areas representing power in the plate circuit of the triode.

of either triangle ImQ or triangle [fQ represents the quadrature
power.

96. Non-supply of Power by Fictitious Voltage.—The equiva-
lent plate-circuit theorem has shown that for sinusoidal operation
of a triode, when the path on the plate-current characteristic
surface is so small that u, and %k, are essentially constant, the
a-c. component of plate current can be calculated by assuming a
Sictitious e.m.f. The value of this e.m.f. is given by u, times the
a~c. component of grid voltage. This fictitious e.m.f. acts
through the external plate-circuit impedance in series with a
constant resistance equal to r, of the tube. This theorem is
usually limited to very small values for the a-c. components of
current and potential. It has been emphasized that the voltage
uAE, is a fictitious voltage, and hence it cannot supply power.
To illustrate the fallacious reasoning in which one is liable to
indulge, assume a triode with a pure resistance, independent of
frequency, as plate impedance. Then construct as usual the
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path ph on the i,—e, diagram in Fig. 113. According to the
e-p-c. theorem,

i1, = ABs
s + R

If this equation is cleared of fractions and multiplied throughout
by AI,/2, we have the apparent power equation

= . .
(Alz,,) _— (Aép) B - upAEgzﬁp

(201)

(202)

Equation (202) must be a true equation, but two of the terms
do not represeni actual power. This will perhaps be clearer if
we proceed as follows: 7, is equal to (9e/87p)e,— constans aDd this

'p -] P x@ P
% <
TAl b — e 4 52
] Ne L2z &
8 IO iy £ 4
3 C
AL A2 = |
® Akp; b; L ~
! S{tan™ Ry=tan™ Ry,
i1 \a
€
(1 <
ul mﬁL
Fig. 113.—The ip — ¢, diagram of a triode illustrating certain fictitious power
terms,

becomes (ﬁi’,’,/AI »)e,=5, for the particular case illustrated in
Fig. 113. Therefore, the first term of Eq. (202) becomes
AI, X AE!/2 which is given by the area of triangle Qbc. Since
AR} is merely a construction line on the diagram and is not a
voltage in the actual operation, this area cannot represent real
power. Therefore, (A],), does not represent power lost in the
tube. Similarly, u, = —(9€,/9€,);, — constans and this is numeri-
cally equal to (AEy/AE,);,-i, for the case of Fig. 113.
The right-hand side of Eq. (202) is consequently equal to
Al, X AE} /2, which is given by the area of triangle Qhg. This,
too, does not represent actual power, because AE} does not actu-
ally exist in the operation over path ph. Finally, By = dey/di,,
which is numerically equal to AE,/AI, for the case of Fig. 113.
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The middle term of Eq. (202) becomes AE, X AI,/2, which is
represented by the area of triangle @bh. Since both AE, and
Al, actually exist, the middle term of Eq. (202) and the area of
triangle @Qbh represent the actual a-c. power dissipated in R,.
Examination of Fig. 113 shows that Eq. (202) is satisfied, because
area Qbc 4 area QbR is equal to area Qhg.

Similarly, the fictitious potential u,AE, does not represent an
actual e.m.f. Consequently power is not supplied to the grid
circuit from the plate circuit because of this voltage. It will
be shown in a later ehapter that the effect of the plate circuit on
the grid circuit is to alter the equivalent impedance of the grid
circuit and hence the power loss in it.

Attention is called to a very important limitation to the validity
of the power-distribution theorems just given. In each case it
was assumed there was no source of power in the plate circuit
other than the B-battery or generator, and in the grid circuit that
the only sources of power were the C-battery or generator and the
applied e.m.f. ¢;. Consequently it follows that no power can be
transferred from the grid circuit to the plate circuit or vice versa.
This assumption is true only when the carriers of electric charge,
electrons and positive ions, pass directly from the filament to
the plate, from the filament to the grid, or to both. In other
words, if there is any tonizalion, or if any curreni passes between
grid and plate or vice versa because of reflection of electrons or of
secondary emission, the assumption is not valid and the theorems
given for the distribution of power are not valid.

*97. Power Relations When Power Interchange Exists between
the Grid and Plate Circuits.—Consider further the analysis
begun in Sec. 94 of the power relations in the grid and plate
circuits of a triode, when power may be interchanged between
the two circuits.

Express the currents and potentials of Fig. 109 in terms of
average values and of periodic values measured from the average
values, as in Eqs. (186) and (187). Equation (180) can be broken
up by the method of Sec. 95 into the two following equations,
the first for the steady power and the second for the periodic
power.

or (203)

o
I
I
|
el

k-1
I
=)
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1%, 1T _
7 f il = —7 f &2,
0 (204)

P, = -P,
Equation (204) corresponds exactly to Eq. (197). Since P,

is generally a positive quantity, P, must generally be negative.
A similar treatment of the grid-circuit equation, Eq. (182),gives

Pc‘i—Pg—Pc—Pg:O (205)

and

or

and .
B,—P,—B,=0 (206)

In Eq. (206), P, and P, are nominally positive quantities. B,
may, therefore, be either positive or negative.

We may now compare this case with the simple case explained
in Sec. 95. In the simple case, P,, when &, is zero, represents
power dissipated at the plate, whereas, in the case in hand, the
total tube loss when &, and &, are zerois P, 4+ P,. Itisimpossible
to tell without more information what fraction is lost at each
electrode. If I,; and I,, are pure electronic currents passing
to the plate, the power lost as heat at the plate is

Hp = szjpf + (E_—p - ﬁa)fpa = Pp - ﬁszg (207)
and if I,; is a pure electronic current, the power lost as heat at

the grid is _ _ _ _
Ha = EaIaf = Pa + EaIpy (208)

The currents and potentials are indicated as average values
though if &, and &, are zero, they are the quiescent values.

If, however, I,, is an electronic eurrent passing to the grid and
is due to secondary emission at the plate, the power lost as heat
at the plate is o o

Hy, = Eplp; =Py — Eplp (209)
and the power lost as heat at the grid is
H,=E]I,;;+ (E — E)I,, =P, + E,I,, (210)

In Eqs. (209) and (210), I,, is intrinsically negative.
Considering now the periodic power, the power term P, in
Eq. (204) is made up of two terms, shown in the following

equation:
p,=1 f %7.dl + f B ot 211)
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The power term B, can be expanded as follows:

T T
Py = g | Bt = 7 [ et (212)

The first integral of Eq. (211) usually represents a definite
decrease in the heat lost at the plate, which, in the simple case of
Sec. 95, accounts for the total a-c. power in the load. In the
present case, we have an addi-
tional term, the second integral
of Eq. (211), which may be either
positive or negative. The inte-
grals of Eq. (212) may be positive
or negative. A clearer picture
may be had by assuming that the
variations in current and poten-
tial are sinusoidal and small
enough so that the tube coefli-
cients are constant. Let

Tpe = V241, sin wt

%, = \V/2AE, sin (0t + )

%, = V2AE, sin (wt + ¢) Y(213)
l'l_:pf = '\/§A1pf sin (wH— a)
Tr =V/281,; sin (wt4-B)

Equation (211) becomes

By=—P,=—AE,AI,, cos (§—a)
— AE Al cos 6 (214)

and Eq. (212) becomes

PO - Pc = AEﬂAIﬂf cos (¢ - ﬁ)
) — AE,AI,, cos ¢ (215)

Y We shall now examine two
AEp-AEg illustrations of the application of

Fic. 114.—Vector diagram of an the above discussion. As the
oscillator ~ with capacitance feed- first illustration, let Fig. 114 be
back. the vector diagram for a triode
baving an oscillatory circuit in both grid and plate circuits. P,
is assumed to be zero, and the current 7y, is solely through the
interelectrode capacitance between grid and plate. In Fig.
114, AI,, represents this capacitance current which leads
the potential difference AE, — AE, by 90 electrical degrees.
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The grid and plate voltages AE, and AE, are represented
in the diagram. Evidently H,, of Eq. (185) is zero. Refer-
ring to Eq. (215), P, is a positive quantity, since it is power
dissipated in the oscillatory circuit. The first term on the right-
hand side of Eq. (215) is intrinsically positive, as it represents
heat lost at the grid. The last term in Eq. (215) represents
power transferred from the plate circuit to the grid circuit to
supply the losses just referred to, 7.e., in the grid circuit and at
the grid.

In Eq. (214), Py is positive, as it represents power dissipated
in the oscillatory circuit connected to the plate. The last term
in Eq. (214) is numerically equal to the last term in Eq. (215)
and represents the power transferred from the plate circuit to
the grid circuit. Both Py and AE,AI,, cos 6 arise from the term

F1a. 115.—Vector diagram showing transfer of energy between plate and grid
circuits when secondary emission exists.

—AE,Al; cos (§ — a), a positive quantity which represents a
decrease in the heating of the plate of the triode.

As a second illustration we shall consider the case in which
the current 7,, is due entirely to secondary emission at the grid.
The vector diagram is shown in Fig. 115. The current Al,, is
shown opposite in phase to AE, — AE,, because the secondary
emission increases as AE, increases. Although the steady portion
of H,,, Eq. (185), is positive and increases the heating of the
plate, the alternating portion of H,, represented by H,, =
(AE, — AE,)AI,, cos 180°, is negative and causes a decrease in
heating of the plate.

The term P, in Eq. (214) isa positive quantity. The quantity
AE,AI s cos (8 — o) in Eq. (214) is negative and also represents a
decrease in heating of the plate. The term AE,AI,, cos ¢ in Eq.
(214) is negative and represents, in part, power transferred from
the plate circuit to the grid circuit.

In Eq. (215), all of the terms are positive. The term
AE,Al,; cos (¢ — B) represents an increage in the heat developed
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at the grid, whereas the term AKE,AI,, cos ¢ is positive and
represents a gain in power in the grid circuit.

The interesting features of this case are as follows: In the
quiescent condition, the plate is heated as a result of the bom-
bardment of the electrons in both current streams I,; and I,,.
When the alternating e.m.f. B, is impressed, a-c. power appears
in Z, and Z,, and an increase in heat at the grid occurs, all result-
ing from the decrease in power lost as heat at the plate.

98. Condition for Maximum Power Output for Constant E,.—
When dealing with power systems one is frequently interested in
knowing the condition under which a maximum of output power
is obtained. In triodes the condition for maximum power output
depends greatly upon the restrictions imposed upon the operation
of the system. One of the several practical problems which
arise under different restrictive conditions of operation will now
be considered. Others will be discussed in Chap. XII.

The problem considered here is that of finding the value of the
plate-circuit resistance which gives maximum power in the plate
load when the alternating grid potential is held constant.
Assume the a-c. component of the applied grid voltage, E,, to be
sinusoidal and limited in amplitude so that the coeflicients u,
and k, do not vary appreciably over the path of the operating
point on the plate-current characteristic surface. This implies
that if the operating point is-on a curved portion of the character-
istic surface, the amplitudes of the a-c. components of plate
current and plate potential must be very small. But if the
operating point is situated on a plane portion of the plate-
current surface, the amplitudes of the a-c. components may be as
large as will retain a linear relation between 1, ¢, and e,.

If the plate impedance has a d-c. resistance R, and an a-c.
impedance B, + jXs, the a-c. power in the impedance, which is
considered as the power output, is

uf»E%Rb
(rp + By)* + X2
To find the value of R, to give a maximum Py, equate to zero the
derivative of Eq. (216) with respect to Rs, giving
(rp + Bo)? + X2 — 2Ry(r, + By) = 0 (217)
Equation (217) reduces to
By =+ X2 (218)

P, = power output = I2, R, = (216)
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From Eq. (216), it is clear that the presence of X, rg_duces the
power output, but if X, is present, the best value of E, is given
by Eq. (218). If X; is zero, for maximum power output

Ry, = r, (for max. B, it X, = 0) (219)

Referring to Fig. 112, Eq. (219) means that for maximum power
output the slope of the path pk should equal numerically the slope
of the ¢,—e, curve which passes through the quiescent point.

General References

Brexmam: The Internal Action of Thermionic Systems at Moderately High
Frequencies, Phil. Mag., b, 630 (1928); 11, 457 (1931).

Jackson: The Transient Response of the Triode Valve Equivalent Net-
work, Phil. Mag., 13, 143 (1932).



CHAPTER IX
DYNAMIC MEASUREMENT OF TRIODE COEFFICIENTS

Attention has been called to the importance of the triode
coefficients in expressing the performance of the triode, and in the
development of its theory. The determination of the coeffi-
cients is usually made by direct methods known as dynamic
methods. These methods make use of networks in one branch of
which is a telephone receiver or its equivalent. An alternating
potential, usually of a frequency of 1,000 cycles per second, is
impressed across two points of the network, and the constants of
the circuits are adjusted until there is no sound in the telephone
receiver. Obviously, the coefficients are determined for the
impressed frequency of 1,000 cycles per second. Since, however,
in high-vacuum tubes, there are no appreciable lag effects except
at very high frequencies, the coeflicients are all real quantities,
i.e., not complex. Therefore they are practically independent of
frequency, excluding frequencies greater than about 107 cycles
per second. The coefficients of hard (high-vacuum) tubes at
very high frequencies and of soft (containing gas) tubes at all
frequencies are complex quantities.

99. General Considerations in the Measurement of Triode
Coefficients.—Before describing the specific circuits suitable for
the measurement of the coefficients of a triode, a few general
considerations applicable to all methods may be pointed out.
The impressed alternating e.m.f., though small, is finite and
causes the potentials and currents of the tube to vary by appreci-
able amounts or, in other words, causes the operating point on the
characteristic surface to move over a path of appreciable length.
If the path over which the operating point moves is practically
straight and if the alternating grid and plate potentials are not
greater than a few tenths of a volt, no great error is introduced in
the coefficient being determined. If the path has curvature,
the coefficient being determined is more nearly the true coefficient
at a given point, the smaller the path traversed. This means that
the applied alternating potential must be as small as possible

228 .
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without unduly reducing the sensitivity of the apparatus. The
applied alternating e.m.f. should be such that further reduction in
its magnitude makes no appreciable change in the observed value
of the coefficient being determined. Usually a one-stage or a
two-stage amplifier is necessary to obtain sufficient sensitivity and
accuracy, but in the following diagrams the detecting device, for
simplicity, is indicated as a telephone receiver.

The plate and grid ecircuits, when carrying steady currents,
should have, where possible, low-resistance paths for these steady
components. Otherwise, the actual steady plate or grid voltages
are different from the battery voltages, and correction must be
made by an amount equal to the external resistance drop. When
the amplifier or telephone receivers are in a circuit carrying a
direct current, this steady current can be shunted to advantage
around the high-resistance telephone or amplifier transformer
by a low-resistance choke coil having a high reactance to the
alternating current. The primary winding of a filament trans-
former or of a bell-ringing transformer is suitable for this purpose.

Another important consideration is the effect of stray capaci-
tances, particularly the capacitances between the electrodes of the
tube, between the parts of the socket and wires, and from the
batteries to ground. These capacitances must be considered as
part of the bridge network and, as far as possible, must be bal-
anced out in order to obtain the most accurate results. This
can be done by the addition of other variable capacitances, or by
a small mutual inductance, properly connected, as will appear
when considering the diagrams of connections. The ecircuits
should not be grounded except when grounding causes no error
in the balance. The Wagner ground connection should be used
where possible.

The a-c. impedance of the telephone receivers or the input to
the amplifier system should in each case be adjusted, by trans-
former if necessary, to give greatest sensitivity for the particular
circuit. Highest sensitivityis obtained when the inputimpedance
of the detecting device is approximately equal to the impedance
of the eircuit to which it is connected.

Usually, the grid and plate voltages are made continuously
variable by means of voltage dividers, as shown for the grid
voltage in Tig. 116b. When this arrangement is used, the
alternating component of the current should be shunted around
the potential divider by a large condenser of the order of several
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microfarads. The other diagrams are simplified by indicating
batteries only, but it is to be understood that these potentials
may be made variable by the method shown in Fig. 1165, or by a
variable tap on the battery.

100. Measurement of » and u, when i, = 0.—Figure 116a
shows the circuit arrangement for the dynamic method of measur-
ing the voltage ratio u of a triode, where

de
u = —<—”
860 l'p+ig=consb.

Ry Re AR 4000~ - === - ===
X= Ry
Y Um—=
ﬁg C+ Cgf Ry
Ry Cpp = up (ig ig=0)

(a) )
F1g. 116.—First method for the measurement of w, and w, (if i, = 0).
"The resistance R; is generally held constant, 10 ohms being a
convenient value in most cases. R, is variable in tenths, units,
and tens of ohms for ordinary triodes.

When R. is adjusted to give balance, the alternating grid
voltage is (AI)R:. The plate-voltage change in the opposite
direction to that of the grid voltage is (AI)R.. If one of these
voltages is adjusted so that the alternating current through the
telephone receivers is zero, the operating point moves over a
portion of a curve of Fig. 53, page 149, determined by the values
of the steady polarizing potentials. Then

B,
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If 4, is zero, Eq. (220) also gives the value of u,.

A Wagner ground connection is shown in Fig. 116a across the
source of alternating potential. This variable ground connection
should be adjusted so that touching either terminal of the tele-
phone receivers with the wetted finger causes no change in sound.

If the source of alternating potential is not of low resistance,
it should be shunted by a low-resistance choke coil in order to
provide a low-resistance path for the steady plate current.
Then most of the plate current passes through the fixed low resist-
ance R, instead of through R.;. The telephone receivers must
also be shunted by a low-resistance choke coil.

When the grid voltage is so negative that the plate current
is very small, the internal resistance r, of the tube is of the same
order of magnitude as the reactances of the tube capacitances.
Under this condition the effects of these capacitances in altering
the balance are most marked, and the added refinementsto balance
out the effects of these capacitances must be used if high aceuracy
is desired. The diagram of Fig. 116a shows the three terminals
of the tube, G, P, and F, and the capacitances which exist between
these terminals. When R, is adjusted to give the approximate
balance for u, R, is u times B;. The added capacitance C; can
then be adjusted to balance the capacitances by making C;
satisfy the relation

R, Cy+C,

RO, (221)

An alternative method sometimes used for balancing out
the quadrature components of potential across the telephone
receivers is shown at the right of Fig. 116b. A small mutual
inductance is inserted as shown. The capacitance methods of
balance are preferred to this method, because the conditions
of balance using mutual inductance are complicated and the value
of u obtained using mutual inductance is liable to be in error.

The methods just described for balancing out the capacitance
effects require adjustments for every change in the ratio of R, to
R:. Figure 117a is a diagram of a method! of balancing out the
capacitance effects which has the advantage that, after the
capacitances C; and Cy have once been adjusted, the capacitances
are nearly balanced for all values of B; and R,, and little if any
readjustment of the condensers is required. A potential divider

! Suggested by F. V. Hunt of the Cruft Laboratory, Harvard University.
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is connected across the telephone receivers, and the two variable
capacitances C; and C, are connected as shown. The two sec-
tions of this potential divider, indicated as R’ and R’’, together
with capacitances C,,; and C,, form a capacitance bridge, the
condition of balance for the bridge being

R C
7 = CTi‘ (222)
A
_h =;
LS ="
T e T
R'
cl R" Cz
W W
Al At
= R R 7
[¢— 4000~ <o > l :
R* CN CSG —
e Ao
u-Rz
Ry
(@ ®

F1g. 117.—Second method for the measurement of u, and wu, Gf 7, = 0).

This condition is independent of the value of R., the voltage
across R, being the voltage impressed upon this auxiliary bridge.
The capacitance current through C,, is thus balanced out from
the telephone receivers. Again, the two sections R’ and R”
of the potential divider, together with capacitances C; and C,y,
form another capacitance bridge, the condition of balance being

R C

R” ~ Cy

Thus the capacitance current through C,, is balanced out,
although this is of less importance because of the low value of

(223)
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R;:. The current through C,, has no effect, because Cy, is simply
a shunt path across the source of potential.

To balance the auxiliary bridges, the cathode should be cold,
R, should be reduced to zero, and R, made as large as possible.
C, is then adjusted to give balance. Then, with R, equal to
zero and R, large, € is adjusted to balance. A slight readjust-
ment of C; may be necessary when the cathode is hot because
of a slight change in the tube capacitance due to the presence
of the space charge. In many cases sufficient accuracy is
obtained by omitting C'.

It is important that the reactance of C; be large in comparison
with R, in order that the potential across R, shall not be apprecia-
bly altered by the shunt path through C.. If R, is of the order
of 100 ohms, C; may be of the order of 1,000 uuf. If C,, is
of the order of 10 uuf, R" is about one one-hundredth of B’. The
path for the steady plate current is then through a low-resistance
choke coil connected across the telephone receivers and through
R’". Therefore, R’ should not be much greater than 10 ohms.
A thousand-ohm resistance is suitable, therefore, for the potential
divider across the telephone receivers. This somewhat reduces
the sensitivity of the detector, but an amplifier gives ample
sensitivity. The actual connections are shown in Fig. 117b.

Negative values of « from 0 to 1 can be measured by reversing
certain connections to R, as shown in Fig. 1185. For values of
u algebraically less than —1, certain connections to R; are
reversed, as shown in Fig. 118c. Negative values of u are
seldom met with in practice and hence are of little practical
interest.

101. Measurement of %, When 7, ¢ 0.—The method just
given for measuring % is recommended for measuring u, if the
grid current is zero. If there is gaseous ionization or if the grid
voltage is positive, the method of Sec. 100 does not give the value
of u,, and the following methods must be used. The methods
to be presented are valid for the determination of u, under all
conditions, but the circuits are not so symmetrical and the
method of grounding is less satisfactory than in the methods
just described. Figure 118d gives diagrammatically the arrange-
ment of resistances and balancing capacitances for measuring
positive values of wu,. Capacitances C; and C; balance the
triode capacitances C,, and C,;, respectively. The capacitance
C,; is not balanced and hence its effect is made small by making
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R; small. The complete diagram for the measurement of u,
is obtained by adding the batteries to the diagram of Fig. 118d.

Negative values of 4, can be measured by reversing certain
connections to R or to R,, as shown in the diagrams of Fig. 118, ¢
and f.
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Fic. 118.—Circuits for the measurement of all voltage ratios. Formulae are
accurate only when 25 = 0.

102. Measurement of u,.—The quantity u, is different from
zero only when there is a conduction current to the grid, which
oceurs in high-vacuum tubes only for positive grid voltages.
When there is gaseous ionization, there is always a grid current
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and u, is different from zero. Therefore, u, is of interest when
dealing with high-vacuum tubes only when the tube is used as a
detector under certain conditions, or as an inverted vacuum-tube
voltmeter, or in any other use in which a grid current flows. For
gaseous tubes, u, is of considerable importance. wu, is usually
a small positive quantity, but under certain conditions it may
assume large negative values. .

Positive values of u, can be measured by the circuit shown
in Fig. 118¢; negative values of %, can be measured by the circuits
of Fig. 118, & and .

The nine schemes for measuring voltage ratios are collected
for easy comparison in Fig. 118. They can be obtained from a
single set-up by the use of reversing switches for R, and R,
and jacks for plugging the telephone receivers, together with
their shunt potential divider, into any one of the three positions
shown in Fig. 118. The capacitances enclosed in parentheses
are not balanced out, but their effect can be made small by
giving a small value to resistance R; or R,, whichever shunts the
capacitance. The triode ecapacitances not lettered have no
effect on the bridge balance. In all cases R’ should be large
compared to R, and a low-resistance steady-current path must
be provided by shunting the telephone receivers and the source of
alternating potential by low-resistance choke coils.

103. Measurement of k,.—The coefficient &, can be measured
best by the use of the ordinary four-branch bridge, as shown
diagrammatically in Fig. 119. At balance, k, is given by the
relation

R,
ky, = R.R (224)
It is convenient to give R a fixed value of 10,000 ohms, and R, a
fixed value of 10 or 100 ohms. The resistance R, should be
variable in tenths, units, tens, and hundreds of ohms.

The Wagner ground connections should be used as shown rather
than using a direct ground connection to the bridge.

The steady plate current passes through a low-resistance
choke coil across the telephone receivers and then through the
low resistance R;.

The eapacitance (Cp; + C,,;) can be balanced out by a variable
condenser C, across R;. The magnitude of C; demanded for
balance is given by the relation
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Ci = (Cor + Ca)s (225)

When k, is very small, R, is also small, and, with the connections
shown in Fig. 119, an inconveniently large capacitance is
required. In such a case, C; can be connected across R instead
of across R;. The magnitude of C, required in this case is

Cl = (Cpf + Cpa) IR;?; (226)
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Fia. 119.—First method for the Fia. 120.—Second method for the
measurement of kj. measurement of kp.

An alternative and much more convenient method of balancing
out the capacitance (C,; 4+ C,;) is shown in Fig. 120. The
auxiliary bridge, comprising R/, R”, (C,; + C,,), and C, can be
balanced when the filament is cold and R, is reduced to zero.
R’ should be a small fraction of R’ so that C will be of con-
venient magnitude. With this arrangement, the balance for
capacitance is nearly independent of the balance for k,.
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Negative values of k, can be measured by shunting a known
positive conductance across the arm of the bridge which is con-
nected to the tube. This conductance must be such as to
make the sum of it and %, a positive quantity which can then be
measured by the bridge. Then the negative value of k, is

R R’
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3" RR, v "sf "piR, k=RR, R*TTHC
Fig. 121.—First method for the Frag. 122.—Second method for the

measurement of kg.

measurement of k.

obtained by subtracting the added conductance from the result
obtained from the bridge measurement.

104. Measurement of k,,—The measurement of k, is made
by a bridge arrangement similar to that described for the measure-
ment of k,. Figures 121 and 122 correspond to the two arrange-
ments shown in Figs. 119 and 120.

1056. Measurement of s,.—A well-known method of measuring
positive values of the transconductance s, is shown in Fig. 123a.
If there is no grid current, the grid potential is

AE, = RAI, (227)
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The plate current, according to the e-p-c. theorem, is

_ uAE, Tp
Al = >+ By spAEa_“‘_‘*‘rp T R, (228)
For no sound in the telephone receivers,
(Alp)Rz = (AIO)RI (229)
Combining Eqgs. (227), (228), and (229),
_ Bt R
= RE, 1 (230)

Equation (230) is not valid if grid current flows, since account
must then be taken of the effect of the reflex voltage ratio u,
and the conductivity of the grid circuit k,. The complete form
of Eq. (230), taking account of these corrections, is

_R1 R2+rp. R+rg

5 RR: ~ u,Ry + 7, (231)

or
o = B (L4 kR + KoR)
? RR2 1 + SgR1

For ordinary low-power triodes, it is generally expedient to
make R equal to 1,000 ohms, R. equal to 100 ohms, and R;
variable in tenths, units, and tens of ohms. When r, is very large
in comparison with R, (see Eq. (231)) and, at the same time, r, is
very large in comparison with R and u,R;, the arrangement of Fig.
© 123a shows a very convenient direct-reading method of measuring
sp.  Unfortunately these conditions do not often obtain, and the
calculation of s,is awkward, requiring a knowledge of r,and some-

(232)

R
times of 7, and u,. The factor — :_ Te may differ from unity by
P

several per cent. The other factor Bt may differ greatly
ugR1 -+ Ty
from unity, but only when grid current flows.

When the circuit of Fig. 123a is used, the steady component of
the plate current should be forced to pass through the fixed resist-
ance R, by the use of high-resistance telephone receivers, or by
a large capacitance in series with the telephone receivers. The
reason for this suggestion is that if any of the steady plate
current passes through R, the correction necessary to obtain the
steady plate potential is inconvenient, and, of still greater impor-
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tance, the steady grid potential is dependent upon the voltage
drop through R, and hence varies with I,.

The steady grid current, if any, must pass through R, and
then to the grid by way of a low-resistance choke coil across the
source of alternating potential.

_ In the arrangement of Fig. 123a, the quadrature component of

current through the telephone receivers due to stray capacitance
is small and can be balanced out best by a small mutual induec-
tance connected as shown in the figure. The value of the mutual
inductance need not be taken into account in the calculation of
sp. The quadrature component can also be balanced out by an
arrangement of capacitance and ratio arm similar to the arrange-
ments used in the measurement of «, and k,.

An alternative method of measuring positive values of s,
is shown in Fig. 123¢c. This second method, although not so con-
venient for calculation as the method of Fig. 123a when the
corrections are negligible, is accurate under all circumstances,
requiring no correction factors and no correction of the steady
grid and plate potentials, The value of s, using the method of
Fig. 123¢ is given by

R,

= 2
S = B, ¥ RuRts ¥ FaRs (233)

Calculation by this formula is facilitated by giving R, and K5 con-
stant values, such as 500 ohms, and making R, variable in tenths,
units, and tens of ohms. Large values of s, are conveniently
measured by making R; zero, in which case s, is equal to the recip-
rocal of R,. This latter modification of the method is partic-
ularly convenient in measuring the transconductance of power
tubes.

The path for the steady plate current is through a low-resist-
ance choke coil across the telephone receivers, and the path for
the steady grid current is through a similar shunt across the
source of alternating potential.

Negative values of s, can be measured by the circuit shown
in Fig. 123b. In this arrangement s, is given by

s = — R, . R4+r7,
? R(R: + R,) Ty

106. Measurement of s,.—The reflex transconductance s, is
of little practical importance, but, because of its occasional use

(234)
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and to make the description of the methods of measuring tube
coeflicients complete, the method of determining s, is given here.

Figure 1234 gives the circuit arrangement for measuring nega-
tive values of s,, and the circuit of Fig. 123¢, or the alternative
arrangement shown in Fig. 123f, enables positive values of s, to be
measured. The formulas for the calculation of s, are given in the
figures.



CHAPTER X
EFFECTS OF GAS IN A TRIODE

The preceding chapters have been devoted to the study of high-
vacuum or hard triodes, where the term high-vacuum is used to
indicate a degree of exhaustion such that the traces of gas or
vapor remaining have no appreciable effect upon the conduction
through the triode at potentials well above the ionizing poten-
tials of the gas. When the amount of gas is sufficient to have an
appreciable effect upon the character of the conduction through
the triode, the tube is said to be soft. In this chapter the variety
of effects obtained in a soft triode under all conditions of gas
pressure and potential will not be described. This chapter is
devoted to a brief description of the principal deviations from
the static and dynamic characteristics of a hard tube caused by a
very small trace of gas. It includes a description of the operation
of the ionization gauge, a practical device of great utility. When
the amount of gas is increased or the potentials impressed on
the tube are increased beyond the ranges considered in this
chapter, the discharge changes, generally suddenly, into the
glow discharge. The study of the glow discharge and of practical
glow-discharge devices is entirely outside the scope of this
chapter.

107. General Effects of Small Traces of Gas.—Before describ-
ing the specific changes in the characteristic curves of a triode
caused by a trace of gas, we shall consider some of the general
effects upon the operation of a triode which result from the
presence of gas.

As pointed out in Chap. V, certain gases which combine chemi-
cally with the active emitting material of the cathode may cause a
considerable decrease in the electron emission from the cathode.
Langmuir® has studied very fully the effects of various gases in
changing the emission of tungsten, and reference is made to the
original papers for detailed information. Oxygen is particularly

1 LANGMUIR, Phys. Zetts., 16, 520 (1914); J. Am. Chem. Soc., 40, 1361
(1918); Phys. Rev., 2, 450 (1913).

242
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active at high temperatures in combining with tungsten, and with
the active islands of barium, strontium, or other alkali-earth
metals which form the emitting centers of the oxide-coated
cathodes. Oxygen is also particularly destructive of the mona-
tomic films of thorium or caesium. The emission of tungsten
may be reduced in the ratio of one to several hundred thousand
by a trace of oxygen. Nitrogen also combines chemically with
tungsten causing reduction in emission. ‘Water vapor, carbon
dioxide, and other normally inert compounds may be dissociated
by the hot cathode and may then reduce the emission by chemical
action. In general the highly electronegative gases, such as
chlorine, are deleterious, whereas the highly electropositive or
reducing gases, such as hydrogen and carbon monoxide, have no
harmful chemical effect at the cathode. Many vapors, such as
that of mercury, and the inert gases, such as helium, argon, and
neon, apparently have no effect upon the emission of the several
types of thermionic cathodes except for the effect now to be
deseribed.

Besides the chemical effect at the cathode, the presence of gas
may result in a purely physical effect known as sputtering. The
positive ions produced by ionization may be driven against the
cathode with sufficient velocity to knock off particles of molecular
dimensions from the cathode, and these particles are deposited on
the walls of the tube. The walls become blackened and the
cathode reduced in size. This effect is very important at the
higher gas pressures and at potentials which are sufficiently
high to produce glow discharge. The effect is present even at low
pressures and is of particular importance in tubes using cathodes
having monatomic films. These delicate films are rapidly
knocked off by the slightest positive-ion bombardment when the
ions have high velocities. Kingdon and Langmuir? have investi-
gated the sputtering of monatomic films resulting from bombard-
ment by various positive ions and find that for each kind of ion
there is a critical velocity below which no appreciable sputtering
occurs. These critical velocities expressed in terms of the equiva-
lent potential drop E,, as given by Kingdon and Langmuir for a
cold surface, are given in Column 2 of Table XII. A. W. Hull?
observed somewhat lower critical potentials when the bombarded
surface is hot, as for an operating cathode, and when the current

2 KinepoN and LaneMuir, Phys. Rev., 22, 148 (1923).
3 Howy, Trans. A.1.E.E., 47, 798 (1928).



244 THEORY OF THERMIONIC VACUUM TUBES

Tasie XII.—CriticaAL ENERGY oF BOMBARDING JON FOR SPUTTERING
oF TuorioM FiuM onN TungsTEN

1 2 3
1 E, (cold surface),’} Ey (hot surface),?
on
volts volts

H............ PP >600
He............... About 35
Ne............... 45 27
Ar. ...l 47 25
(O T 52
Hg............... 55 22

1 Kingdon and Langmuir.

* Huyll,
density is greater than that used by Kingdon and Langmuir.
Hull’s results are recorded in part in Column 3 of Table XII.
The curves of Fig. 124 show Hull’s results on the variation of
the emission of a thorium-coated filament in mercury vapor at a
pressure of 0.005 mm. At the critical anode potential, the
emission rapidly decreases. Figure 124 shows the dependence
of sputtering voltage on temperature. Hull* has also investi-
gated the effect of bombardment of mercury ions on the emission
of oxide-coated cathodes and finds a critical energy corresponding
to about 25 volts, below which sputtering of the active emitting
material does not take place, and the cathode has a long life.
From these results there has developed a line of very valuable
high-current, hot-cathode, mercury-vapor tubes.

The changes in the electrical characteristics of a triode, aside
from the change in emission, are due almost entirely to the
various actions of the positive ions. Hence they occur only for
potentials above ionization potential, although small kinks may
be produced in the characteristic curves by inelastic collisions at
the resonance potentials of the gas. These small kinks are
elusive and generally of little importance.

Whenever there are positive ions present, they may be drawn
into the region of negative space charge around the cathode,
resulting in a partial neutralization of the space charge. One
positive ion, because of its low velocity, neutralizes the negative
space charge due to hundreds or thousands of electrons. There-

 HoLy, Gen. Elec. Rev., 33, 213, 300 (1929).
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fore, a small amount of ionization may considerably alter the
space charge and hence the space current, if the current is less
than the saturation current for the cathode. This effect was
explained in Chap. V and will be described more in detail in the
next section.

The space current through a tube may be limited not only by
the space charge but also by negative charges accumulated on
the walls of the tube or on other insulating members, such as
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Fi1a. 124.—Characteristics of a thoriated filament in mercury vapor at 0.005-mm.

pressure. (Hull.)

insulating supports or insulated conductors. These wall charges
are more important the more open the structure of the electrodes.
The positive ions produced in a soft tube may also partially or
completely neutralize these wall charges and so affect the current.

The positive ions produced in a triode drift in the direction of
the negative potential gradient. The positive-ion current,
although small in comparison with the electronic space current
producing the ionization, is nevertheless appreciable and must be
considered in studying the operation of the triode.

Because of the high velocity of the electrons passing from
cathode to the other electrodes of a triode, pure electronic condue-
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tion has no lag except for the very high radio frequencies. Gase-
ous ions travel so much more slowly than electrons that the
conduction through a soft tube is generally accompanied by a lag
which may be appreciable even at audio frequencies. Hence the
dynamic characteristics of a soft tube are in general complex
quantities. The equivalent circuits of a soft triode are not as
shown in Figs. 93, 94, 95, and 96, but contain, in addition to the
resistances r, and r,, certain equivalent series reactances z, and z,
which depend upon the kind of gas and the potentials. The
question of power interchange between the grid and plate circuits
when ionization is present was considered briefly in Chap. IX.

Ionization, being a discontinuous process, imposes a random
fluctuation in the currents through a'triode. This is of much the
same nature as the “shot effect’” of pure electronic conduction,
but its magnitude is much greater. At and near the ionization
potentials this shot effect, enhanced sometimes by ionic oscilla-
tions in the triode, often produces a loud hiss in the telephone
receivers placed in the current circuit. This hiss is often an
objectionable effect limiting the use of soft tubes which have,
however, other very desirable characteristics. For potentials
well above the ionization potentials, this hiss is often very slight.

108. Effects of Trace of a Gas on the Static Characteristic
Curves of a Triode.—The most important changes in the static
characteristic curves of a triode caused by a trace of gas are
illustrated by the curves of Figs. 125 to 129, which were obtained
for a triode similar to the one used in obtaining the characteristic
curves of Figs. 53, 62, 63, 64, and 65, except that after the tube
was thoroughly exhausted a small amount of mercury was
introduced and the tube sealed from the pump. Any desired
pressure of mercury vapor could be obtained by immersing the
tube in an oil bath at a suitable temperature. The curves of
Figs. 125 to 129 were taken for a temperature of 26°C. which
gives a pressure of approximately 0.002 mm. of mercury, or 2
microns. Mercury vapor was used because of the convenience
in obtaining and maintaining any desired pressure, and because
mercury vapor has no effect upon the emission of the tungsten
filament. The static characteristic curves are essentially similar
in shape to those obtained for gases other than mercury, although
the scale of pressure and potential may be slightly shifted
because of the difference in mobility and in mass of various gas
ions and the difference in the ionization potentials.
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Figure 125 gives the {,—e, characteristic curves for the soft
tube containing mercury vapor at a pressure of 0.002 mm. Since
the ionizing potential of mercury is about 10.4 volts, the portions
of the curves for grid and plate potentials of less than 10 volts is
practically the same as for a hard tube of the same dimensions.
The rapid rise in current as the plate potential exceeds 10 volts
is due to the neutralization of the space charge by the positive
ions resulting from ionization.

The effect of the positive ions in partially neutralizing the
space charge is also shown by the plate-current curves at constant
plate voltages, Fig. 126. The curve for a plate voltage of 8 volts
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Fig. 125.—Plate~current vs. plate voltage for constant grid voltage in mercury
vapor at pressure of 0.002 mm.

shows no effect of ionization. As the plate voltage exceeds
ionizing voltage, the steepness of the curves increases. The
curves of Fig. 126 may be compared with those of Fig. 63 for a
hard tube of approximately the same dimensions.

Figure 127 shows the curves of constant total space current
which correspond to those of Fig. 53. Ionization exists for all
points on the diagram above the horizontal line for a plate
voltage of about 10 volts and destroys the parallelism of the
curves or, in other words, makes the factor « less constant than
for the same tube without ionization. Figure 128 gives the
curves of constant plate current.

The effects of ionization are also observable from the shape
of the grid-current curves. Figure 129 shows the grid current



248 THEORY OF THERMIONIC VACUUM TUBES

=4

=\
J
{

eP=o‘o|,a/f€
S0
50

\F@\
3o
[
ip inMilliamperes

N e

)74

=12 -8 -4 0 +4 +8 +12
eg in Volts

Fia. 126.—Plate current »s. grid voltage for constant plate voltage in mercury
vapor at pressure of 0.002 mm.

A

%\h IP*19=~;' a
-

6 -4 -2 0 \ 6 AJN)
eg /n Volts \\ 2% \
-20 N < 0/0.{;\—\
Y N4
S
N NN
. \\
©
-60

Fia. 127.—Curves of constant total space current in mercury vapor at a pressure
of 0.002 mm,



EFFECTS OF GAS IN A TRIODE 249

plotted against grid voltage for various constant plate voltages.
The curve for a plate voltage of 8 volts, which is below ionization
voltage, is a normal curve for a high-vacuum triode and corre-
sponds to the curves of Fig. 64. For this plate voltage, the grid
current is a pure electron current. The curve for a plate voltage
of 16 volts shows the marked effect of the partial neutraliza-
tion of the space charge by the positive ions. For a plate
voltage of 20 volts a small negative grid current is observed
for grid voltages from about —1 to +1.1 volts. This negative
current is due to positive ions produced in the tube at regions
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Fig. 128.—Curves of constant plate current in mercury vapor at a pressure
of 0.002 mm,.

where the potential is more than +10.4 volts above the potential
of the filament, and these positive ions drift in the direction of
negative potential gradient toward the grid and filament. Some
go to the grid and some to the filament, the fraction going to
each electrode depending upon the distances of the electrodes
from the point of ionization and upon their potentials. Besides
the positive-ion current, an electron current flows to the grid
for positive grid potentials. The actual grid current is the
difference between the electron current and the ionization
current. These two currents neutralize each other for a grid
potential of 1.15 volts and plate potential of 20 volts. The
positive-ion current is much more marked for plate potentials
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of 40 and 60 volts, as shown by the curves in Fig. 129. The
plate-current curve for a plate voltage of 40 volts is added to
show that the positive-ion current and plate current increase
together. At constant plate voltage, the positive-ion current
is approximately proportional to the plate current which produces
the ions, and to the pressure of the gas. The grid current for
negative grid voltages is entirely positive-ion current, since no
electrons go to a negatively charged grid. When the grid voltage
is highly negative, practically all of the positive ions go to the
grid and many are swept out before they recombine with elec-
trons. The ratio of the positive-ion current to the plate current
is constant within experimental error. For example, in Fig.
129, when e, is 40 volts and when the grid voltage ranges from
—4 to —2 volts, this ratio has the value 0.0024. As the grid
voltage is increased positively from about —2 volts, a change
takes place as shown by both the grid- and plate-current curves.
This change, which is also evident on the curve for a plate
voltage of 60 volts, may have been due to the beginning of ionic
oscillations within the tube, or to a sudden change in the distribu-
tion of potentials. For grid voltages on the positive side of —2
volts, the ratio of the ionic grid current to the plate current
for a plate voltage of 40 volts increases from the value 0.0024
just given to a maximum of 0.00403 at a grid voltage of about
+1 volt.

One commonly applied test for appreciable gas in a triode is
to meagure the positive-ion current to the negatively charged
grid when a sufficiently high plate voltage is impressed to cause a
fair plate current to flow. A high-vacuum triode will show less
than a microampere of positive-ion current.

109. Effects of Small Traces of Gas on the Dynamic Char-
acteristic of a Triode.—The effect of the presence of gas on the
dynamic characteristics can best be determined by measuring
the dynamic characteristics by the methods described in Chap.
IX. However, a rough idea of the trend of the dynamie char-
acteristics can be easily obtained from an examination of the
static characteristic curves just deseribed.

One of the most striking effects of gas is the great increase in
the transconductance s, of a soft tube, as shown by the steepness
of the curves of Fig. 126. For example, the transconductance
derived from the 60-volt curve of Fig. 126 is about 1,500
micromhos as compared to about 370 micromhos for the corre-



EFFECTS OF GAS IN A TRIODE 251

sponding high-vacuum triode. In general, however, the inferior
stability of a soft tube and the large amount of tube noise make
the advantage of such high transconductance of little avail.
Referring now to Fig. 129, it is obvious that %, can be negative,
as well as positive. When the grid conductance is negative,
ionic oscillations may arise inside the tube and in the attached
circuits, even if the external circuits contain only resistances.
If an oscillatory circuit is connected between filament and grid,
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F1c. 129.—Grid current vs. grid voltage for constant plate voltage in mercury
vapor at a pressure of 0.002 mm,

oscillations may be generated in the circuit if the negative
conductance of the filament-to-grid path neutralizes the positive
conductance of the oscillatory circuit.

The coefficients u, and s, can assume both positive and negative
values which are numerically much greater than for the corre-
sponding high-vacuum tube.

The coefficients of a soft tube are actually complex quantities,
owing to the lag in the motion of the heavy positive ions. In
the brief description of the shape of the dynamic characteristic
curves just given, this lag effect was neglected in order that a
general picture might be obtained, and the dynamic coefficients
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were taken as the slopes of the static characteristic curves.
Taking account of the lag effects, the dynamic coefficients are
not simple slopes of curves but must be defined in terms of
complex quantities at a definite frequency n as given below:

o= —(42) =i @)
.= (2) =@+, (236)
@.=(8%) =t tie, (237)
o= (32) . =@ tit. @)

The other coefficients (u,),, (k,),, (r,)., and (s,), are similarly
defined.

The circuits given in Chap. IX for the measurement of the
simple dynamic coefficients may be extended to the measurement
of the complex coefficients also. For example, Fig. 1170 may
be adapted to the measurement of complex values of u, or of u,
for negative grid voltages, by adding a variable capacitance in
parallel with R,. The capacitances of the tube and connections
should first be balanced when the cathode is cold or when the
potentials are such as to produce no space current. Then it is
easily shown that if 01 is the added capacitance,

(up)! = 5~ and (up)! = 2rnCi R, (239)

Similarly, the circuits of Figs. 119 and 120 are adapted to
the measurement of (r,), by adding a variable inductance in
series with R or a capacitance in parallel with R,. As before,
the capacitances of the tube and connections are first balanced
with no space current. The capacitance across R. is probably
the most convenient arrangement, in which case

rp = 133_1:3 and (z,). = 2rn(l,), = 2rnRR,C,  (240)

The circuits of Chap. IX for the measurement of the other
coefficients of a triode can readily be adapted to the measurement
of the complex coefficients.

That the coefficients are complex quantities when ionization
takes place is demonstrated by the values of (u,) and (r,) at
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a frequency of 1,000 cycles per second, shown in Figs. 130
and 131. The triode used is known as UV200 and contains a
trace of some permanent gas, such as argon or nitrogen. In
both figures the quantity being measured has no quadrature
component until the plate potential reaches the voltage of about
15 volts, at which point ionization begins. For voltages above
15 volts the quadrature component rises rapidly to a maximum
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Fia. 130.—Components of up for a triode containing gas. U, = up + ju'}
e = 0.

and the real component decreases. In Fig. 131, the ratio z,/7,
is also plotted.

Figure 132 shows the variation of r, and z, with frequency for
certain selected values of the electrode voltages.

110. Static Characteristic Curves of a Soft Triode for Negative
Plate Voltages.—No current flows to the plate of a high-vacuum
tube when the plate voltage is more than a few tenths of a
volt negative, but with a soft tube positive ions are attracted
to a negatively charged plate. The static characteristic curves
for negative plate voltages are of particular interest as they
explain the action of a triode when used as an ‘onization gauge.
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When the grid voltage is positive and the plate voltage zero
or negative with respect to the cathode, electrons are drawn
toward the grid. Some strike the grid directly, while others shoot
through the grid mesh to be turned back by the opposing field
between grid and plate and arrive at the grid after making one or
more excursions back and forth through the grid. If the grid
voltage just exceeds the ionization potential of the gas or vapor,
ions are formed only in a thin layer near the grid. Some of the
positive ions drift to the cathode, while others, especially those
formed on the plate side of the grid, are attracted to the nega-
tive plate. If the grid voltage is muich greater than the ionization
voltage, ionization can take place in a much larger region between
the cathode and grid and also between the grid and plate.

The total number of positive ions produced is proportional
to the pressure of the gas or vapor, to the magnitude of the
grid current, to the volume of the space traversed by the elec-
trons, and depends upon the kind of gas or vapor present.
The fraction of the number of positive ions which are collected
by the negatively charged plate depends upon the plate potential
and the geometry of the tube. The positive ions which are
formed near the cathode are in a field which urges them to the
cathode. Only those positive ions which are formed in a region
where the electrie field is toward the plate will be collected by
the plate. The limit of this region lies somewhere between the
grid and the cathode, its position depending upon the geometry
of the tube, the potentials of the electrodes, and the space charge
around the grid. This limit usually lies fairly close to the grid.

These statements are verified by the following experimental
curves of Figs. 133 to 135. Figure 133 shows the rapid increase
in positive-ion current to the plate of a triode containing mercury
vapor, as the grid potential was increased. The ionization
potential of mercury is 10.4 volts but, owing to a contact potential
in the circuit, ionization began at 11.8 volts. The left-hand
curve of the figure is plotted to the left-hand scale, and the curve
on the right to the right-hand scale. In this experiment the
temperature of the tube was 23.5°C., corresponding to a vapor
pressure of about 1.6 microns, and the plate potential was —3
volts.

Figure 134 shows curves of positive-ion current plotted against
plate voltage when the grid voltage is held constant at values not
exceeding 18.5 volts. Under these conditions only mercury is
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ionized. Another test showed that, if the grid voltage exceeded
about 20 volts, the plate eurrent showed a rapid increase due to
otherions, The curves of Fig. 134 show first a rapid rise due to a
rapid increase in the fraction of positive ions that are drawn to
the plate. The curves show also a decrease for plate voltages
more negative than —2 volts. This decrease is due, first, to the
decrease in the grid current occasioned by the negative plate and,
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F1a. 133.—Positive-ion current vs. grid voltage for constant plate voltage in a
triode containing mercury vapor at a pressure of 0.0016 mm.

second, to the decrease of the volume in which the electrons
produce ions. This decrease in volume is a result of the repelling
action of the negative plate and the consequent reduction in the
distance the electrons travel toward the plate before they are
reversed in direction.

The first of these causes for the downward slope of the curves
of Fig. 134 can be eliminated by keeping the grid current con-
stant. This is done by controlling the filament voltage. The
curves of Fig. 135 were thus obtained and exhibit a slope which is
less than that in Fig. 134,
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1f the grid voltage is very large compared to the plate voltage,
the plate current is nearly constant when the grid current is
maintained constant.
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Fia. 134.—Positive-ion current vs. plate voltage for constant grid voltage in a
triode containing mercury vapor at a pressure of 0.0016 mm.
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Fie. 135.—Positive-ion current vs. plate voltage for constant grid voltage
and grid current in a triode containing mercury vapor at a pressure of 0.0016
mm.

The positive-ion plate current is practically linear with respect
to grid current over a considerable range, provided the grid
voltage is held constant at a large value and the plate voltage has
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a constant negative value. This linearity is shown in Fig. 136,
for which the conditions are as follows: ¢, = 250 volts, ¢, = —22
volts, grid current controlled by temperature of the cathode.
The graph of Fig. 136 might deviate from linearity for larger
grid currents, owing to the increasing space charge around the
plate and the consequent shortening of the paths of those
electrons that shoot through the grid toward the plate.

When the grid potential is low, the curve of plate current
against grid eurrent may be far from linear. This is the case for
the mercury tube using grid voltages of less than 20 volts.

Over a certain range of pressure, the positive-ion current to the
plate may be proportional to the pressure, other factors being
constant, as shown in Fig. 137. At higher pressure the law is
not linear, owing to cumulative ionization. The linear law is
not followed if the grid voltage is very low, This deviation exists
because the filament voltage, which is varied to maintain the grid
current constant, may then be an appreciable fraction of the grid
voltage, and hence the volume in which ionization takes place is
no longer constant.

111. The Ionization Gauge.—Buckley® was the first to study
the characteristics of a triode as applied to the measurement of
gas pressures. His method consists in measuring the positive-
ion current to a negatively charged electrode or collector, as
described in the preceding section.

Almost any triode will serve as an ionization gauge, although a
linear relation between the positive-ion current and the pressure
cannot be assumed. A triode used as an ionization gauge
should have a pure-tungsten or an oxide-coated filament and be
provided with a wide tubular connection to the vacuum system.
Preferably the plate should surround the grid and filament to
eliminate effects due to charges on the glass walls of the tube.
The insulation from the collector electrode to the grid and fila-
ment should be especially thorough, because the collector current
is very small at low pressures and a slight leakage would cause
serious error. The tube should be unbased to aid in securing
thorough insulation and because the tube must be subjected to
high temperature during preparation.

Fither the grid or the plate may be used as the collector for the
positive ions. The sensitivity is considerably greater when the

® BuckLEY, Nat. Acad. Sci., 2, 683 (1916).
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plate is the collector, although the calibration may be linear over
a greater range when the grid is the collector.

In order that the gauge shall indicate the true pressure, all gas
occluded in the glass and electrodes of the gauge must be elimi-
nated. This is done by first baking the gauge at a temperature
of about 360°C. for an hour or so, while it is being exhausted by
the pumps. The electrodes must then be heated to a bright red
by electronic bombardment or by an induction furnace and must
be maintained at this high temperature for at least 10 min., and
longer if necessary, to drive off all gas. '

The anode voltage is held constant at 100 to 200 volts and the
collector potential is set at about —22 volts. The anode current
is controlled by varying the temperature of the cathode and can
be given any constant value according to the range of pressures
being measured. In some of the commercial gauges the anode
current is held constant at 20 milliamp. when low gas pressures
are measured. Under these conditions a particular gauge with
argon gas gave 1 microamp, for a pressure of 0.0132 bar or 0.00990
micron. For pressures greater than about 0.5 micron, the anode
current for the gauge in question was reduced to 2 milliamp.,
which decreased the sensitivity of the gauge by a factor of 10.

Emphasis should be laid on the fact that the calibration of an
ionization gauge is different for different gases. According to
Dushman and Found,® the ionization current for the same pres-
sure, filament current, and electrode voltages is roughly propor-
tional to the number of electrons in the molecule of the gas.
This number is 2 for H,, 16 for O,, 14 for N,, 18 for A, 80 for Hg,
53 for I, 10 for H.0, ete. The variation of sensitivity of the
ionization gauge with composition of the gas reduces its value as
an absolute gauge. It is of considerable value, however, when
the composition of the gasis known and is useful in giving relative
values of different pressures in the same vacuum system.

8 DusaMAN and Founp, J. Franklin Inst., 188, 819 (1919).



CHAPTER X1

INPUT AND OUTPUT ADMITTANCE OF A TRIODE

The static characteristic curves of a high-vacuum triode show a
conduction current to the grid only when the grid voltage is
positive or very slightly negative. When ionization takes place
in a triode containing gas, a conduction current flows to the grid
whenever a plate current flows. If the plate voltage is constant,
the conductance of the grid-to-filament path within the triode is
k,. 'When the triode is operated with its associated circuits, the
plate voltage does not remain constant, and the reaction of the
plate voltage on the grid current causes the equivaleni input
admittance or input impedance of the grid-to-filament path to be
different from %k, or r,. The equivalent input admittance or
input impedance of a triode is defined as the simple admittance or
series impedance which could be substituted for the triode and
the associated circuits connected to the plate and would take from
the circuits connected to the grid an alternating current which is
the same in magnitude and phase as that which actually flows
to the grid of the triode.

The alteration of &, or r,, as affected by the nature of the plate
load, will first be studied. This preliminary study is of value only
when the frequency of the alternating currents is very low. At
high frequencies the capacitances between the electrodes of the
triode offer additional current paths which greatly affect the
equivalent input admittance or impedance of the triode. Follow-
ing the preliminary study, a complete analysis of the input
admittance of the triode will be made. This study will show
that even when the conduction current between grid and filament
is zero, as in a high-vacuum triode with a negatively polarized
grid, the input admittance is appreciable and must be considered
in the design of all radio-frequency systems using triodes. The
importance of this study cannot be overemphasized.

In the following analysis the same restrictions are imposed as
in the preceding chapters: the alternating variations are

261
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assumed to be sinusoidal and of so small an amplitude that the
tube coeflicients may be assumed constant.

*112, Input Admittance for Very Low Frequencies, and When
k; # 0.—The input admittance of a triode when the currents
through the interelectrode capacitances are negligible, and as
affected by the reaction of the plate voltage upon the conduection
current from grid to filament, can be readily deduced by com-
bining the e-p-c. theorem and the e-g-c. theorem.

According to the e-p-c. theorem,

, r,Al, = u,AE, + AE, (241)
Since Al, = ——Az}i"’ » Eq. (241) becomes
’"'J—Z—Z—" . AE, = —u,AE, (242)

According to the e-g-c. theorem
r,Al, = AE, + u,AE, (243)

Eliminating AE, from Egs. (242) and (243), we obtain as the
equivalent grid-circuit impedance of a triode

_ Ty _ L) + Z,
z, = T g (244)
Tp + Zb
where
a=1— uu, (245)
From Egs. (242) and (243), the equivalent grid-circuit admit-
tance is
UgU Zb
_af1- *d)l
v ( A L (246)
=k, - Tp + aZb
g Tp + Zb
_ . akp + Y'J
=k, T+ Y, (247)

where Y, is the admittance of the plate-circuit external load.
Examination of Eqs. (244), (246), and (247) shows that the
equivalent grid-circuit impedance and admittance at low fre-
quencies are functions of the quantity «, which is defined by
Eq. (245). If u, and u, are real quantities, as they are in a
hard tube at all frequencies except those of the order of 107 cycles
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per second and higher, « is a real quantity. Usually u, is nega-
tive, making « positive. It is clear that in general the equivalent
grid-circuit impedance is less than r;, and the admittance is
greater than k,, under the initial assumption of negligible capaci-
tance currents.

A rough idea of the value of u,up, can be obtained from the
static characteristic ecurves. Figure 138 shows two i, —e¢, curves
for two constant values of plate voltage, E, and E, + AE,.
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Fi1g. 138.—Evaluation of a.

The corresponding grid-current curves are also shown by dash
lines. The product u,u, is equal to

_(se) (%
ot = (ae)ia (a«;),—, @48)

Using finite differences and making the increment in plate voltage
the same for both partial derivatives and equal to AE,, Eq. (248)
takes the approximate form

Ae) AE,
“tr =\ag, ).\ 2,
P i, g ip 4
_Ae! (249)
T A

The value of & as calculated from the measured values of u,
and u, for a certain hard tube is plotted against ¢, in Fig. 139.

In the graphical solution shown in Fig. 108, page 212, the slope
of the path line uv at any point is the value of y, at that point,
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Y, being in this case a real quantity, since the plate-circuit
impedance is a pure resistance.

The complex expression for z,, as given in Eq. (244), can be
separated into a real part, the equivalent resistance, and an
imaginary part, the equivalent reactance. The steps are not
shown but the final result is

s+ 1+ ok + aZ} i (a — D)r, X,
4 2arpiéb + a?Z% ! 3+ 2anRb + 72

22

/ /
S\

(250)
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F16. 139.—Values of « for a high-vacuum triode (UV201).

From Eq. (250) we can express as follows the equivalent grid-

circuit resistance [r,] and reactance [z,], where z, = [r,] + jlz,].

4 (A + s 4 aZy

2 + 2ar R, + o272
(¢ — 1)r, X,

% 4+ 20r,R, + 72

[rg] = 7, (251)

(252)

[zg) = —7p-

The equivalent admittance y, can be similarly expanded to give
the equivalent grid-circuit conductance g, and susceptance b,,
where y, = g, — jb,.
2+ A+ o)k + a2t

™+ 2r By 4+ 22
by = —k, _;_(_0‘_:_1%’"_1{"“ (254)
Tp + 27‘pr + Z}Z,

Since the grid circuit is more often a series than a parallel
circuit, the equivalent impedance is more useful than the admit-
tance. Examine somewhat more in detail the expressions of
Eqgs. (251) and (253).

(253)

9o = ky
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Special Case 1. X, = 0. Low Frequency.—Assume first that
the plate-circuit reactance is zero. This condition corresponds to
a pure resistance in the plate circuit and is very nearly true for a
resonant tuned circuit, a very common type of plate-circuit load.
Equations (251) and (252) for X, = 0 reduce to

m_ T %
_—= (255)
Tg R
1+ o—
Tp
and
[z, =0 (256)
3
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Fia. 140.—Values of [ry]/r; for X» = 0 and negligible tube capacitances.

Figure 140 is a graphical representation of KEq. (255). If « is
negative, the equivalent resistance can become negative by pass-
ing first through infinity. The plot of g, shows somewhat better
than does that of r, the change from a positive to a negative
grid loss. For X3 = 0, expression (253) reduces to

Je _— ‘P
k, 1+&, (257)
Tp

Equation (257) is shown plotted in Fig. 141. Whenever [r,]
or g, is negative, the triode system, instead of absorbing power,



266 THEORY OF THERMIONIC VACUUM TUBES

supplies power to the grid circuit. A resonant circuit in the grid
cireuit of a triode oscillates if the input conductance is sufficien tly
negative to cancel the positive conductance of the circuit. Such
oscillations are often observed when a soft tube is used.
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Fra. 141.—Values of [g,]/k, for X, = 0 and negligible tube capacitances.

Special Case 2. R, = 0. Low Fregquency.—Consider now the
case when the external plate-cireuit impedance is a pure reactance
with negligible resistance. Equation (251) reduces to

X3
1+ a’%
X3
5

Ir _
Tq

(258)
14«

and

(@ — 1)2(_9
e
Ty X2 (259)
! 14 o2
TP

Equation (258) is plotted in Fig. 142 and should be compared with
Fig. 140. Since the most usual values of o lie between 1 and 1.5,
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the equivalent input resistance [r,] is in this case less than r,.
Negative values of a, however, give negative input resistances
over certain ranges of X;/rp, as shown by Fig. 142,
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Fic. 142.—Values of [r;]/r, for By = 0 and negligible tube capacitances.

Figure 143 is a plot of Eq. (259) for the equivalent input
reactance. If X, is positive, ¢.e., inductive, the equivalent input
reactance for values of « greater

& than 1 is negative or capacitive.
2 If X, is negative, the sign of all
w05 values of [z,] plotted in Fig. 143
——— must be reversed.
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Fiac. 143.—Values of [z,]/r, for Fic. 144.-—Interelectrode
By, =0 and negligible tube capaci- tube capacitances.
tances.

113. Tube Capacitances.—Before taking up the general solu-
tion of the input admittance, which depends not only on the grid
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conductance but also on the interelectrode capacitances, a
digression will be made to discuss tube capacitances.

A triode contains three separated electrodes, between each pair
of which there is a capacitance. There are consequently three
capacitancesin a triode, as indicated in Fig. 144. The capacitance
between grid and filament is denoted by C,,, between plate and
filament by C,;, and between plate and grid by C,, the order of
the subscript letters having no significance.

The values of the interelectrode capacitances for several
standard tubes are given in Table XTII.

When the triode is fixed in a socket and connected in a system,
the effective capacitances Cyy, C,r, and C,, are all increased by the
capacitances within the socket and between the connecting wires.
Consequently, the effective values of C,y, Cyy, and C, are then
greater than the values of the tube capacitances alone by from 2 or
3 to 10 or 15 ppf or more. However, the same symbols, C;,
C,s, and C,,, are used to denote the effective tube capacitances
whether or not the effects of the socket and wires are included.

TasLE XIII.—INTERELECTRODE CArACITANCES OF COMMERCIAL TRIODES

Capacitance,
micromicrofarads
Tube

CP/ Cw‘ pr
WD 11 amplifier and detector.................. 2.5 2.5 3.3
WX 12 amplifier and detector.................. 2.5 2.5 3.3
UX 112A amplifier and detector................ 2.1 4.2 8.1
UX 120 power amplifier....................... 2.3 2.0 4.1
UX 171A power amplifier. ..................... 2.1 3.7 7.4
UX 199 detector and amplifier................. 2.5 2.5 3.3
UX 200A detector............oovevnvnn... 2.0 3.2 8.5
UX 201A detector and amplifier................ 2.2 3.1 8.1
UX 210 power amplifier............ ... ... .. 4.0 5.0 8.0
UX 226 amplifier............. .ot 2.2 3.5 8.1
UY 227 detector and amplifier................. 3.0 3.5 3.3
RC A230 detector and amplifier................ 2.1 3.7 6.4
RC A231 power amplifier. .................... 2.4 3.5 5.9
RC A237 detector and amplifier, d-c. heater..... 2.5 3.3 2.1
UX 240 amplifier.............ooiiiin. 1.5 3.4 8.8
UX 245 power amplifier................ ...... 3.0 5.0 8.0
UX 250 power amplifier. ............... ...... 3.0 5.0 9.0
RCA 852 power amplifier...................... 1.0 2.0 3.0
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114. Measurement of Tube Capacitances.—One method of
measuring at an audio frequency the capacitances between the
electrodes of a triode, using an ordinary capacitance bridge, is as
follows: If grid and plate are connected and the capacitance
between filament and plate is measured, the result is Cpy + Cyy.
Again, if the plate and filament are connected and the capacitance
between grid and filament is measured, the result is Cpy 4+ Cp.
Finally, by measuring the capacitance between plate and filament
with grid and filament connected, Cp; -+ Cy, is obtained. From
these three results the separate
capacitances can be calculated.

One form of capacitance bridge
suitable for the measurement of
the capacitances as described is
shown in Fig. 145. Usually the
most accurate and convenient
procedure is, first, to balance the
bridge of Fig. 145 with a small gap,
shown at a, in the connection to
the tube. Then the gap is closed,
and C; and R; are adjusted to
restore balance. The capacitance,
being measured, say C,; + C,,, is
then equal to the change in capaci-
tance of Cs. A two-stage ampli- |<----comcen 1000~  —mmm e N
fier is usually necessary to secure
sufficient sensitivity. The resist-
ances R; and R, should preferably be equal and of the order of
1,000 or 10,000 ohms. If the capacitance of the tube alone is
desired, the change in Cymay be obtained when the tubeisinserted
in the socket, the socket being permanently connected across C,.

Very often there is a high-resistance path through a film of
sputtered metal or of “getter’”’ deposited on the “squash’ of the
tubes between the wires leading to the electrodes, or in some cases
there is a high dielectric loss in the glass and other insulating
substances. When such effects exist, the capacitance being
measured is equivalent to a pure capacitance shunted by a
resistance. This resistance causes an error in the measured
capacitance obtained from the bridge of Fig. 145, as is evident
from the conditions of balance for the bridge when Ry is included.
The conditions of balance are

Fi1g. 145.—Capacitance bridge.
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R, _ B C
moERTG (260)
1
C4wR4 = m (261)

where Ry is the shunt resistance across capacitance Cy, the latter
now representing the total capacitance in the arm. If R, is
neglected, the fractional error in the measured value of a small
capacitance, denoted by AC,, is

. _Cy 1
Fractional error = AC, FiCia (262)

-4, 000~ >
Fic. 146.—Capacitance bridge for Fia. 147.—Capacitance bridge
the measurement of the capacitance for directly measuring tube capaci-
of a leaky condenser. tances.

If AC, is 10upf, Cy is 200uuf, B4 is 10 megohms, and o is 271,000,
this error amounts to 12.6 per cent. Evidently the error is
reduced by increasing the frequency used on the bridge and by
increasing C..

The arrangement of the bridge shown in Fig. 146 eliminates
this error due to the resistance Rs. The conditions of balance
of this bridge are

R, C,
R, Cs
Ry _C:
R, C;

(263)

(264)
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In order that C; be not inconveniently large, C; and C, should be
small, of the order of 100uuf, and R and R, large. The bridge is
first balanced by adjusting Cs, when R, and the added capacitance
are out of circuit. When AC,and R.are added, the bridge balance
is restored by resetting C, and C;. The added capacitance AC,is
given by the change in C,, the resistance R, being balanced by
changing C;. It may be of advantage to add across C, a high
resistance, such as a grid leak, in order that C, may be of con-
venient size. The arrangement of Fig. 146 can be used to
determine the tube capacitances when the filament is operating.

A method of directly measuring the tube capacitance is shown
in Fig. 147. With the connections shown, C,; has no effect
upon the conditions of balance because it is across the telephone
receivers. The capacitance C,, is balanced by resistance R, as
shown by the conditions of balance given for the connections of
Fig. 147.

R,

3
by

R, Cy
R~ O, (266)

Here again, if there is conduction or its equivalent between the
terminals of the condenser C,y, this conduction being determined
by R,y the conditions of balance become

Bi_ Cpo , R
R~ C TR, (267)
RlC,,gw = RCpfw - R——}(‘J—‘; (268)
P

The same sort of error as in the bridge of Fig. 145 enters here,
owing to the conduction indicated by R,;. This fractional
error, when C,; is measured by the method shown in Fig. 147
and calculated by Eq. (265), is

1 R.C,,C
R3,Chw? ' RCy

If B,y is 100 megohms, C,is 10uuf, C,, is 10upf, R, is 10 ohms, C
is 1,000uuf, and  is 2x1,000, this error amounts to 2.5 per cent.
If R,; is as low as 10 megohms, the result is over 100 per cent in
error. If there is any appreciable conduction in the triode,
caution is necessary in the use of this bridge for accurate work.

Fractional error = (269)
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Methods of measuring the tube capacitances at radio fre-
quencies are less affected by conduction within the triode but are
usually far less convenient in manipulation. Several methods
may be found in handbooks. One of these methods is shown
in Fig. 148. An oscillatory circuit, consisting of a relatively
small inductance L and a large capacitance C, is enclosed in a
shielding box §. A thermocouple T is connected in the oscil-
latory circuit as shown and to a suitable galvanometer or micro-
ammeter, A small standard variable condenser C,, enclosed
within a shield, is graduated in micromicrofarads. A socket, the
terminals of which are indicated by letters ¢, P, and F, is con-

Shield $

To oscrilota v

Gal.
F1g. 148.-—Method of measuring tube capacitances at a radio frequency.

nected as shown. The small coil L' couples the circuit loosely
to a radio-frequency oscillator. With the tube in the socket
and C, set at a low value, C is tuned to resonance as indicated
by a maximum deflection of the galvanometer. The tube is
then withdrawn from the socket and C, is adjusted to give the
same galvanometer reading after C has been readjusted to
compensate for the removal of C,;. The difference in the values
of C, gives the value of C,,. The other triode capacitances can
be measured in the same manner.

115. Total Input Admittance of a Triode.'—The complete
expression for the input admittance, as affected both by the
grid-conduction current and by the tube capacitances, will
now be derived. The final result is simpler and more convenient

1 The equivalent input impedance of a triode, neglecting the effects of
u,AE,, was derived by J. M. Miller in 1919 (see Bur. Standards Bull. 351);
by Stuart Ballantine, 1920 (see Phys. Rev., 15, 409); by H. W. Nichols in
1919 (see Phys. Rev., 13, 405).
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to use when expressed as admittance rather than as impedance.
The tube and its associated circuits are represented in Fig. 149.
@, P, and F represent the grid, plate, and filament terminals
of the tube. C,;, Cp;, and C,, are the grid-to-filament, plate-
to-filament, and plate-to-grid tube capacitances. The con-
ductive path from plate to filament within the tube is replaced
by the fictitious e.m.f. u,AE, in series with %,. Similarly, the
grid-to-filament path consists of the fictitious e.m.f. w,AE, in
series with the conductance k,. Ys = G, — jB, is the admittance
of the external plate circuit, and Y, = G. — jB. is the admittance
of the external grid circuit. The currents and potentials are
indicated on the circuit diagram.

al, Ar, 6 anSes e AL

L L
+
Cg.f—AEg
T ugAE A
J uphEg " i |l
\TJ F e —s
Ye Y,’,

Fia. 149.—Complete equivalent circuits of a triode.

For simplicity in derlvatlon, Y, is deﬁned by the equation
Y. =Y, + jC 0, and Y, by the equation Y. =Y. + JCuso.
The actual input admittance of the triode is

_ AL AI
y{l - AEU

+ JCosw (270)

The admittance Al./AE, is obtained by solving the following
equations for the network of Fig. 149:

—AlL, + AL — AL, =0
Al, + AL — AL, =0
—saAE,, + Al, = k,AE,
—k,AE, + Al, = s,AE,
Al 4+ ]C,,ywAE = jC,,wAE,
AL + Y;AE, = 0

(271)

Attention is called to the fact that the admittance between
grid and plate is here assumed to consist of a capacitance only.
If conductance also exists between these terminals, or, in general,
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if the admittance is Y,,, then Y,, should be substituted for jCpyw
in the fifth equation in group (271).
The input admittance, derived from the relations (271), is

Yo = {ka

+ (Chow® — 8080) (kp + Gb) + Crpw(sp + 8,)[(Coy + Cpp)w — Bb]}
kr + Go)* + [(Cpa + Cpf)w — By)?

+ j{(Caf + Cpq)w

Crro(8p 4 3)(kp + Gb) — (C?mwz — 5:8.)[(Cpg + Cop)w — By
[k + Gol* + [(Cop + Cop)w — Byl?

-+

(272)

If C,,, Cpy, and Cyy are made zero, the two braces of Eq. (272)
become Eqgs. (253) and (254) of Sec. 112.

116. Total Internal Output Admittance of a Triode.—Some-
times, in order to balance telephone networks fed from the plate
circuit of a triode, it is necessary to know the admittance of the
triode looking back into it from the plate circuit. This is called
the internal output admittance. This quantity is useful in other
problems, as well as in the one cited.

Because of the symmetry of the network of Fig. 149, the
equivalent internal output admittance y, = AIL,/AE, can be
obtained from Eq. (272) by interchanging all subscripts p and ¢
and all subseripts b and c.

The resulting expression for the internal output admittance is

Yo = {kp

(C?mw — 8p80) (ky + G:) + Cppoo(sp + 8)[(Cpg + Cop)w — c]}
[k + G.J* + [(Cpu + Caf)‘-" — BJ?

+ j{(cpf + oo

Crow(sp + 5) (kg + Go) — (Cow0® — 8089)[(Cps + Cop)w — Bc]}
[ka + G2 + [(Cpa + Ca/)w — B

+
(273)

117. Special Examples of Input and Output Admittances of a
Triode.—The magnitudes of the components y, and y, depend
upon the four tube coeflicients k,, k,, sp, and s,, all of which are
functions of the plate and grid potentials. The expressions are
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so complicated that little information is conveyed by mere
examination of the complete equations. Some special cases
will be considered to give a general idea of the way in which the
admittances vary with frequency and with variations in the
character of the plate and grid external circuits.

Case 1. Input Admittance for k, = 0, B, = 0.—This case
applies to an amplifier whose grid is polarized negatively and
whose plate load is a pure resistance. Equation (272), giving
the equivalent input admittance, reduces to the following form
on putting k, = 0, and B, = 0.

(1+5)+uli+22)
%’—A2 (274)
ool (e d) (e g)
By=0

X up(1+) Az(1+ )

4 —A4 1+ yf+ pzr

. o) a4 )
14 =) + a1+ 2
Ty, Cpg

(275)

II

where y, = g, — jby; 2 = Ryp/rp; and A = Cppw/ksy.

The expressions for the input and output admittances are
much simpler of interpretation when expressed in ratio form,
as above. By dividing through by &, as in Eqs. (274) and (275),
the ratios of the equivalent conductance and equivalent sus-
ceptance to k, are functions of the simple ratios Ry/rp, Cpew/ks,
Upy, Cps/Cpy, and C,z/Cpy.  The last two ratios are constants and
up is nearly constant for any given tube.

In Fig. 150, g,/k, and b,/k, are plotted against Ry/r, = , as
abscissas for various values of the parameter A. The values
of the ratios w,, Cps/Cy,, and C,;/C,,, used in the calculations
correspond approximately to a standard type of triode. The
numerical values used for the voltage ratio and the capacitances
are as follows: u, is assumed to be 8, and the values of C,,
Cps and Cyy, including the capacitances of the socket, are taken
as 10, 5, and 5upf. The parameter A has the value unity if r,
is 16,000 ohms, C,, is 10puf, and the frequency is 10° cycles
per second. :

Examination of Fig. 150 shows that, when the plate load of an
amplifier is a pure resistance or its equivalent, the triode acts
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upon the input circuit as if there were connected from grid to
filament a resistance and a capacitive reactance in parallel.
Both the resistance and the capacitive reactance may be much
less than r,, especially if the frequency is high.

*Case2. Internal Output Admittance for k, = Oand B, = 0.—
This case applies to an amplifier whose grid is polarized nega-

8
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Fia. 150.—Components of the input admittance of a triode when k; = 0 and
By = 0.

tively and whose grid-circuit load is a pure resistance. Under
these conditions Eq. (273) reduces to

%+uﬂ<1+g—”)
=144 =5 25 (276)
» L %
k=0 (&) + 21+ &)
B.=0
o= —All+ 2 4 oy | @7
ko o0 1 C.s
~) F a1 2
Ze Co

where ¥, = ¢p — jbp, 2. = R./7p, and A = Cpw/k,.

Figure 151 illustrates the shape of the curves obtained by
plotting Eqs. (276) and (277) against R./rp as abscissas for a tube
having the same constants as in Case 1.
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Looking back into the triode from the plate load, the triode,
with its associated grid load of a pure resistance, is equivalent
to a resistance and capacitive reactance in parallel. Both
resistance and reactance may be much less than r,, as shown by
the curves of Fig. 151.
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¥ic. 151.—Components of the internal output admittance of a triode when
k; = 0 and B, = 0.

Case 3. Input Admittance for Reactive Plate Load, and When
k, = 0.—This case applies to an amplifier whose grid is polarized
negatively and whose plate load has both resistance and
reactance. Another parameter n;, is now introduced, its absolute
value giving the ratio of the conductance to the susceptance
of the load; i.e., 7 = G:/|Byl. Equation (272) is simplified
for this case by substituting for G; the quantlty 7| Bs| and
by putting k, = 0. The result is

; 1
14 2 (1 ——w)
9o = A? +‘ l+ + Cog Az,

ky 1 \?
k, =0 14+ + a1 44 L
(eR | b| Chrg Azb
™= 5 C 1
(or3) +fos2)
b =—4 1+&{+u +| T Coo Am,

k—g Cpe 2
T
Pﬂ

(279)

(278)
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where y, = g, — jby; @, = kp/Bs,and A = Cpyw/ky.  The coordi-
nate z, is positive if the load is inductive and negative if the load
is capacitive.

20

-]
=2y _q ke” 4
r—"b Byl -20

Fic. 152.—Components of the input admittance of a triode when k&,

=0, 3 =
Gy/[Bs] for various values of 4.
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Fig. 153.—Components of the input admittance of a triode for various values
of g5, when &k, = 0. m = Gu/[Bs).

In Fig. 152, Eqgs. (278) and (279) are plotted for », equal to 0.1

and for several values of A. The values of up, Cpys, Cp,, and Cyy
are the same as in Case 1, Fig. 150.
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In Fig. 153, Eqs. (278) and (279) are plotted for A = 1 and
for several values of 7. The constants of the tube are the same
as in Fig. 152.

Referring now to Figs. 152 and 153, it is seen that the sus-
ceptance of the input admittance is always capacitive, no matter
what the type of plate load is. The input conductance is positive
for all plate loads which have a capacitive susceptance, but the
input conductance is negative for a plate load having certain
ranges of inductive susceptance.

As far as effects in the grid circuit are concerned, the triode and
its plate load may be replaced by its equivalent input admittance
¥y, in parallel with Y,. The system oscillates if Y, + y, = 0.
Oscillation occurs when the grid circuit contains an inductance
and capacitance in parallel, if

R,
e =0
R+ Lt °
and
L.w , _
“mipe 77

*Case 4.  Internal Output Admittance for Reactive Grid Circuit,
and When k, = 0. This case applies to the internal output
admittance of an amplifying triode whose grid is polarized
negatively and whose grid-circuit load contains both resistance
and reactance, the latter being either inductive or capacitive. As
in Case 3, a new parameter n, = G./|B,| isintroduced. Formula
(273) reduces to

Cyy 1
— + up(l + 5 - />
%’=1+A?H ; O Az, . (280)
B e ey
k, =0 x! Cpy Ax
UpTe Cys 1 >
Ay L
by _ _yly 4 Cor, T (*0 id,
k C 2
e w ( ) + 441 + Cor _1_)
z! Cpry A
(281)

where y, = gy — by, . = kp/B., and A = Cpye/ky.

In Fig. 154, Eqgs. (280) and (281) are plotted for 7, equal to 0.1
and for several values of A. The values of up C,s, Cpy and
C,s are the same as in Case 1.
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In Fig. 155, Egs. (280) and (281) are plotted for 4 equal to
1 and for several values of 1..

The results in this case are analogous to those in Case 3, in
that the equivalent output susceptance, like the input suscept-
ance, is always capacitive. Further, the output conductance
is positive if the grid circuit has a capacitive susceptance, but
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Fia. 154.—Components of the internal output admittance of a triode for various
values of A when k; = 0.

may be negative if the grid circuit is inductive. The conditions
of oscillation are expressed by the relation Y3 4+ y, = 0 or

R

. mw <90
R:+L§w2+gp_

and
Cow ___ﬁ“_’___b =0

R+ Lt
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118. Extension of the Equivalent-plate-circuit Theorem.—
The e-p-c. theorem, presented in Chap. VIII, was derived
with no regard to the interelectrode capacitances. Considera-
tion of these capacitances does not in any way affect the validity
of the theorem as expressed in Eq. (159) (also given in the fourth
equation of group (271)), provided A7, is considered as the current
through r, or k, only, as shown in Fig. 149. The capacitances
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Fig. 155.—Components of the internal output admittance of a triode for various
values of 7. when k;, = 0. 5. = G./[B].

Cpyy Cor, and C,; merely add extra current paths to the simple
network of Fig. 94, page 199. In the calculation of the current
Al, through the load, these paths can readily be taken into
account by solution of the network equations for Fig. 149,
using the form of the equivalent-circuit theorem given in Chap.
VIIL. Since, however, the network is practically always of the
form shown in Fig. 149, th(? problem may be solved once for
all. The current AI, or Al, can be expressed in terms of AE,
and the constants of the circuit, in the form of an extension of
the e-p-c. theorem,
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The procedure to obtain the new form of the e-p-c. theorem
is to solve the equations of group (271) for Al in terms of AE,.
The result is
(8p — JCpyw) Yo

_ J - AE 282-1
AL ]Cp + Y, + ](.Cpa + Cpf)“’ ‘ ( )
_ Y(u,, — jA)Y, " AE, (282-2)
14 b ‘A(l —”—f> ’
+ kp + .7 ' + Cpg
(up — JrpCpew) AE, (282-3)

= m + Z, + jrpzb(cpg + Cpf)“’ .

An equivalent network which is consistent with Eq. (282-3) is
given in the right-hand half of Fig. 156.

!
Al Alg G [
[ L
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c_+ i 1
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Fia. 156.—Equivalent circuits of a triode including effects of currents through
tube capacitances.

In a similar manner, the current AI, of Fig. 149 can be found
and is

- [1 + jrq(Cpg + Cﬂf)w]AEO + [ua - jrtlcw“’]AE:ﬂ
rg + Z, + g (Coy + Cpp)w

The equivalent network for the grid circuit shown in the left-hand
half of Fig. 156 is consistent with this equation.

Another equivalent network, similar to that shown in Fig. 96,
page 200, for the simple e-p-c. theorem, ¢an be drawn for the
case under consideration. Expressing AE, in terms of Al
Eq. (282-1) becomes

(8p — jCpew)AE, = [ky + Y5 + J(Cry + Crf)w]AE, (284)
Dividing by k,,

Al

(283)

(up — jrpCpr)AE, = [1 + L +jrp(7pgw(1 + C—’”)]AEI, (285)
kp Cpg

These equations correspond to Eq. (176), page 201, for the simple
case, excluding the effects of interelectrode capacitances. The
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equivalent network corresponding to Eq. (285) is shown in the
right-hand half of Fig. 157.

Similarly, we can draw an equivalent parallel-circuit network
for the grid circuit, provided only that AE, is zero. Such a
network is shown in the left-hand half of Fig. 157.

. (sg-,jc

- pg“’MEP"\. L, (8,7jCqW)AE,
X
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AEC Kg AE
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Fic. 157.—Equivalent circuits of a triode including effects of tube capacitances
and expressed in terms of resistanceless generators.

Equations (282) to (285) will be found more generally useful
than the simple expression of the e-p-¢. theorem when the triode
system is operated at frequencies for which the capacitance
currents are appreciable. Equation (284) is especially con-
venient in calculating the voltage amplification of an amplifier.



CHAPTER XII
LOW-POWER AMPLIFIER

The most characteristic property of a triode is its ability to
act as an amplifier. This ability is due to the fact that a small
amount of electrical power expended in the grid circuit of a
triode is able to control a relatively large amount of power in
the plate circuit. Most of the uses of a triode depend directly
or indirectly on this most important property.

119. Classification of Amplifiers.—Vacuum-tube amplifiers
may conveniently be divided into three classes according to
the amplitude of the electrical variations or, more specifically,
according to the relative size of the path of operation on the
characteristic surface of the triode.

Class A includes amplifiers which are worked at such low
power that the several tube coefficients, such as u, and k,, are
essentially constant over the entire cycle of electrical variation.
Audio-frequency amplifiers are representative of this class.

Class B includes those amplifiers for which the path of opera-
tion is relatively larger than in amplifiers of Class A. The
path of operation is not so large, however, as to pass off the
characteristic surface. In other words, the tube coefficients
may vary during a cycle of variation of plate current, but at
no time is the variation of plate current so large as to cause the
plate current or plate potential to become zero.

Most low-power, radio-frequency amplifiers belong to this
class. Although truly distortionless audio-frequency amplifiers
belong to Class A, audio-frequency amplifiers of Class B have
been receiving considerable attention. In order partially to
eliminate distortion, two triodes, working as Class B amplifiers,
are operated so that one triode amplifies the potential variations
on one side of the time axis and the other triode amplifies the
potentials on the other side of the time axis. A form of Class B
audio-frequency amplifier will be desecribed in Chap. XXIII.

Class C includes those amplifiers for which the path of opera-
tion is so large that the plate current is reduced to zero during

284
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part of each cycle. Radio-frequency power amplifiers operated
at high efficiency belong to this class.

The discussion in this chapter is confined to low-power ampli-
fiers of Class A.

120. Causes of Wave-form Distortion.—An ideal amplifier
of Class A is one which gives an output similar in all respects
to the input, except for being magnified. In other words,
in an ideal amplifier the wave form of the plate current is
exactly similar to the wave form of the impressed grid potential.
Such an amplifier has no wave-form distortion. A few causes
of wave-form distortion will now be considered.

Any complex wave form can be analysed into component
pure sine-wave variations plus a constant. With this in mind,
there are three possible causes of wave-form distortion which
may be present singly or together in any amplifying system.
These three causes of wave-form distortion are:

1. Shift of phase of the components of different frequencies,

2. Unequal amplification at different frequencies.

3. Introduction of frequencies in the output not present in
the input.

The first cause is of no practical importance, at least when
dealing with audio-frequency amplifiers, because the ear does
not detect phase shifts among the several component vibrations.
The ear acts as a harmonic analyzer, taking note only of the
intensity and frequency, or pitch, of the components of any
complex wave.

Phase shift is fatal in an amplifier designed for increasing the
sensitivity of an oscillograph, for in such an instrument the
wave form must be recorded unchanged. At low frequencies
the high-vacuum triode introduces no lag and hence no phase
shift, and therefore any phase shift present must be due to
the character of the input and output circuits. To secure the
absence of phase shift, all seriesreactances and shunt susceptances
must be negligible.

The second cause of wave-form distortion, often known as
frequency distortion, is not due to any characteristic such as
lag of the electron streams within the high-vacuum triode.
It is assignable to the characteristics of the input and output
circuits when these characteristics are determined by taking
into account the equivalent input and output admittances of the
triode,
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Distortion due to the third cause, often known as amplitude
distortion, is due to a nonlinear relation between the instantaneous
output current or voltage and the instantaneous input voltage.
This nonlinearity may be due to the curvature of the char-
acteristic surface of the tube, or it may be due to the character-
istics of the output device. For example, iron in an output
device, if worked over a large amplitude of magnetization,
may have sufficient hysteresis to cause distortion of this third
type.

We shall now show mathematically that a nonlinear relation
between output and input inevitably results in the introduction
of new sinusoidal components. Assume that the relation
between the output current and the input voltage is given by the
series

t=a-+be—+ce?+ - - - (286)

For simplicity suppose that e has only two components, of
frequencies w;/27 and w./2r7, represented by the relation

e = El sin wil + Ez sin wol (287)
Substituting Eq. (287) in Eq. (286),

1 = a+ bE, sin wit 4 bE, sin wet + B sin? wit
+ cE sin® wit + 2cE\E, sin wif sin wof + -
cE? cE’2 P

a 1 4+ 22 - bE, sin wit + bE, sin wqf — ? cos 2wt

w2

B i% cos 2wt + cFrEs cos (01 — wa)t — cB 1By cos (w1 + ws)t
oo (289)

Examination of Eq. (288) shows that a nonlinear amplifier
introduces harmonies of all frequencies present in the input,
together with new components having frequencies equal to the
sum and difference of each pair of frequencies in the input. If
terms of powers of e higher than the second had been included
in Eq. (286), more frequencies would be present in Eq. (288).
The sum and difference tones often cause much more annoyance
in audio amplification than the harmonics, because the harmonics
in general are harmonious, whereas the sum and difference tones
may be discordant. The sum and difference tones are the
cause of a disagreeable fuzziness or roughness in the output of
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many amplifiers, noticeable especially when listening to complex
sounds as from a chorus or orchestra.

It is apparent that, in order to obtain distortionless amplifica-
tion, the path of operation of the triode must be located on the
plane portion of the characteristic surface of the tube. The
amplitude of variation of plate and grid potentials must be so
small that u, and r, are essentially constant over the cycle of
operation. Only amplifiers of Class A approach fulfillment of the
rigid requirements for no wave-form distortion.

In the adjustment of amplifiers of Class A, it is not enough
merely to be assured that the path of operation is on the plane
portion of the plate-current surface. If the grid circuit contains
an impedance in series with the impressed voltage, and if the grid
draws conduction current, the grid potential is distorted because
of the nonlinear relation between the grid current and grid
potential. It is highly essential that the grid be polarized
negatively to an amount which precludes the possibility of the
grid potential’s becoming positive at any time. This usually
demands a high plate-battery voltage in order to maintain
the path of operation in a plane portion of the plate-current
surface.

The amount of amplification of a triode with its plate load
can be expressed in several ways.

Voltage amplification is the most usual measure of ampllﬁcauon
andisthe ratio of the alternating output voltage to the alternating
input voltage. Usually the output voltage is the voltage across
the plate load or is the secondary voltage of a transformer con-
nected in the plate circuit. The input voltage is usually taken
as the grid voltage. ‘

Current amplification is defined as the ratio of the current
through a device connected in the plate circuit to the current that
would flow through the same device if the amplifier tube were not
used. Current amplification depends upon the impedance in the
grid circuit in series with the impressed voltage. Except in
certain very special cases, current amplification is seldom used as
a measure of the performance of a vacuum-tube amplifier. For
example, it is usually unfair to assume that the same impedance
would be chosen for the device when used both with and without
the triode. Some examples will be given later to illustrate this
point.
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Another definition sometimes used for current amplification is
the ratio of the alternating current in the output circuit to the
alternating current in the input circuit:

Power amplification is the ratio of the alternating power output
to the alternating power input. If, as in the case of amplifiers
of Class A, there is no grid conduetion current, the power input
at very low frequencies is practically zero. On the other hand,
because of the tube capacitances there is a real component of the
equivalent input admittance as given in Chap. XI, and an
appreciable input power is demanded even at audio frequencies.
The input power is given by

Input power = (AE,)%g, (289)

With this as the true input power for amplifiers of Class A, the
true power amplification can be expressed in any special case.
Power amplification has sometimes been defined as the square
of the voltage amplification. This is the ratio of power in the
plate load to the power which would be developed in the same
device if AE, acted directly upon the device without the amplifier.
This definition of power amplification is open to the same
objection as has been offered already to current amplification.

I. AMPLIFIERS WITH SPECIAL PLATE LOADS

121. Amplifier with Resistance Load.—Figure 158 shows an
amplifier with a pure resistance as plate load. By the approxi-
mate form of the e-p-c. theorem,
u,AE,
Tp + Rb
The output voltage is AE:, which
is equal to (AI,)R,. The voltage
amplification, denoted by (V.A.),is

_ uph,
(V.AA) = Y

Equation (291) can be obtained
F1e. 158.—~Triode with pure resist- directly from Eq_ (284) by neglect-
ance as plate load. . ..
ing the terms containing w.

From Eq. (291) it is evident that, the larger R, is, the greater
(V.A.) is, but the gain is slow after R, becomes greater than r,,
as is shown by the plot of Fig. 159. It would be advantageous
to make R, very large except for the resulting disadvantage

Al, =

(290)

(291)
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due to the steady-voltage drop through R, which demands a
higher plate-battery voltage in order to maintain the proper plate
voltage.

If R, is a resistance in the grid circuit in series with an impressed
alternating e.m.f. AE, the current amplification, denoted by
(I.A)), is

_ Rc + Rb
(I.A) = u, P (292)
The power amplification, denoted by (P.A.), is
Al )R,
PA) = (Al 293
(PA) = &E,yy, (298)
10
/_._—-1
08
L
06 v
E 5 //
o4 /
02
% Sy * S
P
Fia. 159.—Variation of (V.A.) of an amplifier with the resistance of the plate
load.

where g, is given by Eq. (274), page 275, and AI, by the more
exact Eq. (284). Substituting the values of g, and AI, in Eq.
(293) gives, for pure resistance load,

up

14—~

(TpCpa‘;’)z
Ry Cos

1+ E[l +u,,<1 + & ]

Asanexample,assumeu, = 10,7, = 15,000 ohms, B, = 45,000
ohms, Cp, = Cp; = 10uuf, and w = 2r5,000. The voltage ampli-
fication by Eq. (291) is 7.5, and the power amplification by Eq.
(294) is 70,300.

It is instructive to examine the ¢,—e, diagram for the resist-

ance-loaded amplifier, shown in Fig. 160. Since there must be no
grid current, only that portion of the diagram to the right of the

(P.A) = (294)
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curve for ¢, = 0 can be used. The path of operation lies along
the resistance line making with the vertical an angle whose tan-
gent is R,. In Fig. 160, R, is assumed to be about equal to r,.
The quiescent point, determined by the grid-battery voltage
E,, is so chosen that, as the grid potential varies, the path
of operation ph does not pass to the left of thee, = 0 curve. The
amplitude of the output voltage AE; is the horizontal projection
of half of the path of operation. The path of operation is on a
part of the diagram where the graphs are nearly straight, parallel,

Plate current

F1a. 160.—Path of operation of a triode used as an amplifier with a resistance
load.

and equally spaced, showing that u, and r, are practically
constant.

The effects of employing different values of E; and R, are
easily understood from the diagram. For example, if a larger
value of R, is used, while the plate-battery voltage is kept the
same, the resistance line takes on some new position such as that
shown by the dot-and-dash line, and if the grid-polarizing poten-
tial is the same, the new path of operation is p’h’. This new
path of operation cuts across the curved portions of the plate-
current curves, which might give the impression that considerable
distortion would result. As a matter of fact, since the curves for
constant grid potential are nearly equally spaced as they cut
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across the path p'h’, the distortion is less than might be inferred
at first, The higher resistance gives greater voltage amplifica~
tion and draws less steady current I, from the plate battery.
Therefore it is generally advantageous to employ a plate-load
resistance which is several times as large as r,.

When properly adjusted, the resistance-loaded amplifier,
shown in Fig. 158, is the most nearly distortionless form. The
principal point of advantage of the resistance-loaded amplifier
lies in the fact that all frequencies are equally amplified, if the
capacitance effects are negligible. Tts disadvantages are the
necessity of using high plate-battery voltages and a lower value of
voltage amplification than is attainable with other forms of
amplifier connections to be discussed. The resistance-loaded

¢
)
|
!
4 b ar
sty = W
5 ] =5 oo
= A
-Y——{EI.!I—L—III I )

Fic. 161.—Resistance-loaded amplifier using parallel feed.

amplifier is the only form which can be used at zero frequency,
i.e., for abrupt changes in steady grid potentials. Such an
amplifier is sometimes spoken of as a direct-current amplifier,
clearly a misnomer.

Figure 161 shows a modified form of amplifier which can be
considered as a pure-resistance-loaded amplifier for frequencies
8o high that C has negligible reactance compared with Ry, and L
has a very large reactance compared with E,. The advantage of
this arrangement is the elimination of the steady-current loss in
Ri,. TExcept for a small drop in the resistance of L, the steady
plate voltage is equal to Ez. K, therefore, need not be so large
as in the simple case previously considered. The plate load of the
amplifier of Fig. 161 has for the steady current a low value of
resistance, %, equal to the resistance of L, and hasfor the alternat-
ing current a high value of resistance, B;, equal to R,. The
1p,— e, diagram for this case is shown in Fig. 162,
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Before leaving this brief discussion of the resistance-loaded
amplifier, consider the effects of the tube capacitances. Equation
(291) was deduced by neglecting terms containing capacitance.
The complete expression for the voltage amplification of a

5" Plate Current

0 Plate Voltage Ep
Fia. 162.—Path of operation of resistance-loaded amplifier when B, # &,.

resistance-loaded amplifier is obtained directly from Eq. (284),
and is

2 2
\/up + (15Cpw) (295)

\/[ 14 [ [ o + G

Evidently the capacitances have appreciable effects if [r,(C,, +
C»s)w]? is appreciable compared to unity. If Cp, 4 Cyy is 20uuf,
r, is 20,000 ohms, o is 25,000,
then [r,(Cpy + Cpp)w]? is only
0.0158. This value is negligible
in comparison with unity.
Hence, the capacitance or fre-
quency terms are of no conse-
quence at frequencies below
5,000 cycles per second unless
rp is of the order of 100,000 ohms
or more, or unless Cp, + C,; is
Fig. 163.—Amplifier with inductive very much greater than 20uuf.

load. At frequencies well above 5,000
cycles per second, the frequency terms are not negligible, fre-
quency distortion exists, and the value of the voltage amplifica-
tion is less than at lower frequencies. These effects will be
discussed more in detail in Chap. XV.

(V.‘A.) =
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122, Amplifier with Inductive Load.—We shall now consider
a triode with an inductance, possessing resistance, as plate load.
In practice, the resistance is usually made as small as possible,
and the inductance as large as possible. The connections are
indicated in Fig. 163.
' The alternating component of plate current of frequency w/2r
is
u,AE,
o + Zp

where Z, = Ry + jlsw. The voltage amplification is given in
numerical terms by

aAl, = (296)

u, /R + Liw? (297)

(VA) =

V (rp, + Ry)? + Liw?

Plate current jp

(=]
e
+
| )
o

s
“Tan! Rp,

-~
-AEp
+AEP f— ———

o ep
[- N
Ih?' 1w

F16. 164.—Path of operation for amplifier having an inductive plate load.

The voltage amplification as given by Eq. (297) is evidently a
function of frequency. If, however, Liw? is made very large
compared with (r, 4+ Rs)?, then over a limited range of fre-
quencies the amplifier has practically no frequency distortion.
To make Liw? large compared with (r, + R;)?, 7.e., about ten
times as great, requires a very large inductance. As an example,
if (r, + R,) is 20,000 ohms, L must be at least 63,000 ohms. If
the frequency is 100 cycles, L, must be at least 100 henries. With
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such a large inductance, the distributed capacitance of the coil,
together with the tube capacitance, is usually sufficient to tune the
inductance for some frequency within the audible range of
frequencies. Under this condition the amplifier is a tuned ampli-
fier, a type to be considered later.

The 7,—e, diagram for the amplifier of Fig. 163 is shown in
Fig. 164. If we assume that R, has the same value for steady
and alternating currents, the path of operation is an ellipse, as
shown in Fig. 164. (The reader may well refer back to Chap.
VIII where the path of operation for an inductive load is deduced.)
Here, too, the path of operation must always remain on the
portion of the diagram where there is no grid current, a region
which is usually bounded by the ¢, = 0 curve. Although the
path of operation is an ellipse, it falls on a portion of the char-
acteristic surface where u, and r, are essentially constant. Hence
all circuit elements are constant and there is no distortion of the
character of Types 2 and 3. A phase shift is introduced which
is of no importance for audio-frequency amplification,

The power output of this type of amplifier is I2R}, where R} is
that portion of R, which determines the useful power output.
If the output device is a loud-speaker or telephone receiver, the
motional resistance times the square of the current gives the
output power, most of which is converted into sound.

u?)Rllv(AEa)z
(rp + Rb)? + Liw?

The power amplification can be expressed in terms of the equiva-
lent input conductance

(PA) =

Power output = (298)

uile}
((rp + Ro)* + LEw?lg,
where g, is given by Eq. (278), page 277.
123. Amplifier with Tuned Load.—Consider the case for which
the plate load consists of an inductive resistance in parallel with

a tuning condenser C’, as shown in Fig. 165. The admittance of
the load is

Y, F —j( Lo —C’w> (300)

(299)

= e Ty W R? + L%t

Substituting this expression in Eq. (284) gives for the voltage
amplification of the amplifier of Fig. 165
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'\/u% + (Tpcrw‘-")2 (301)
rpR 2 Lo 2
,\/[l-l-mz] +Ti[m—0’w]

where C = C' + Cpy + Copy.
The voltage amplification
given by Eq. (301) varies rap-
idly with frequency, rising to
a maximum for a value of o
which is close to the value
which gives resonance in the
load. For practical purposes,
the condition of maximum volt- .V_l |l|——‘—Jl
age amplification is obtained Ee :
by equating to zero the second Fie. 165.—Amplifier with a tuned plate

(V.A) =

bracket in the denominator of load.
Eq. (301).
Condition for mazx. (V.A.) FZ—-_%O)—L—ZC—S-Z = C'w (302)

The value of the maximum voltage amplification is

(V.A.) - \/uf» + (rpCpw)?
. +/mMAaK. 1 + TpR
R2 + LZwZ
_ '\/uf, + (rpCpow)?
B r,RC (303)
1+-7

- '\/uf, + (1Cpew)?

Tp
Lt @

In the last form of the expression for maximum voltage amplifica-
tion (Rs),,, = L/CR denotes the equivalent resistance of the load
when resonated by capacitance C' + Cp, + Cps. To give a large
value of the maximum voltage amplification, (Rs),, should be
at least equal to rp, and preferably several times as large. The
term (r,Cpw)? is negligible in comparison with u; at audio fre-
quencies, but is appreciable at radio frequencies.

An idea of the sharpness of resonance, that is, the variation of
voltage amplification with frequency, can be obtained conven-
iently by forming the ratio
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[<————€rv.:§l:.]2 =

7o 2
w3 + (rsCoow)? [1 TET szfn]

W& (rpCogeom)® 2 RE Luw
P F Al ) [1 +R—2fm] +T%[m—0w:|

where w,, is the angular velocity that gives maximum voltage
amplification and is found by solving Eq. (302) for @. The first
ratio on the right-hand side of Eq. (304) varies slowly with o
and without appreciable error can be taken as unity. If we make
the further approximation that the » in the first term in the
denominator can be taken with little error as w.., then, by equating
the two terms of the denominator, we can find the two values of
w, one greater and the other less than wm, for which the ratio of

: (304)

]2

(VAYw
(V. AYmoax.
(&)
l
|
|

[

e
3
%
[
$

! ” w
w Wy w

Fig. 166.—Variation of (V.A.), with frequency for an amplifier having a tuned
plate load.

Eq. (304) is reduced to half value. Let o = wm — A0’ and
" = w, + Aw” be the two values of « just referred to and
indicated in Fig. 166. Then

o
K K*/LC +2

) 20(1 + K\/g> ’ 402(1 + K\/%>3

K B K2+/LC L (305)
20(1 . KJ%) 402(1 — K\/g)s S

where K = k, + RTC

Aw’

A’ =
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In the derivation of Eqs. (305), Aw” is neglected in comparison
with 2wmAw, and w, is given its approximate value of 1//LC.
The fractional width of the resonance curve for

[ (V.A)), ]2 1

VA | 2

is a convenient measure of the sharpness of the response curve,
As obtained from Egs. (305),

Fractional band width =<

= K\/C L

1—K2

= \/5(kp+ T ) (approx.) (306)

L
kp\/ o T v (approx.)

where » = R/Lwn.

F1a. 167.—Path of operation of an amplifier having a tuned plate load set at
resonance.

Equation (303) demonstrates that, for large amplification,
L/RC should be at least as large as r, and preferably two or more
times as large. Under such circumstances, Eq. (306) shows that
the sharpness of the resonance curve is controlled largely by
the factor /L/C. The resonance curve is sharper the smaller
the ratio L/C.

As an example, assume k, = 70 micromhos, C = 100uuf,
L = 250ph, and 4 = 0.05. The frequency at resonance is about
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108 cycles per second, and the fractional width of the response
curve is 0.161. Equation (303) gives as the maximum voltage
amplification 0.816u,.

At resonance, the plate load is practically a pure resistance and
the ¢, —e, diagram is as shown in Fig. 167. The steady plate
current is determined in value by the intersection of the curve
corresponding to the grid-polarizing voltage and the resistance
line making an angle with the vertical whose tangent is R,
agsuming R is the same for both steady and alternating current.
The path ph passes through this intersection point and makes an
angle with the vertical whose tangent is the equivalent resistance
of the parallel circuit, ¢.e., L/CR. '

The a-c. power dissipated in the resistance R at resonance is
give'? by tl;e area of the shaded triangle of Fig. 167 and is equal to
___ﬁu,,(A%) {J * The power input is (AE,)%g,, where g,is given by
(+ cm
Eq. (274). The power amplification at resonance is given by the
following equation which is the same as Eq. (294) with C,;,
congidered zero, this capacitance being part of the tuning
capacitance.

2
L+ ooy “”w)2
(Rb) o™~ pg (307)
=1+ up)

(PA)re. =

If we add to the data given in the example, u, = 10 and
Cpo = 10pupf, then r,Cpew = 090 and (R),./r» = 2.22. The
power amplification, by Eq. (307), is 7.0.

124. Amplifier with Transformer Load.—For all of the ampli-
fier connections so far considered, the voltage amplification is less
than the voltage ratio u, of the tube. The obvious way to
increase the voltage amplification is to use a step-up transformer
in the plate circuit of the amplifier tube. Because of the much
larger values of voltage amplification obtained by the use of
transformers, the great majority of both audio-frequency and
radio-frequency amplifiers are of this type.

In studying this very important kind of amplifier it is conven-
ient to consider two forms. The first form, used mostly for
audio-frequency amplification, uses an untuned closely coupled
transformer, as indicated in Fig. 168. The close coupling is
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generally secured by winding the coils on a laminated iron core.
The second form of transformer is used in radio-frequency ampli-
fiers and consists of a tuned secondary winding, loosely coupled
to a small primary winding, as indicated in Fig. 169. This
transformer ordinarily has no iron and is called an air-cored
transformer.

A clearer picture of the main characteristics of amplifiers with
transformers is obtained if the theory is first developed neglecting
certain capacitance effects. For example, the windings of the
untuned transformer have distributed capacitances and these,
together with the tube capacitances, have considerable effect,
especially at the higher audio frequencies. The capacitances
may be sufficient to transfer the so-called untuned transformer
to the class of the funed transformer. Furthermore, there is
capacitance between the primary and secondary windings of the
untuned transformer which in the final analysis should be
taken into account. The plate-to-filament and grid-to-filament
tube capacitances and the distributed capacitances of the wind-
ings can be taken into account more easily in the tuned
transformer. This results because in the secondary circuit the
capacitances are considered merely as part of the tuning capaci-
tance, and because the primary winding is usually so small that its
distributed eapacitance and the plate-to-filament tube capacitance
have negligible effects.

The simple theory now to be given will be extended in Chap.
XVII to include those capacitance effects which are neglected
here. Also the effect of connecting tubes in tandem to form
multistage amplifiers will be discussed later.

a. Untuned Closely Coupled Transformer.—First, we shall
consider briefly a closely coupled, untuned transformer such as
is used for audio frequencies. The diagram of connections is
shown in Fig. 168. The grid is polarized negatively so that no
grid current flows. The voltage amplification is the ratio of
the secondary voltage AE, to the grid voltage AE,. Neglecting
capacitance effects, we assume that the secondary coil is virtually
open-circuited, so that the secondary voltage AE; divided by the
voltage AE, across the primary is numerically equal to the ratio
of turns N. Under these conditions

u, NV RB? + [?
V(ry + RB1)? + Liw?

(VAA) = (308)
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If L w is made very large compared with R, and r,, the value of
(V.A.) approaches u,N and is nearly independent of frequency.
Frequency distortion is thus considerably reduced, and all high-
grade audio-frequency transformers are constructed to have a

Fic. 168.—Amplifier having a plate load consisting of a closely coupled untuned
transformer.

very large primary inductance. By making L, very large it
becomes physically difficult to make Ls much larger than L,, so
that N, the ratio of turns, is frequently not greater than 3 or 4 in
high-grade transformers. When the inductances are made large,
the distributed capacitances of the coils, together with other

Fic. 169.—Amplifier having a plate load consisting of a loosely coupled tuned
transformer.

stray capacitances, have a greater effect, and so the simple theory
gives only an approximate idea of the performance.

b. Tuned Air-core Transformer.—A transformer very fre-
quently found in radio-frequency amplifiers is the tuned trans-
former, as shown in Fig. 169. The following equations express
the voltages in the circuits.
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(rp + Ry + jLiw)AL, + jMwAl, = u,AE,
mumg+[Rr+(mw———)Ph=o

Cs (309)
__JjaL
AE2 a Czw
The solution of these equations gives, in complex form,
(VA) =
—UpyMo (310)

ng{[rp + R, +jL1w][R2 + J(ng — é)] + M%"’}

Neglecting R, in comparison with r,, the numerical value of the
voltage amplification is

(V.A) =
;:;’Mw 2 M2 2L 2 (311)
o ) (o D)
where Xy = Lyw — 1
ow

The secondary ecapacitance C. is variable and in practice is
adjusted to give maximum amplification. Since X, varies much
more rapidly than 1/Csw does when C. is varied, the voltage
amplification is sufficiently near a maximum when the second
bracket under the radical of Eq. (311) is zero. Hence:

M2l
72 + Liw?
For most practical cases, the second member of Eq. (312) is very
small because of the large value of r, so that with little

error maximum voltage amplification occurs when X, = 0 or
Lyw = 1/Ce0w. Equation (311) then reduces to

uMo
M2w?r,
Czw\/T%—+IJ—%_C=’Z<R2 + ——“—z>

Cs for maz. (V.A) X, = 312)

Max. (V.A) =

(313)
%+ Liw

If Lw? is small in comparison with rZ, as is almost always the
case in practice, a still further approximation can be made.
Equation (313) becomes
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upM

Approx. max. (V.A.) = 52
czrp(Rz + ¥ “’)

(314)

Tp

We still have left the possibility of changing M and finding the
value of M which gives the largest value of max. (V.A.). By
putting the derivative of Eq. (314) with respect to M equal to
zero, we find the value of M to give max. max. (V.A))

M to give maz. maz. (V.4.) Mo) = ‘\/TpRg (315)
or
2,.2
B =, (316)

The first term of Eq. (316) is that part of the approximate
equivalent impedance due to the tuned secondary circuit, referred
to the primary winding of the transformer. Since the imped-
ance of the primary winding has been assumed negligible in com-
parison with M?w?/R,, we have the condition that the equivalent
a-c. resistance of the plate load is equal to the internal resistance
of the tube when the value of M is such as to secure the maximum
possible voltage amplification. It was shown in Chap. VIII that
the condition of matched resistances gives maximum power out-
put. In the case being considered the conditions of maximum
voltage amplification and maximum power output are the
same since, with a given secondary circuit having a resistance
R, we obtain maximum voltage across the condenser C; when we
have maximum current in the secondary circuit, and this con-
dition necessarily means maximum power dissipated in R..

To find the value of max. max.(V.A.), substitute Eq. (316) in
Eq. (314), obtaining

w [l _wls
ok, NG~ 2M (317)

Since the resistance of the plate load is equal to r,, the voltage
across the primary winding is J4u,AE, when the secondary circuit
is tuned to resonance. The factor Ls/M in Eq. (317) is the
equivalent step-up ratio of the transformer, giving the ratio of
AFE, to the voltage across the primary winding. If the coupling
is very close, M = A/L.L., and the equivalent step-up ratio
of the transformer is +/L,/L;. For concentrated winding,
this is the ratio of the numbers of turns.

Max. max. (V.A.) =
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As shown by Eq. (317), the factor u,/v/rp = v ups, is the
criterion of merit of a triode for voltage amplification when used
in the circuit shown in Fig. 169.

The simple formulas given for the amplifier with a tuned-transformer load
were deduced by neglecting the effects of the tube capacitances Cp, and Cpy.
When these capacitances are not greater than from 8 to 10uuf, and when the
frequency is not much greater than 1,000 ke., or in other words when
[ra(Cpy + Cpy)w)? is negligible in comparison with unity, the simple theory
is sufficiently correct for practical purposes. If [r;(Cpy 4 Cypslw]? is large,
the voltage amplification can be calculated by Eq. (285). The complete
expression is

(V.A) = AE, _ M(u, — jA) (318)

- 2002 A7
A5 ol main || G s
b4 I

where 4’ = r,(Cpy + Cprlw.
The numerical value of (V.A.) from Eq. (318) is

(V.A) =
M~ u} + A*
2 2 2,52 2y ’ 2
sz,\/iRz+Mzwz[rp+Z1f§;(1+A )]g +§X2_Mw[xl(1;;4 % r,,A]z
(319)
where

Z' =, + R, — A'X1)* + (X, + AR~

With any particular set of data many of the terms in Eq. (319) may be
found to be negligible and the expression can be much simplified.

The power amplification for the case of a tuned air-cored
transformer is given approximately by Xq. (307), where
(Rb),, = M%w®/R,. Actually, the plate load is not a pure
resistance and the slight phase angle between A, and AE, may
make an appreciable difference in the caleulation of (P.A.).

We shall now examine the selectivity of the amplifier as M is
varied. The approximate expression for (V.A.) from Eq. (311) is

upMw

Approx. (V.A), = , (320)

M2w2 2 1 2

Czwrp\/<R2 + Tp > + (sz - @)

Then from Eqgs. (314) and (320),
M2%2\?

’: (VA),., ]2 _ (R2 t Tp > (321)

- 2 2

(VA ) mx. <R2 n M:w2> n <L2w 1 )

CzO)

b4
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The value of w to make [(V.A.),/(V.A)...]2 = 15 is obtained
from Eq. (321) by making

Low — -1 = i(Rz + MT 2“’2) (322)

20 D

Substituting for 1/L,C; the square of the resonance value of
w, that is, wm,

2 2 2
W — Wy 1
T T tra\ +5 (323)
w 2t p
3
-
% "
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Fig. 170.—Variation of (V.A.) and selectivity with mutual inductance of the
tuned transformer.

If w is not very different from w.,, we have as a further approxima-

tion
(Rz + M “”") (324)

Tp

2(w — W) _
Wm - iszm

or

o' — R, M2 M

= ) = — 325
o szm<1 + . ) 72 + I Mok, (325)
where o'’ and ' have the significance shown in Fig. 166. Equa-
tion (325) gives the fractional frequency band width at 0.707 of
the maximum voltage amplification. As the band width for the
secondary circuit alone is Rs/Lswm, the effect of the primary
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circuit is to increase the band width by an amount determined
by the term MZ2w?/Rar, or (Rb),/rs, Where (R), is the
equivalent resistance of the transformer at resonance,

In Fig. 170 there is a plot of the ratio of the voltage amplifica-
tion at resonance to the greatest attainable voltage amplification
at resonance which occurs when M has the value given by Eq.
(315), and also, there is a plot of the ratio of the band width to the
band width of the secondary circuit alone, both plotted against
(Rs).../m». It was pointed out by Barkhausen! in 1920 and later
by Hazeltine? that, by making (R;),, less than r,, the gain in
selectivity counts for more than the slight loss in amplification.
Referring to Fig. 170, if (Rs),, = Yr,, the voltage amplification
is reduced to 0.8 of the maximum attainable, but the band width
is reduced to 0.625 of the band width at maximum voltage
amplification. This smaller value of (R:),, is best attained by
reducing M. In general it is better to reduce the number of
turns in L, rather than to increase the distance between the coils
L1 and Lz.

Typical values for the constants, as taken from a commercial
receiver, are given for illustration.

Turns..ooooveiei ... 12
. . D-c. resistance................ 0.66 ohm,
Primary eoil Inductance ................... 11.5uh
Diameter of coil............... 1.5in.
Tarns....... ..o, 92
5D~c. resistance................. 4.76ohms
Secondary coil{ Inductance.................... 278uh
Diameter of coil............... 1.51n.
Lengthof coil................. 1.12 in.
up = 8 M = 29uh
r, = 8,000 ohms C2 = 18 to 295uuf
Frequenc Mew*/R,
kilgcyclezy (measured), R:, ohms
ohms
600 900 13.3
1,000 870 38.2
1,400 640 100

1 BARKHAUSEN, Jahrb. Drahtlos. Tel. Tel., 16, 82 (1920).
2 HazerTiNg, U. S. patent 1,648,808, filed Feb. 27, 1925.
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Using the figures for 1,000 ke., the (V.A)) is 7.5, whereas the
maximum (V.A.) attainable with the given secondary circuit is
12.6. The fractional band width is 0.024.

II. CONDITIONS FOR MAXIMUM POWER

In studying the conditions for the development of maximum
power in the plate circuit of an amplifier, several cases arise
according to the initial conditions stated for the problem.

125. Maximum Power Output When Tube and K, Are Given.—
If the conditions are that the impressed alternating grid voltage
AE, is given and fixed, and it is desired to find R to be used with a
given tube so that maximum power is developed in R;, then, as
shown in Chap. VIII, the condition is

Ry=r, (326)
The value of the maximum power output for a given triode is
2 2
Maximum power output = 7@%@;@_ (327)
P
= Yu,s,(AE,)* (328)

Therefore, u,s, is the criterion of merit of a triode when the
greatest power output is desired under the condition of a given
grid voltage. This criterion is the square of the criterion of merit
for voltage amplification of a triode when used with a tuned
transformer.

*126. Maximum Undistorted Power Output When Tube and
E; Are Given and R, = E,.—Very often the problem is stated in
another way. A particular tube is given to be operated at a
given battery voltage E;. The value of B,, which is assumed to
be the same as R,, is desired to give mazimum undistorted power
output. Figure 171 represents the 7,—e, diagram for the tube,
and Ej is the given steady plate-circuit voltage. The resistance
line drawn from point Ej; on the voltage axis makes some angle,
as yet undetermined, with the vertical. A horizontal line is
drawn dividing the straight portion of the characteristic curves
above this line from the curved portions below. Sucha linedrawn
for a current of ¢’ is shown in Fig. 171. The path of operation to
give no distortion must be confined to the region of straight
characteristics included between the two heavy lines in the
diagram, one for £, = 0 and the other the horizontal line at 7.
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The path is ph. The value of R, is sought to give maximum
power, or to give maximum area to the shaded triangle.

The derivation for finding B, is as follows: Let the intersection
of the projected straight portion of the zero-grid-voltage curve
with the voltage axis be ¢/, and the difference £z — ¢’ be denoted
by E”. Then

i
Tp + Rb

Ql is equal to /2I,. The power output is

2Q1 + jm =

53 717 2
Power output = &’[——FL—: - i’] (329)
o + R

8

Fia. 171.—Construction for maximum undistorted power output when Ep is
given.

The value of R, to give maximum power output can be found by
equating to zero the derivative of Eq. (329) with respect to K.
The result is

~ i\ 2 7 Er'll
Rb = <—2—Z’> + 27‘1,7 - Tp — '2—[, (330)

127. Maximum Undistorted Power Output When Tube and
E, Are Given.—The case now to be considered is applicable to a
plate load having a steady-current resistance either equal to or
not equal to its a-c. resistance. If the steady-current resistance
is negligible, as is often true, £, and Ej are practically the same.

We can use Fig. 171 for this case, the conditions of the problem,
however, being different from those of Sec. 126. F, is given, and
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a vertical line nj is drawn above E,. As before, the path of
operation ph for no distortion must be entirely within the
area bounded by the curve for £, = 0 and the horizontal line at
¢/ below which the characteristic curves have appreciable
curvature.

The length mn is fixed by the conditions of the problem. Let
mn be denoted by ¢/ — #’. Then

i — 4 = 24/2I, + ‘/fE” (331)
4
But E, = IR, and Eq. (331) becomes
7 - g
=
5 R, (332)
viz+7)
The alternating power output is
('I:” _ i/)zR'b
P t = ———
ower outpu N (333)

T B
The value of B which makes the power output a maximum is

Rb = 27‘p (334)

Condition (334) is met when ml = In in Fig. 171. This con-
dition is shown in Fig. 172. The steady voltage Ej is given by
the intersection of the resistance line for R, drawn through Q
and the voltage axis.

Substituting Eq. (334) in Eq. (333) gives for the maximum
power output
(’i“ _ i/)zrp

Max. power output = 16

= 2Lr, (335)

The value of E, necessary to give maximum power output can
be obtained from the expression for I,,

I, = u B, - »Ey
2,4+ R 3r,
Hence,
31 3" —7)
B =52 _30 —1)
"= 4V/2s, (336)
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Combining Eqgs. (335) and (336) gives
Max. power = 2§u,s,E; (337)

Again we see that u,s, is the criterion of merit of a triode when
used as an amplifier.

0o ¢ EP EB

F1a. 172.—Construction for maximum undistorted power output when Ep is
given.

III. SPECIAL PROBLEMS

128. Use of Vacuum-tube Amplifier with Thermocouple.—
Suppose it is desired to know if a vacuum-tube amplifier
will assist in detecting small changes of temperature with a
thermocouple. Assume that the thermocouple has a low resist-
ance Ry, and that when used directly with a galvanometer the
latter has a low resistance R’. It is proposed to connect the
thermocouple to the grid of a triode, in the plate circuit of which
is a galvanometer of the same type as used directly with the
thermocouple, except that it is wound with a large number of
turns and has a high resistance E”’. If the winding space of the
two galvanometers is the same and they are similar in all respects
except for the different number of turns, the deflection D in either
case is proportional to the ampere-turns. The resistance is
proportional to the square of the number of turns. Thus, the
ratio of D’ and D", the deflections for the two galvanometers, is

’7 17 144
D _ VEAL (338)

D vV R'AT
Here, AI"” is the change of current through the tube and high
resistance galvanometer, and AI’ is the change of current through
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the thermocouple and low resistance galvanometer. If AE, is the

, _ AR
e.m.f. produced by the thermocouple, A’ = B L B and
n _ Ay .
Al = TR

Hence,

D" _ [R7 uy(Ro+ R

T NE TLER (339)
To make the ratio D”//D’ as large as possible, R”” must equal r,.
With this condition Eq. (339) becomes

D" uy,(Re+ R’

Max. = —p;—\—o/% (340)

We shall assume practical values for the quantities, such as

u, = 10, Ry = 1 ohm, R’ = 10 ohms, r, = 20,000 ohms. Hence,

D'/D’" = 0.123, which indicates that a vacuum-tube amplifier is

of no help when the input device has low impedance, which is true
for a thermocouple.

In Eq. (340), the largest deflection D’ is obtained when R’ is

equal to R,. With this most favorable value of R’, the ratio

of deflections is
_DD_, _ up\/& (341)

Tp

Instead of assuming that R, is the resistance of a thermocouple,
let it be taken as the resistance of any system in which there is
a source of potential. Equation (341) gives the ratio of the
deflection of a galvanometer of resistance equal to r, when con-
nected in the plate circuit of a triode to the deflection of the same
type galvanometer connected directly to the source of potential.
In the latter connection the galvanometer is assumed to have the
most favorable resistance, 7.e., a resistance equal to the resistance-
of the source of potential. According to Eq. (341), the triode
amplifier helps under the conditions assumed if the source of
potential has a resistance R, greater than r,/u> or 1/u,s,. If we
assume 71, is 20,000 ohms and u, is 10, the triode increases the
deflection if R, is greater than 200 ohms.

In the problem just considered, if the circuit is interrupted so
as to produce an intermittent current, a transformer can be used
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to adapt the impedance of the source to that of the vacuum-tube
amplifier and considerable amplification can then be obtained.

129. Study of Special Amplifier of Fig. 161.—As a second
problem we shall study further the amplifier shown in Fig. 161.
Let A7 be the instantaneous current in R,. Assuming that the
resistance of the inductance is negligible, the differential equation
for A7 is

(B + 0o (R"”’ + )d(dAf) + a0 = 0, 0 (349
If Ae, is a sinusoidal e.m.f. given by
= \/2AE, sin vt
the steady-state current is
Ad = v/ 2u,AE, :
\/(Rb T Lg;) T (Tpr * Cw>
Ry, | 1
sin | wt + tan—! Mr— (343)
Ry + 1, — L_CL;)"’

In order that the amplifier may act as a pure resistance ampli-
fier, the following relations must be satisfied:

LC 5 K By + 75)

R 17
[%f“Lc—w] &K (R + 1)

(344)
The steady-state solution does not constitute the complete
solution, for there is a transient current accompanying every
change in amplitude and any abrupt change in grid potential.
‘We shall calculate the transient current due to a sudden increment
AE, in the value of ¢, This transient current is obtained by
solving Eq. (342) with the second member zero. The result is

202] L T Rb
e A ko) SN c he
(TP + Rb) 14 €os i— 2(Rb+ p) sinh Q¢

(345)
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R, 1y 13
\/(L+C) Lo

2(rp, + Rs)

where

Q=

41"p <7‘pr + )2
Tpr L 47’2 ’ LC .
If( T + C> < o @ becomes j 2 + Ry = j9,

and Eq. (345) takes the oscillatory form

[ rpr L ]‘ TPRb + -
u (AE’ Ye 2L B A ) C
Al = 2 g Qcos Ot — in @
’ s F R0 ° 2<Rb+ vy S
(346)
$
a 005
ES
e N
=
£ N
4[ K
0 ~
) oot 002 003 004 0.05

Time in Seconds
Fia. 173.—Transient current in circuit of Fig. 161.

By equating @ to zero, we have the critical condition which
divides the oscillatory case from the non-oscillatory case. If we
solve to determine the value of C for the critical case, we obtain

By + 2rp + 20/7p(Bo T 1)
= (347)
L

There are, therefore, two values of C between which the transient
current is oscillatory.

The transient current is shown plotted in Fig. 173, for r, = R,
= 10,000 ohms, L = 100 henries, and € = 104f.

If the amplifier is to be used for recording sudden temporary
changes in grid potential, the current after deflection should drift

¢ =
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slowly. The fractional rate of change of the current at { = 0 is

Rpr + 1
1 (d(Ai)) _L "¢
(A?)1—0 dt Jio T+ Ry (348)

For the constants as given, the fractional change of the current
in one one-thousandth of a second is 0.055, showing that a square-
topped increase and decrease in grid potential lasting only one
one-thousandth of a second would be distorted by drift by over
5 per cent. Increasing L reduces this rate of change of the
current but may make the system oscillatory if the condition of
Eq. (347) holds.

130. Comparison of Tuned Circuit and Tuned Transformer as
Plate Load.—As a third problem we may compare the voltage
amplification of an amplifier with a tuned transformer with that
of an amplifier having a tuned circuit as plate load, under the
condition that the band width be the same for both. Equate the
expressions for band width given by Eqs. (306) and (325) for
the two forms of plate load. The result is

L
n+ kp\&, =m + %{ka,, (349)

We may further specify that the coils used in the two cases have
the same value of 5, and that the same tube is used. Equation

(349) becomes
L M, (MY L.
¢~ LM = (E) \G (850)

where L and C apply to the tuned cireuit and M, L, and C; apply
to the transformer.

We may now express the ratio of the voltage amplification
for the two cases from Eqgs. (314) and (303), giving

M( 1+ rpRC)
(VA Yrnon L (351)

V-A- simple circui 2w?
( ) ! it Csz<Rg + ]l[r w)

k4

By substituting the condition of equal band width from Eq. (350),
Eq. (351) reduces to

%%—— = P]l_; (for equal band width) (352)
+4}. Jgimple eircuit
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Equation (352) shows that for equal band width the amplifier
with transformer gives much greater voltage amplification by a
factor L,/M, which is equal to the step-up ratio of the trans-
former. This demonstrates the advantage of the transformer
used in the plate circuit of an amplifier tube and explains why
practically all radio-frequency amplifiers are of this type.



CHAPTER XIII
REGENERATION WITH TRIODES

Tt was shown in Chap. XII that the triode when properly
arranged acts as an amplifier of electrical power; 7.e., the power
output is greater than the power input. When, by suitable
electrical circuits, a small fraction of the output power is fed back
into the input end of the amplifier, the total input is thereby
increased, resulting in an increase in the output. The input is
further increased because of this inereased output and the power
builds up until a greatly increased output results. This process
is known as regeneration or retroaction.

A necessary condition for regeneration is that some power from
the output circuits of the amplifier is transferred into the input
circuit. In other words, some form of coupling, either resistance
coupling, inductive eoupling, or capacitive coupling must exist
between the output and input circuits of a triode in order that
regeneration may occur.

It is very difficult to connect a triode as an amplifier, or for
any other use, so that there is no coupling of any kind between
the output and input circuits. For this reason, regeneration
undoubtedly existed long before it was recognized. E. H.
Armstrong! is credited with the discovery of the possibilities of
regeneration in increasing the effective amplification, and in
1915 he gave several circuits by which regenerative amplifica-
tion may be obtained and controlled.

The following discussion of regeneration is divided into
two parts. In the first part we shall assume that the path of
operation of the triode is so small that «, and k, remain essentially
constant during a cyecle of variation, and we shall also assume
that the grid draws no conduction current. In the second part
there is no limitation placed on the size of the path of operation.

I. REGENERATION FOR SMALL AMPLITUDES

The particular assumptions which characterize the treatment
of regeneration given in this part are, first, that all amplitudes are
1 ARMSTRONG, Proc. I.R.E., 8, 315 (1915).
315
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so small that all of the tube characteristics such as u, and %, are
essentially constant and, second, that %, is zero. The steady-
state solutions can then be deduced easily, because the triode sys-
tem reduces to a simple network having constant elements.
Regeneration as caused by several types of couplings will now be
discussed.

Fig. 174.—Circuits of a regenerative triode.

131. Regeneration with Inductive Coupling. Tuned Grid
Circuit.—In this case there is inductive coupling between the
plate and grid circuits as shown in Fig. 174. If tube capacitances
are neglected, the system reduces to the equivalent network
shown in Fig. 175. AE, is the impressed e.m.f. of frequency
w/2r and is represented in
- the figures as being intro-
duced in series with the
inductance L. The effect is
the same if AE; is an induced
em.f. in coil L. L;:' is that
portion of the total external
plate impedance Z, which is
used for regenerative coupling
with the inductance L in the grid circuit. The remainder of Z,
constitutes the output impedance Z,. Thus,

X

Fia. 175.—Equivalent circuits of the
regenerative triode shown in Fig. 174.

Zy = Ry + jX, = By + j(Xp + Li'w).

Let Z stand for R + j(Lw - 515) The equations for the

circuits shown in Fig. 175 are
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ZAI — jMwAl, = AE,
—jMwAl + (r, + Z;)Al, = u,AE,

. (353)
Jal _
0w = ~AE
The solution of Eqs. (353) gives
Al = AE, (354)
u,M Mw?
z_ ¢
Tp + Zb
or
Al =
AE,

[R_(nPCM_Mzwz)(r,,Jer)LJ{Lw_ (( Rb)2+)X2]

(rp + Ro)* + X3
(355)

——j(AEo)<gz”) — Mw)
Al = ™1 (356)

— M2w2
C
[rp + Zb][Z — —m_zb——]

Examination of Eq. (355) shows that if the term u,M/C
is greater than M?%w? a condition which nearly always prevails
in practice, the effect of regeneration is to subtract a quantity
from R and add a quantity to the reactance X. In general, there-
fore, regeneration reduces the effective resistance of the oscillatory
circutt and increases the positive reactance of the same circuit.

The coefficient of (r, + R3) and this same coeflicient of X; [see
Eq. (355)] may be defined as the coefficient of regeneraiion. This
quantity is dimensionless and we shall denote it by k. In this
particular case the value of h is given by

upM_ -
0 M2

(ro + Rp)* + X3

b= (357)

The factor & is largely dependent upon M but is also a funetion
of C and of the frequency w/2r of the impressed e.m.f. The
value of % increases to a maximum, then decreases to zero, and
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crosses the axis of abscissas to negative values as M is increased.
For any given value of M, an increase of frequency decreases h.
Using the symbol &, Eq. (355) becomes

Al = AE;

[R ey + Rb>] H{@ + hLu)o — m]

(358)

When a regenerative circuit like that shown in Fig. 174 is used in
practice, the capacitance C is usually varied to make the reactance
of the circuit zero for the impressed frequency. The current AT
then has its maximum value given by

_ AFE,
B — h(ry + )

If & is now increased by increasing M, the current AT, and also
the current Al, increase. As & is increased, the circuit is thrown
slightly out of resonance with the impressed e.m.f. so that C must
be readjusted to maintain zero reactance and hence maximum
current. According to Eq. (359), if » is made sufliciently large,
the denominator becomes zero and the current infinite. Of
course, infinite current is never attained in practice because, as
the current increases owing to increasing h, the electrical varia-
tions exceed the small values assumed as necessary conditions in
this treatment, and the theory no longer holds. In other words,
the quantities u, and r,, assumed constant for small variations,
are not constant as the amplitudes of variations increase, but
vary over the e¢ycle. The mean values always change in such a
direction as to decrease the value of A and prevent the current
from approaching the infinite value indicated by the simple
theory. Nevertheless, as % is increased and the denominator of
Eq. (359) approaches zero, the current AI_, does increase to
large values and the smaller AE, is the smaller can the denomi-
nator of Eq. (359) be made and still conform to the original
assumptions of the theory.

The extent to which the effective resistance of an oscillatory
circuit can be reduced by regeneration depends greatly upon the
constancy of the batteries operating the triode, upon the delicacy
possible in the adjustment of M and C, and upon the constancy of
temperature of the oscillatory circuit. In one experimental
example, the resistance of the coil was normally about 300 ohms,
but the effective resistance could be reduced to less than 0.001

Al e, (359)
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ohm by delicately controlled regeneration. That a small varia-
tion of temperature has a great effect on the operation of a triode
system in which regeneration is pushed to an extreme can be
shown by the above example. A 1°C. change in temperature
would cause the resistance of the copper coil to vary by about 1.2
ohms. Hence, a thousandth of a degree change would either
double the effective resistance of the circuit or reduce it to zero,
according as the change of temperature is positive or negative.

Suppose that h, in Eq. (358), approaches the value which
makes the equivalent resistance of the circuit equal to zero, and
that C is varied so that the reactance is always zero for the
impressed frequency. If AE, were constant, the current A7
would increase. Suppose, however, that, as the equivalent
resistance approaches zero, the value of AE, is also made to
approach zero in such a way that the current remains finite.
When the equivalent resistance becomes zero, the current can
be finite even if AE, becomes zero. The system then oscillates
by itself at a frequency which makes the equivalent reactance
of the oscillatory circuit zero.

The frequency of self-oscillation, when oscillation just begins,
is obtained by equating to zero the reactance term of Eq. (358)
and at the same time inserting the value of A obtained by
equating to zero the resistance term of Eq. (358). The result is

. 1
w =
R L,
LC(I + T+ Ry’ f)

U S (360)

LC(l + ﬂ)

M
R

where y = I% and g, = T”—L—tw—l’ The fraction % is usually very

small so that the frequency of self-oscillation is only very slightly
less than the natural frequency of forced oscillation given by
ol = 1/LC. If the amplitude of self-oscillation builds up so
that the original hypothesis of small amplitude is violated, the
frequency of self-oscillation is not accurately given by Eq. (360).
It is apparent that there is a gradual and smooth transition from
regeneration to oscillation.

The very great increase in Al and hence in AI, can be better
understood by making a plot of AI as Mw is varied for a
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particular case. Assume that u, is 10, r, is 20,000 ohms, R is
5 ohms, « is 107 radians per second, C is 0.0002uf, Ly is 10~¢ henry,
and R, is negligible in comparison with r,. The two values of
Mo which make the equivalent resistance of the oscillatory
circuit zero are found by placing the denominator of Eq. (359)
equal to zero.

Hence,

(ry + Bo)? F Liw?

R =h(r, 4+ Ry) = ~(rp, + Ry (361)

Solving for Mw,

U Uup \? R
Mo= o \/(2_@) - m[ (rp + R))? +ngz] (362)

The numerical values of Mw for the constants of the circuit as
given are 20 ohms and 4,980 ohms. It is impossible to obtain
the latter value because the value of Mo corresponding to perfect
coupling between Ly and L is only 224 ohms. In this example
the value of M?w? is negligible in comparison with u,M/C, so
that the critical value of Mw can be obtained from Eq. (361) by
neglecting the M?%w? term. Thus

_ RCo (1, + R + Lju?
Uy s + Rb

Figure 176 gives a plot of h and of AI/AE, against Mw for the
constants as assumed. If Mw is set at 19.5 ohms, the ratio
AI/AE, is forty times as great as with no regeneration. If the
impressed voltage AE, is 2.5 microvolts and Mw is set at 19.5
ohms the grid voltage is about 0.01 volt. As this value is surely
sufficiently small to be within the limitations of the theory,
the full forty times amplification due to regeneration can be
obtained. If the impressed voltage is ten or one hundred times
2.5 microvolts, the electrical variations are too great, the theory
does not apply exactly, and full amplification is not obtained.

In the example given, the change in the equivalent inductive
reactance due to regeneration is very slight. With no regenera-
tion, the reactance is 500 ohms. Full regeneration increases this
reactance by only 0.025 ohm.

A second example is given to illustrate the case when MZ%w?
is not negligible, and when there are consequently two possible
value of Mw which give zero equivalent resistance. Let the con-

Mo

(363)
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Fra. 176.—Variation of resonance current with feed-back coupling.
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stants of the system be: u, = 4, r, = 5,000 ohms, B = 20 ohms,
w = 107 radians per second, C = 0.0004uf, L, = 5 X 10~ henry,
Ry is negligible. Equation (262) must be used to obtain the
values of Mw which give zero equivalent resistance. These
values of Mw are 276 ohms and 724 ohms, They are both pos-
sible because the value of Mw for perfect coupling is 1,120 ohms.
A plot of h and AI/AE, both against Mw for this case is shown
in Fig. 177.

The essential points of the theory just given have been checked
experimentally by Jolliffe and Rodman.?

An interesting condition may exist when a regenerative triode
isused. Suppose that h is adjusted to be near the point of oscilla-
tion for a certain frequency for which the reactance is zero.

If the frequency of the impressed

em.f. is reduced, h is thereby

increased, as shown by Eq. (357).
AL, The equivalent resistance may
become negative. We then have a
circuit with capacitive reactance
and an equivalent negative resist-
- ance. The circuit, instead of ab-
|‘|__( I —=E  sorbing power, delivers power to
+ - AEQ.

Fic. 178 —Circuits of a re-  132. Regeneration with Inductive
ﬁf;tf?g;f_ triode with a tuned (o 5ling, Tuned Plate Circuit.—

A second type of regenerative cir-
cuit is illustrated in Fig. 178. The equations for this case are

Alp

. AT
(R + jLa)Al — ng =0
(R + jLw)AL; + r,Al, = u,AE, (364)
AEU - JMCOAI]_ = AEO
Al = Al, + AL
The solution of these equations is
Al = ‘—jupAEg/Tpr ] (365)

L u,M . 1 R
[R + g - “[L“’ m<1 + )]
If the e.m.f. AE,is introduced in coil L or in series with L, instead
of in the grid circuit, the current Al is

2 JoLu1rFE and RobpMaN, Sci. Paper Bur. Standards 487, April, 1924,
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7 AE,
L upM . 1 R

R S R L ]

In both Egs. (365) and (366), the denominator represents the
equivalent impedance of the oscillatory circuit. The resistance
of the oscillatory circuit is increased by the term L/Cr,, because
the internal plate circuit of resistance r, is in parallel with this
oscillatory circuit. The coupling M has the effect of reducing the
equivalent resistance of the circuit by an amount u,M /Cr,, and
it is important to note that this term and therefore the resistance-

reducing effect are independent of frequency. The coeflicient of
regeneration in this case is

Al = (366)

u,M
Cr?

P

h o= (367)

The equivalent resistance of the circuit can be written
L .

R+ Cr. ~ hrp. Regeneration does not affect the reactance
P

of the oscillatory circuit, so that an adjustment of M does not
affect the tuning as it did in the previous case.

Equations (365) and (366) give the current in the inductance
of the oscillatory circuit when the e.m.f. AE, is introduced in the
grid circuit or directly in the oscillatory circuit, and it is natural
to expect that a larger current would result in the first case,
because the amplifying effect of the tube is used. However, this
is not always true, as is easily seen if the two equations are
compared. The introduction of AE, in the grid circuit gives a
larger current only if u,/r,Cw > 1, i.e., if s,/Co > 1. We may
assume that for a receiving tube s,is of the order of 500 micromhos.
If C is 0.0001 uf and « is 1077 radian per second, s,/Cw = 0.5
and a larger current would be obtained by introducing the
e.m.f. AE, directly into the oscillatory circuit. The triode would
then serve merely as a resistance-reducing device. Inmaking the
comparison of the two ways of introducing the e.m.f. it should
be remembered that no current is drawn from the e.m.f. AE, in
the first case, shown in Fig. 178, whereas current and power
are demanded from the source AE, if it is introduced into the
oscillatory circuit.

If the equivalent resistance of the circuit shown in Fig. 178 is
reduced to zero, self-oscillation starts at a frequency which makes
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the equivalent reactance of the circuit equal to zero. Therefore,
referring to either Eq. (365) or Eq. (366), the frequency at which
oscillation starts is given by the relation

.

Tp

where w is the natural angular velocity of the cireuit, or 1/4/LC.
If the self-oscillations build up to an amplitude which goes
beyond the limitations of the theory to small values, Eq. (368) is
more and more departed from.

In all of the cases of regeneration just discussed, the effect of
the capacitance C,, between grid and plate of the triode has
been neglected. This capacitance provides an active coupling
path between the grid and plate circuits especially at high fre-
quencies and hence is always a contributing cause of regeneration.
The effect of C,, in comparison with the inductive coupling is
small, provided the ratio C,,/C is small. The effect of C,, in
N producing regeneration is also
. == | small, provided L, is small when
Cpg = . T
the oscillatory circuit is connec-
ted to the grid and provided L, is
small when the oscillatory circuit
Zc "= is connected to the plate.

iEs 133. Regeneration with Capac-
L_|!|l_J_|l| = " itive Coupling.—The coupling
Ee ___,T between the output or plate cir-
Fie. 179—Cireuits of a triode, cUit and the input or grid circuit
Jith swpueliance cowlie beiveen may be entirely capacitive, as
shown in Fig. 179. The capaci-
tance may be only the capacitance of the tube and connections
but it may include the capacitance of a physical condenser con-
nected between grid and plate. We shall denote by C,, the total
capacitance between grid and plate terminals of the triode.

In Chap. X1 the equivalent input and output admittances were
calculated, and it was shown that under certain conditions the
input conductance g, may be negative, in which case power is
delivered to circuit Z. by the connected system, and regeneration
takes place. This regeneration is not very effective in increasing
the potential across Z. unless the current in Z, is determined
largely by the resistance of the circuit, If the reactance of Z.

Zp
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can be reduced to zero by a tuning condenser, strong regeneration
can take place and the limit of regeneration when oscillation
begins is determined by the equations

G +G =0
o= (369)
where Z, = 1 and g, and b, are given by Egs. (278) and

G, — jB;
(279) of Chap. XI.
In a similar way, regeneration may take place when the oscil-
latory circuit is in the plate circuit and when the output conduct-
ance g, of the triode is negative. Oscillation beging if

gp+G =0
by + By = o} (870)

where Z, = a and g, and b, are given by Eqs. (280) and

1
Gy, — jB
(281) of Chap. XI.
We shall now consider a few special cases of capacitive
coupling.
*134. Regeneration with Capacitive Coupling. Tuned Grid
Circuit.—If the oscillatory cir-
L
N

cuit is connected to the grid of
the triode, the curves of Fig. 153,
page 278, show that g, is nega-
tive only if X, is positive. Let tec
the plate load have an equiva- Re
lent inductance I and resistance
R,. Figure 180 illustrates this ll}—‘-—lll
case, which was described by Ec _—_—T
Armstrong? in 1915. The plate  Fie. 180.—Circuits of a regenera-
: s tive triode having a wvariable in-
inductance was a variometer, g, iance as plate load.

and Armstrong gave a curve,

reproduced in Fig. 181, which shows the increase in signal
strength as the inductance L, is varied.

We can treat this case theoretically by substituting in Eq. (369)
the value of g, from Eq. (278). Neglecting R: in comparison
with Lfaﬂ, and R: in comparison with L:w“’, the condition for
maximum regeneration bordering on self-oscillation is

3 ARMSTRONG, Proc. I.R.E., 3, 220 (1915).

Cpg
L

o

£
&
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R

[0 = Get 0, = 1oty
Rery Clos 1
14 == 14 = ——
LI The u,,( N o
@ > = 0(371)

Rpr 2 2 9.2 Cpf _ 1
<1 + L§w2> O\ T Cry  LiCop?
If the last term in the numerator of Eq. (371) is not sufficient to

reduce the equivalent condugtance [G.] to zero, regeneration still
exists if g, is less than zero.

Signal Sirength

Plate Circuit Inductance (Armstrong)

F1g. 181.—Variation of signal strength with plate-circuit inductance for the
regenerative triode of Fig. 180, (Armstrong.)
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Fre. 182.—Variation of the equivalent conductance of the grid circuit of a
regenerative triode with plate-circuit inductance.

If the reciprocal of the equivalent conductance [G] is plotted
against L, for values of the constants which do not make [G,] = 0,
a curve similar to that of Fig. 181 is obtained. As an example
1/[G.] is plotted in curve I of Fig. 182 for the following values of
the constants: u, = 8, 7, = 16,000 ohms, «w = 10° radians per
sec., Cp, = 50upf, Cpy = 20ppf, R, = 40 ohms, and L. = 400
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microhenries. With these values of the constants, the value of
A = C,wr, is 0.8. Since the current in the oscillatory circuit is
proportional to 1/[G.], the curve I shows that maximum regenera-
tion occurs for a value of L, equal to 7.1 millihenries, and regenera-
tion gives an increase of 3.64 times in the current. The dotted
curve I’ is a plot of [G.] for the example just given. If the angular
velocity of the impressed e.m.f. is 4/2-10° radians per second, the
equivalent conductance [G.] is shown in the dotted curve II’ and
becomes zero at two values of L, Between these two values of Ly,
the system oscillates. The shape of the graph of 1/[G.] is shown
in curve II.

Referring to Eq. (371), the term Rbrp/Liw2 is generally small in
comparison with unity and, by neglecting it, an approximate
expression is obtained which can be analyzed more easily. If we
equate to zero the derivative with respect to L, of the last term of
Eq. (371), we find the value of Lyw which gives a minimum [G.]
and hence a maximum regeneration. The result is expressed in
the following equation:

2
L—iw = Cpo + C,,,,w<1 + 1 + it %;) (372)

Substituting this value of L,w in Eq. (37 1) gives as the minimum
value of [G.]

(Qluin. = L? - <1+ \”/” ) (373)

As the plate inductance L, is varied to adjust for maximum
regeneration, the equivalent input susceptance changes and
necessitates a resetting of the capacitance C, to maintain resonance
with the impressed e.m.f. AE,. The effective addition to C,
due to the triode and its plate load is given by Eq. (279), Chap.
X1, and is

AC, =

Rpr 1
u;;(l + Lz 2) A2<1 + Cpg Cngbw2>
. + Ror,, e Cor 1 2 (374)
(i) 4+ ¢ - )

where A = Cpgwrp, R has been neglected in comparlson with
L’ -w? and R has been neglected in comparison with L w2 We

Caf+ Cpa 1 +
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may neglect the term Rbrp/LZw2 in comparison with unity, as in
Eq. (871), and substitute in Eq. (374) that value of Lyw from Eq.
(372) which gives maximum regeneration. We can then express
the fractional change in (. required when L, is varied from zero to
the value for maximum regeneration. The result is

- upopg
1
2(m - Cpu - Cpf)

For the values of the constants which apply to curve I of Fig. 182,
AC,/C.is0.0823. By Eq. (374) the total added capacitance due
to the triode at maximum regeneration is

Fractional change in C, (375)

AC, = Coy + cm(l + 1‘2—) (376)

If conditions are such that for a certain range of L; the system
oscillates, maximum regeneration takes place for a value of L
very slightly less than the smaller value of L; at which oscillation
starts, or very slightly more than the larger value of L, at which
oscillation stops. The two values of Lyw at which oscillation
begins can be calculated from Eq. (371) and are

1
L_bw_ = (Cpf + Cpu)w

2 .3 4
-+ spC;;g:cw [1 iJl - zczRLz 4(L2 3 + C:gw Tp)] (377)

PZ’QC

As before, the term Rpr/L:wz is neglected in comparison with
unity. The capacitance added to the condenser C, by the triode
which is set at either border line of oscillation is obtained by
substituting Eq. (377) in Eq. (374) and is

2R,
i o B
AC = Caf + Cpa 1- 2L2 (378)
2 —L—R (1 + B)

where B stands for the radical of Eq. (377). The negative sign
corresponds to the smaller value of L. Filling in the values for
the constants corresponding to curve II of Fig. 182, the value of
AC, for the smaller value of Ly is C,; + 1.24 Cp,. This is much
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less than the added capacitance, given by Eq. (376), for the system
adjusted to give maximum regeneration without oscillation.
Thus we see that if regeneration of this type is to be utilized,
it is better to choose the circuits so that the system is adjusted
to the border line between oscillation and non-oscillation. The
added capacitance at the larger value of L, is much less than
that for the smaller L, and is C,; + 1.034 C,, for the values of the
constants for curve II of Fig. 182. The fractional change in C.
due to varying L, is very small in this case.

The coil L, always has distributed capacitance which should be
added to C,;in Egs. (371) and (374). Similarly, the capacitance
C,s should be considered as a part of C,. The discussion applies
if a condenser is connected across the plate inductance Ls.
Regeneration in the grid circuit is possible only when the reactance
of the plate circuit is positive or, in other words, when the plate
circuit is resonant to a higher frequency than that of the
impressed e.m.f.

*135. Regeneration with Capacitive Coupling. Tuned Plate
Circuit.—When the plate circuit is tuned to the impressed fre-
quency, regeneration takes place in that circuit if the output
conductance g, is negative, where g, is given by Eq. (280), page
279, Chap. XI. Extreme regeneration in the plate circuit, to the
point of self-oscillation, is expressed by Eq. (370). We can
analyze this case in a manner similar to that used in the preceding
section. Neglecting, as before, the squares of the resistances in
comparison with the squares of the inductive reactances, the
equivalent conductance of the plate load is, from Eq. (280),

Ry 1

[Gb]_Lz 2+:

Rerp Cos _ 1
, Dt T (1 tC, I C,,,,m)
+ Co'rs Oy 1\
() o -l
g L pg0

In Eq. (379), any capacitance in parallel with the grid coil L, is
considered a part of Cy, and the capacitance in parallel with L,
is assumed tuned to give maximum current in the oscillatory
circuit.

The effective capacitance added to C, by the triode system is
given by Eq. (281), page 279, Chap. XI, and is

(379)
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Al =

UpRery (2,22 gif _ 1
Liw2 Cpgw rp<1 * CP!I Lccwwz

Berp\? C 1 2
The conditions for maximum regeneration, and the boundary
between oscillation and non-oscillation, can be found in a manner
similar to that used in Sec. 134. The analysis is not given here
because in practice this particular case is of less importance than
the preceding one.

Equations (379) and (380) also hold if the coil L, is shunted by a
capacitance (treated as C,;). Regeneration in the plate circuit is
possible only when the susceptance of the grid circuit is positive,
that is to say, when the natural frequency of the grid circuit is
higher than that of the impressed e.m.f. AE, to which the plate
circuit is tuned.

136. The “Ultra-audion’” Regenerative Circuit.—The circuit
invented by de Forest and known as the “ultra-audion’’ circuit is

Cpf + Cpg 1 +

(380)

Fia. 183.—The ‘‘ultra-audion’’ circuits.

another form of regenerative circuit. The connections are shown
in Fig. 183. Regeneration is varied by changing condenser
C,. Capacitance C, is only for the purpose of preventing the
steady plate voltage from acting upon the grid. This was one of
the first regenerative circuits used but is seldom found in present-
day practice. The theoretical treatment of this circuit is left to
the reader.

137. Regeneration with Resistance Coupling and with Nega-
tive-resistance Devices.—There is no known practical method of
obtaining regeneration with a single high-vacuum triode using
resistance coupling. 1t is possible, however, to obtain regenera-
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tion with resistance coupling if more than one triode is used.
Since a discussion of combinations of tubes forming multistage
amplifiers is to be given in a later chapter, the discussion of
resistance regeneration using two tubes will be presented at that
time.

Before leaving this part of the discussion of regeneration,
mention should be made of the regenerative effect produced by
connecting across an oscillatory circuit a triode having a negative
k, or a negative k,. A negative k, is possible if the triode con-
tains gas, as has been pointed out in Chap. X, or if secondary
emission takes place at the grid, so that the grid-current curves
plotted against grid voltage have a negative slope. A negative
k, is obtained when considerable secondary electron emission
exists at the plate of a triode, as in the device known as the
dynatron. The dynatron will be discussed in Chap. XXIII.

II. REGENERATION FOR LARGE AMPLITUDES

Part I is limited in its application to problems in which the
electrical variations are very small. This limitation was imposed
because the triode, which forms a part of the circuit, has a curved
characteristic, and its internal resistance r, and voltage ratio u,
vary over the characteristic curve. If only sufficiently small
variations are considered, a very fair approximation to a true
solution is obtained if these tube parameters are considered
constant. With this limitation, the e-p-c. theorem can be applied
and the system is reducible to a simple-circuit network possessing
constant elements. The smaller the electrical variations, the
more justifiable is the theory and the more accurate the results.
No definite limiting magnitude of electrical variations can be
stated below which the theory of Part I is applicable, and above
which a new form of treatment must be used. As the electrical
variations are increased, the error in the results of Part Iincreases.
The error for any given magnitude of electrical variation depends
upon the point on the characteristic surface of the triode about
which the triode is operating. The greater the curvature of the
path of operation, the greater is the error for a given amplitude
of electrical variation, or the weaker must be the electrical
variation if the error is to be small. On the other hand, if the
path of operation falls upon a nearly plane portion of the charac-
teristic surface, the electrical variations may be comparatively
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large and still the solution of the problem as given in Part I is
sufficiently close for practical purposes.

The magnification of the grid voltage of a regenerative system,
when great regenerative effect is used, is usually so great that even
if the impressed voltage is very small the theory of the first part is
inapplicable. The prediction from the simple theory that infinite
current should result at the limit of regeperation is untrue,
because the simple theory never holds at the limit of regeneration
unless the impressed signal voltage is vanishingly small.

138. Theory of the Method.—When the electrical variations
are large, an approximate idea of the regenerative effect can be
had from the following graphical treatment of the problem. The

(IP)u.)

F1g. 184.—Circuits of a triode with regenerative coupling between the grid
and plate circuits.

graphical analysis is based upon certain experimental data on the
characteristic curves of the triode when subjected to large elec-
trical variations.

Figure 184 shows the circuit to which the treatment applies.
Although magnetic coupling is shown, the treatment may be
extended to other forms of coupling. The constants of the
circuit are represented on the diagram and the electrical quanti-
ties are also indicated. The total impedance Z, in the plate cir-
cuit comprises the coupling coil L;,, and some sort of load Z,.

The principle of the method may be stated as follows: The
heavy lines of Fig. 184 represent an oscillatory circuit to which is
attached a system, shown in light lines, which supplies energy to
the oscillatory ecircuit through the mutual inductance M. The
energy impulses are controlled by the voltage E, and are so
directed as to aid the impressed e.m.f. ¥, to produce a current I
in the oscillatory circuit. The boosting e.m.f. induced in I from
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L;' is denoted by (E;),,,. The object of this treatment is first to
find (E;)w in terms of E,, and next to find the relation between I
and E..

Since the electrical variations are large and the characteristics
of the triode are curved, the plate current I, is nonsinusoidal,
although, because of the low resistance of the oscillatory circuit,
the current I and the voltage E, may be assumed to be practically

hjLewI
JMwl
Eo 1R I
JMe (Ip)e, =(Eg )y
(IP)w
70t LB
tp
JI
- Cw‘—Eg
(pIp)w
] (uplw Eg+jMwl
Jwa(IP)w
\
(up)w Eg

F1a. 185.—Vector diagram for the regenerative triode shown in Fig. 184.

sinusoidal. Hence, the voltage (E’;)w is induced by the funda-
mental component of I, denoted by (I,),. We can now set
up the equations for the system of Fig. 184 which hold for the
fundamental components. They are as follows:

, 1 .
RI + ](Lw . 5;0)1 = Eo + jMo(1,),

(rolp)e + jlaw(Iy)e = (up)uBy + jMol (381)

1
Eg=—g,—w
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In Eq. (381), (rp), and (u,), denote quantities analogous to the
usual r, and u, but evaluated for large variations and for funda-
mental components of the plate current.

The equations are represented in vector form in Fig. 185 in
order to give a picture of the phase relation of the various
quantltles As appears from the vector diagram, the boosting
e.m.f, (E’ ). is nearly in phase with £, and differs in phase from
it only because of reactance in the plate circuit. Assume that
the total reactance X, is small in comparison with r,. Hence,
it can be assumed without much error that the total effective
e. mf producing I is numerically equal to the sum of E, and
(Ep).-

For any given mutual inductance M, the voltage (E’O)w
given by the relation

(E)), = jMo(,), = jMaf(E,) (382)

Therefore, (E’ )‘,, is proportional to (I,), and to Mw. The law
connecting (E )o and E, can be obtained only by experiment.
This law is the important and necessary relation which describes
the regenerative action of the triode and its circuits for the
particular plate load Z;, coupling coil L;', and inductive reactance
Mw. This law connecting (I,), and E, is to some extent a
function of the frequency, because of reactance in the plate
circuit of the triode. Frequently the system shown in Fig. 184
is used as a detector, in which case Z is practically zero and the
only reactance is the tickler coil L

In Fig. 186, the full-line curve marked (E )o I8 assumed as giving
the relation connecting (E’ )w and E, for a certain value of Mw
denoted by 9Mw. Since (E’ ), is directly proportional to Mw,
the ordinates of the curve of Fig. 186 are increased or decreased
in proportion to the increase or decrease in Mw, as shown by the
dotted curves in Fig. 186.

If the mutual inductive reactance Mw were zero, the resonance
current in the oscillatory circuit would be Eq/R, and the relation
between the voltage E, and the voltage across the condenser,
i.e., the grid voltage, would be

E, = jCwRE, (383)

A plot of E, vs. E, from Eq. (383) is the straight line of Fig. 186,
which is drawn making with the horizontal an angle whose tangent
is CoR.
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In Fig. 186, the ordinate to the straight line corresponding
to any voltage E, represents the total voltage necessary to
produce a current which, when flowing through the condenser
C, gives rise to E,. The ordinate to the curve of (E;)w repre-
sents the regenerative voltage introduced into the oscillatory
circuit. The difference between these ordinates is the impressed
voltage E, required to produce E, with the particular amount
of regeneration corresponding to the particular value of Mo.
A plot of E, against E,, shown in Fig. 187, is derived from Fig. 186
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Fig. 186.—Curves of CwRE, and (o) vs. E, for large-signal regeneration

and shows the way in which E,, which is proportional to I, varies
with the impressed voltage. The plot of (E;)w against the
impressed voltage E, shows the way in which (I,), (see Eq.
(382)) varies with the impressed voltage E;,. Such curves are
shown in Fig. 187 as dotted lines.

In Fig. 186, if Mw has the particular value 9w which makes
the curve for (E;)‘d tangent to the straight line CwRE, at the
origin, the regeneration is then adjusted to the point of osecillation
for small amplitudes. The value of 9Mw is in this case correctly
given by Eq. (362) or (363) of Part I. The theory of small
electrical variations applies to a limited region near the origin
of Fig. 186. If Mw is now reduced to 0.8 9Mw and to 0.69Mw,
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the curves so marked in Figs. 186 and 187 give the corre-
sponding results. On the other hand, if Mw is increased to
1.2Mw, the (E’;)w curve and the straight line cross. The point of
intersection gives the value of F, maintained by the continuous
self-oscillation of the system. The curves of Fig. 187 marked
Mo = 1.29Mw show the way in whieh the oscillatory eurrent and
the plate current vary as the impressed voltage in phase with
(E’;)a, is increased.
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Fia. 187,—Curves of E, and %"vs. E, for large-signal regeneration.
w

The shapes of the curves for (E’;)“,, Fig. 186, depend greatly
upon the conditions of use of the triode. For great regeneration
the most desirable curve of E, against K, is one having a long
straight portion extending from the origin upward and eclose
to the axis of ordinates. This curve is derived from a curve of
(E’;)“, vs. E,, Fig. 186, which is long and straight and which
is nearly coincident with the circuit line CoRE,. If the graph of
E, against F,is curved, distortion necessarily results, as explained
in Chap. XII. If the polarizing voltages are so chosen that the
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quiescent point is on a plane portion of the characteristic surface,
and if E, remains always negative, the graph of (E’;),_, is practically
straight over a much larger extent than if the quiescent point
is situated upon a curved portion of the surface.

In all of this discussion it is assumed that the grid is polarized
negatively to such an extent that no grid current flows. If
grid eurrent does flow, the curve of (Ep), against E, is unchanged,
but the cireuit line is no longer straight. The conductance of
the grid-to-filament path has the effect of increasing the resist-
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Fig. 188.—The circuit line when grid current flows.

ance R of the circuit, making the total equivalent resistance
[R] a function of the amplitude of E,, and causing the circuit
line to eurve upward, as shown in Fig. 188. This curvature of
the circuit line accentuates the flattening out of the resultant
curves of E, against K, and of (EG)Q/M w against .

The way in which the system goes into oscillation as M is
varied gives a good idea of the shape of the curve of (E’f)),_, against
E,. Referring to Fig. 186, the intersection point of the circuit
line and the curve of (EG),,, gives the value of E, sustained by the
self-oscillation of the system. As M is increased above the
critical value 91, the intersection point travels up the circuit
line, and it is then possible to plot the values of E, corresponding
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to oscillation against M or against Mw. If the graph of (Ey),
against F, is nearly straight, the oscillatory current, and hence
E,, increase very rapidly as M is increased. But if the char-
acteristic graph of (E:J)a, against E, is curved, the increase of E,
due to oscillation is slow with respect to M.

The increase in E, as M is varied can be easily tested experi-
mentally and gives a rough method of determining the best
polarizing potentials to obtain large regenerative effect. Curves
A, B, C, and D of Fig. 189 are experimentally determined curves
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14l A UXUZArube Ec=~45 Eg=Tiwlts C=420upf
B UX2/A » Ee= 0 Ep=76+ C=520uuf D
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Gizf- D UX20A »  Ec=3 Egs0r C-420upf i
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Fic. 189.—Variation of the voltage across the oscillatory circuit of Fig. 184 as
the regenerative coupling is varied.

of the onset of oscillation under the various conditions stated
on the figure. Curves A and C show a rapid increase in osecilla-
tory current and hence indicate conditions for large regenera-
tive effect. The bend in eurve C is due to the current flow to
the grid, which begins at a peak voltage of about 3 volts. The
slowness of the increase in voltage of curve B is due to the
increasing current taken by the grid.

If the grid is polarized so negatively that the plate current is
nearly zero, the plate-to-filament resistance is very large. As
the amplitude of E, increases, the effective resistance of the plate-
to-filament path decreases. This gives rise to curves of (ES)‘,,



REGENERATION WITH TRIODES 339

against F, similar to those shown in Fig. 190. A certain circuit
line RCwE, is assumed. As Mw is increased, the ordinates of the
curve of (E’g)‘o are increased proportionally to the increase in
Mw. When Mw reaches the value M;w, the (E"o)u, curve just
touches the circuit line. No oscillation starts and there is only
slight regeneration for small signals. The mutual inductance
must be increased to the value 9w, in order to make the two
curves tangent at the origin. For this critical value Mo,
oscillations start. As the oscillations build up, the regenerative
voltage (Eg)m is greater than the voltage required to maintain
the corresponding value of E,, the oscillations are at first unstable
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F1a. 190.—Curves of (E¢'), vs. E, for large-signal regeneration.

and build up until the value of E, reaches the second intersection
point E,;. As Mw is further increased, the oscillations increase
slowly and E, rises in a manner similar to that shown by curve
D in Fig. 189. If Mw now is decreased, the oscillations persist
until Mw reaches the value M3w and the grid voltage has decreased
to Ey;.  On further decrease in Mw, the oscillations abruptly
cease, as indicated by the dotted line and arrow pointing down-
ward in Fig. 189.

The regenerative effect corresponding to a curve of the type
shown in Fig. 190 is unsatisfactory for practical purposes. If
Mo is set at some value Miw slightly less than the eritical
value, 9Mw, regeneration is slight for voltages which produce
grid voltages less than Eé; Any impressed voltage greater
than that corresponding to E, causes the system to break into
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oscillation which persists until the mutual reactance Mw is
reduced to a value less than Msw. If the mutual reactance has
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Fia. 191.—Curves of E, vs. Eo for the case of Fig. 190.
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a value less than Mo, the system cannot oscillate. The graph
of regeneration is curved and discontinuities exist. The curves
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of E, and (E:,),‘,/Mw against E,, corresponding to the mutual
inductances Myw, M3w, M, and Mz of Fig. 190, are plotted
in Figs. 191 and 192.

The results of the analysis just given may be briefly sum-
marized as follows: A discontinuity in the curve of E, against
E, results if the circuit curve RCwE, and the curve of (E),
converge as F, increases. If the two curves are parallel over a
region, regeneration of weak voltages may be small, but, for
voltages of a certain magnitude, the magnification is very great,
as shown by the curve marked Msw of Figs. 191 and 192, derived
from the corresponding curve of ¥ig. 190. This type of perform-
ance would give considerable distortion but, if a modulated
radio carrier wave is being amplified, and the variations in
amplitude due to modulation are small and fall within the range
of voltages corresponding to the nearly vertical straight portion,
distortion of the modulation might not be serious.

-l VT
c 7‘— voltmeter

——‘L—mll——ul !
Eq

Fra. 193.—Circuits for the first method of obtaining experimentally the regenera-~
tion characteristics of a triode.

139. Experimental Determination of Characteristics of Triode
for Regeneration with Large Amplitudes.—The curves of Fig.
190 are not experimentally determined but are curves assumed
for the purpose of illustrating the discussion just given. We
shall now consider two methods of obtaining these curves
experimentally,

The first method gives the curves illustrated in Fig. 190 at
the operating frequency. Although somewhat less convenient
than the second method to be described, it is more accurate
since it includes the effect of the tube capacitances. The circuit
arrangement for this first method is shown in Fig. 193. Since
only the fundamental component of (I,), is effective in produc-~
ing (EG)‘,, the method adopted to determine E; must exclude
the harmoniecs. The oscillatory circuit of Fig. 184, consisting
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of R, L, and C, is coupled to the plate coil Ly but disconnected
from the grid of the active triode, as shown in Fig. 193. The
voltage across the oscillatory circuit, tuned to resonance, is

Fia. 194.—Circuits for the second method of obtaining experimentally the
regeneration characteristics of a triode.

EC
¥
340 L~~2volts
320 3 Z -4
300 -6
20/ Triode
280 £y = 00 volfs 8
260 -10
240 T//

-12

-
2
/

~18

@
o

N

NN

/
1.60 ///
v/4

(I,)u, in Milliamperes

140
120 7 A 4 / -20
ol — | LN
0.80 / // / / L
060 yd Py
040 / J/ d o
Q'zz /
0 2 4 3 8 10 12
Eqm Volits

9
F1c. 195.—Regeneration characteristics of a triode obtained by the second
method shown in Fig. 194.

measured by a vacuum-tube voltmeter as the impressed radio-
frequency grid voltage E, is varied. Knowing the values of the
constants of the circuits, (E), can be readily calculated.
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The effect of the grid conduction upon the circuit line in Fig.
188 can be obtained by measuring the voltage across the oscilla-
tory circuit connected as shown in Fig. 184 with M = 0.
Knowing the value of the impressed voltage, the curve can readily
be calculated.

The second method for determining experimentally the regen-
eration characteristics of a triode is illustrated in Fig, 194,
Resistance R, is chosen about equal to the normal resistance
load of the plate circuit. The resistance MZw?/R introduced
through M is usually very small, perhaps of the order of 10 ohms.
R; can have any convenient value, such as 100 or 500 ohms.
R, is variable. The grid voltage due to the 1,000-cycle current
flowing through R; is measured by the voltmeter marked E, in
the figure. This voltage can be varied by resistance R’. The
resistance R, is adjusted to give balance for the fundamental.
The ear serves very well as a selective detector to determine
when the fundamental component balances, even though
unbalanced harmonic currents are present. At balance, the
component of the plate current of fundamental frequency is

_ E,R,
(IP)w - R3R2

Figure 195 shows a set of curves obtained by the second
method for a particular triode at a plate voltage of 100 volts.
Other conditions would give curves of different shapes.



CHAPTER X1V

REGENERATION IN COUPLED CIRCUITS WITH SMALL
SIGNALS!

In Chap. XIII it was shown that in effect a regenerative tube
reduces the resistance of a single circuit with which it is associ-
ated. Frequently, in practice, a regenerative tube is associated
with one of two coupled circuits. The purpose of the present
chapter is to extend the treatment of regeneration to two
magnetically coupled circuits and to show that in this case also
regeneration, in effect, reduces the resistance of the cireuit with
which it is directly associated. The analysis includes a study
of the properties of coupled circuits when the effective resistance
of one of them is reduced and becomes negative.

Since the treatment with regeneration must follow the same
line as that used for coupled circuits without regeneration, a
brief review will be given of the theory of forced oscillations in
magnetically coupled circuits.

I. THEORY OF TWO MAGNETICALLY COUPLED CIRCUITS
WITHOUT REGENERATION

140. Derivation of the Currents in Coupled Circuits.—Let the
two circuits have the constants shown in Fig. 196. The impressed
- electromotive force X, has a frequency

L L, @ /2r. The equations deseribing the con-
¢ LS S, ¢, ditions of steady-state forced oscillation

of the system are
R, R,

Fra. 196.—Magnetically 71 + jMwolz = Eg (384)
coupled circuits. jMw011 + ZZIZ =0
where
. 1 R
Z; =R, +.7(L1w0 - Clwo> = R, 4+ jX;

1 The theory in this chapter was published by the author in greater detail
in Proc. I.R.E., 12, 299 (1924).
344
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and

. 1 .
Z,= R, +](L2w0 - ) =Ry +jX,

ngo
Solving these equations, the expressions for I; and I, are
E, _E

Mt~ Zs
Z,+ Z,

Il=

E,
= 385)
2,2 2 2X (
|:R1 +M;%0R2] +j[X1 _ sz 2]
- B
Ri; + jX1
_ —jMono
T Z.Z, + M
— —jMono
2 2
(. + 1) 550
2
— —jMono
ZoZ,s

I.

The impedance Z;. is the equivalent impedance of the whole sys-
tem, as viewed from the first or primary circuit, and is analytically
defined by Eq. (385).

It is frequently more useful to express results in terms of ratios.
This can be done easily with Egs. (385) and (386), giving the
following equivalent expressions:

I, = Eo/Llwo
1= =
N
2 3
m+ _&_2_2 + 41— :L; - ____“’_02_2
w 0 w
A (-9) i+ (1-3)
(385-R)
I = - —JrEo/ wrv/LLs . (386-R)
. w . w
o) (-]
where
r=—&' =R2'T= M 'w2= 1‘w2=__1.
b Liwy’ 2 Lowy’ ‘\/Lng’ 1 L.Cy 2 LzCz
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Equations (385) and (386) give the primary and secondary
currents for any adjustments of the primary circuit, of the second-
ary circuit, and of their coupling. If the coupling between the
two circuits is fixed, X; and X, are the independent variables and
the current as dependent variable can be plotted vertically against
the variables X; and X, (or against any other quantities upon
which X; and X. depend) as the two horizontal coordinates.
Thus there is formed a curved surface bounding a space model.
Such curved surfaces are shown in Plate IV for the secondary
current I,.

Since, in most practical cases, the value of the secondary current
is of greater interest than the value of the primary current, the
shape of the representative surface for I, will be examined in
detail. The expression (386) may be written

12 = —jM(J)()E() _ '—jMa)gEo
22 Z.Z
T
1
i MwiE,s (387)

B MR\ | v MaX, ]
Z1[<R2 + _—R% T X%) +]<X2 RA% F Xz
where Z,; is the impedance of the system as viewed from the

secondary circuit. Equation (387) can be written in terms of
coefficients as follows:

I, = —jTEo/wo\/m (387-R)
[n14—jﬁl][<nz4—v45ﬁl~> +—j(62—-—lf§i—>]
T B 7+ B
where
w? N wj A
61= _(:gz —ﬂ/’and62=1—w—g=1'—g'

141, Conditions for and Value of Maximum Secondary
Current,—Since X, occurs only in the last term in the denomi-
nator of the second form of Eq. (387), the value of X, to give a
maximum secondary current for any value of X, is

M2iX,

X, = 52 or (388)
Maz. 1-2 line. : % + X%

Secondary reactance to give maz. I zl 7.261

b=

(388-R)
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The relation (388) gives a curve on the horizontal plane,
the X; — X, plane of the space model, above which may be
plotted the maximum values of I, obtained by first setting X,
and then adjusting X,. This locus of maximum secondary
current is called the mazx. 1-2 line, and its shape is independent
of the value of the resistance of the secondary circuit. If the
value of X; given by Eq. (388) is substituted in Eq. (387), then,
as X, is varied, X, always has the correct value to give a maxi-
mum J,, and we follow along the ridge of the space model shown in
Plate IV. The maximum value of I, is

Max. I, = —IMeoEy or (389)
(R, + le)(Rz + M)
Maz. Izzalver R% + XE
maz. 1-2 line . T T
Mas. Ty = — —drBo/erv/LiLs (389-R)

2
(771 + jﬁl)(ﬁz + "1217-—‘:5%>

142. Conditions for and Value of Max. Mazx. Secondary
Current.—Some value of X, gives the largest value of I, attain~
able (called the max. max. I;) represented by the highest peak of
the ridge on the space model. If Eq. (389) is differentiated to
find the value of X; which gives this max. max. I,, the following
roots result:

Conditions for maz. maz. Iz or ) 2,2
min. maz. Ia 2 = M w0R1 (390_2)
R,
2 2
Grives tmaginary X1 Zi‘l, = — ME)ORI (390-3)
2

Root (390-3), obtained by equating to zero the derominator of
Eq. (389), gives an imaginary value of X;. Roots (390-1) and
(390-2) give the same value of max. max. I if

M? = R,R, or (391)

Critical coupling
2= nma (391-R)

T
This relation divides the problem into two parts, and the coupling
which satisfies Eq. (391) is known as crilical coupling. For
couplings less than critical, root (390-2) gives imaginary values
of Xy, but root (390-1) gives the max. max. secondary current,
whose value is
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_jMw()E()
Max. L= e
Maz. mar. Is when 5 AR S s R.R, + Mz"‘% or (392)
72 < ayn, —E 7.7
Max. max. I, = —— O/wovfle (392-R)
mne + 7

For couplings greater than critical coupling, root (390-1) gives
a min. max. I, and root (390-2) gives the max. max. I..

"‘jMono

Max. max. I, = T or (393)
Maa:i 2R2<R1 i JV 1;02 P R?)
o X o —
“>n ) Max. max. I, = — 3B/ “’“_\;ELL (393-R)
2112(111 +3j 11772'—1 - nf)

The numerical values for max. max. I, from Eqs. (393) and
(393-R) are

E,
Max. max. [, = ——— or (394)
Numer}'cal ’::a.lue o; mazr. ZEV/RIRZ
maz. Iz when 72 > 9,
Max. max. [, = — “ov/ Lnly (394-R)

2\/ nine

Equation (394) shows that max. max. I is the same for all values
of 7 greater than the critical value.

143. Study of the Space Model for Secondary Current.—In
constructing a space model for the secondary current, the ratio
of the numerical value of the secondary current to the numerical
value of the max. max. secondary current is convenient. This
ratio, derived from Eqgs. (386) and (394), is applicable to all cases
above critical coupling and including the critical case itself.

_ﬁ_ _ 2]1[(.00\/FR2 (305)
psapdTemn VBB M+ 2MA(RAR: — X1 Xo)
' Zl I, . 27'\/;1—1;
Iomm /(2 — BiB2 + 707 + (1182 + 1261)*

The corresponding expressions for this ratio for couplings less
than critical are obtained from Eqs. (386) and (392) and are

(395-R)

Iz — \ Rle + Mzw% (396)
. <,,,,SI s N/ZAZ + M + 2MPA(EEs — XoXo)
! 11 I, — nue + 7 (396—R)
Lemm A/ (qme — 8182 + 752 + (182 + 7281)°
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Prate IV.—Space models of secondary current of two magnetically coupled
circuits. (a) and (b) critical coupling; (c) and (d) coupling greater than critical.
7 = n2. () and (f) coupling greater than critical. 7 > 52

(Facing page 348)
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In plotting the ratio given in Eqs. (395) and (396), or any of the
other relations, the independent variables 8, and 8, may be used
instead of the corresponding quantities X; and X,.  On the other
hand, a better physical picture usually results if the quantities
wo/wi = M/Ae and we/ws = A2/Ag are used as coordinates. The
surfaces shown in Plate IV were calculated from Eq. (395) and
are constructed with N;/A\; and N\s/\, as independent variables.

If the coupling between two circuits is less than eritical coupling
as defined by Eq. (391), the space model for the secondary-current
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Fia. 197.—Contour lines of constant secondary current for critical coupling.

ratio given by Eq. (396) has a single maximum at values of the
independent variables

61=OorX1=Oorﬁ=1
Ao
and
A2
Bo=0o0rX,=00r—-=1
Ao

The height of this maximum is given by Eq. (396).

At critical coupling, the space model has still a single peak,
the height of which is unity. Plate IV, a and b, shows a calculated
model for critical coupling. The peak has a peculiar shape best
shown by contour lines given in Fig. 197.
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If the coupling is greater than critical, the space model has in
general two ridges, each having a highest point of value unity.
Two models caleulated from specific values of the coefficients are
shown in Plate IV, ¢ and d, and ¢ and f (c and d are two views of
the same model and similarly e and f are two views of another
model). As pointed out, if the secondary circuit is adjusted for
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Fig. 198.—Curves of i vs. B2 for max. I.. 72 =04, 72 =02. 7 = 0.5.

maximum current for successive adjustments of the primary
circuit, a locus of points on the horizontal plane is found by
Eq. (388). Such a locus is shown by the curve marked max. 1-2
(meaning primary reactance given a value and then secondary
reactance adjusted) in Fig. 198, where the coordinates are §:
and B, and in Fig. 199, where the same curve is plotted against
Ai/Mo and Az/xe. 1t is to be noted that all curves plotted to §;
and @, are symmetrical about the origin, but po.nts for 8, and 3,
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greater than 41 give imaginary values of \i/N\o and Az/N;. The
max. 1-2 line (see Fig. 199) has a maximum and a minimum
value of N\y/Ny, and passes through the point (A /Ao = 1,
Ae/Ag = 1). The maximum and minimum values of Xg/A¢
have their corresponding maximum and minimum values of
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Fia. 199.—Curves of e 8. a for max. I». 1 =04. 7: = 0.2. 7 = 0.5.
0 0

B2 in Fig. 199. From Eq. (388-R), the value of 8, which makes

B2 equal to unity is
2 + A [ 4 4 2
B = —T—;—z———rnl (for A 00> 397

Ao

From Eq. (397), the maximum of the max. 1-2 line does not
extend to Ns/No = o if 2 < 27;. The curve just reaches infinity
if 72 = 2. The curve approaches infinity asymptotic to the two
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A/ T4 2
vertical lines 8, = T—z—i——%—_ﬁm The minimum of the max.
1-2 line never reaches the horizontal axis of Nz/A¢ = 0 except
when 4, = 0.
It can be shown that if the reverse order of adjusting the
circuits for a maximum is adopted, Z.e., if the primary circuit
is adjusted for a maximum secondary current for every adjust-

o

Arbitrar
B a.sfarfing pbyinf

0

0 i A,
)
F1a. 200.—Method of finding the positions of max. max. Ja.

ment of the secondary circuit, a new curve is obtained, given by
the equation

M2 X
. X; = 22 398
Maz. 2-1 line. 7 ' R% + Xg or ( )
Primary reactance to give maz. I 1.262
= 398-R

The locus given by Eq. (398) is shown by the curve max. 2-1 in
Figs. 198 and 199. The intersections of the max. 1-2 and max.
2-1 lines, shown at ¢ and a in Figs. 198 and 199, give the positions
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of the max. max. secondary current, the N1/, coordinates of
which are given by Eq. (390).

That the intersections of the max. 1-2 and max. 2-1 lines give
the coordinates of the max. max. I, can be shown as follows:
Suppose that an intelligent bug starts from any point on the
space model and moves only in directions parallel to the coordi-
nate axes. When the bug moves parallel to the \y/A, axis, it
moves until it arrives at the highest point of the surface, which is
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F1c. 201.—Curves of 81 vs. 8; for max. Is. Case of critical coupling. 71 = 0.4.
72 = 0.2. 7% = 0.08.

over the max. 1-2 line. When the bug moves parallel to the
M/Xo axis, it moves until it arrives at the highest point of the
surface which lies above the max. 2-1 line. Two possible courses
of the bug are shown in Fig. 200. One course leads to one max.
max. point and the other course leads to the other max. max.
point. The same process can be applied to the case of critical
coupling, shown in Fig. 201.

If 91 = 9, = 0, curves max. 1-2 and max. 2-1 resolve into the
curves so marked in Figs. 198 and 199. At critical coupling, the
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intersection points a a of Fig. 198 merge into a single point at
the origin as in Fig. 201. If 5; = 9,, the max. 1-2 and max. 2-1
lines are similar in shape and symmetrical about the 45-deg. line,
but otherwise the two lines are dissimilar, as is shown in the
figures.

The reason the two curves max. 1-2 and max. 2-1 differ accord-
ing to the order of adjustment becomes apparent if the shape of
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F1e. 202.—Loci of max. max. I; as M is varied.

the saddle between the two peaks (see Plate IV, ¢, d, e, and f) is
considered. Suppose a card with its plane vertical and its lower
edge horizontal and parallel to the A2/, axis rests on the surface
at one point. If the card is now moved in the A\;/)\, direction,
the point of tangency is always directly over the max. 1-2 line.
The max. 2-1 line can be traced by the card placed parallel
to the A\;/X\ axis and moved in the direction of the \p/\, axis.
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For any particular coupling, the highest peaks have definite
coordinates. If the coupling is changed, the two peaks move
along a curve obtained by eliminating the coupling from Egs.
(388) and (390-2), giving

1 p— ___.1
5 X ! ; (399)
Locus of mazx. maz. I; as M is varied ,31 " 399 R
B2 77—2 (#99-)

Equation (399) is plotted in Figs. 198, 199, and 201 for the
particular value n1/n: = 2, and for other values of /7. in Fig.
202. The dotted line in Fig. 202 gives the max. I, line forr = 1
and hence is the limit of the loci of the peaks.

It can be shown that, for all values of coupling, the ridge along
the saddle between the two peaks is directly above the curve
of Eq. (399) for the appropriate value of 71/72.

Attention is now called to the fact that if »; is equal to »s,
the model is symmetrical with respect to the coordinate axes, and
the peaks lie over the 45-deg. line, 7.e., over the line 8, = 8: or
A/No = Ao/\q (see Plate IV, c and d). If 4, is not equal to ., the
peaks are skewed around as shown in Plate IV, ¢ and f. In
practice, the primary circuit may be the antenna circuit and the
secondary circuit of the present discussion may be the secondary
circuit of a coupled-circuit receiver. On account of the ground
and radiation resistance, the value of 5 for the antenna circuit
is many times that for the secondary circuit in almost all such
practical cases. This is especially true when regeneration is
used in the secondary circuit. It is evident that if 4, is greater
than 5, the space model of the practical receiver is very much
distorted, even more so than is represented by the model in Plate
IV, e and f.

144. Sections through the Space Model for Secondary Current.
Examine, by means of these space models, the selectivity and
tuning relations of a coupled-circuit receiver. If the circuits are
A2
o
wave length of the primary circuit is varied while a signal of
constant wave length A\, is being received, the variation in sec-
ondary current is given by the cross section of the model along a
line through the given point parallel to the \y/Ay axis. Simi-

. . A
adjusted to any point on the )‘—1 — = plane, and the natural
]
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larly, a cross section parallel to the Ao/\; axis gives the variation of
current when the secondary circuit reactance is varied.

If the two circuits are fixed and the incoming wave length is
changed, the resulting variation of secondary current can be
obtained from Eq. (395) or Eq. (396) by varying Ao, remembering
that X; and X, or 8{ and B, are functions of Ay, Since \; appears
symmetrieally in the coordinates of the space model, the variation
in I2/Ismn is given by allowing A ;1/A; and Aa/Aq to vary proportion-

L

Tomm. ?;}%0

Fia. 203.—8ections of the space model for I;. Coupling greater than critical.
71 = 5m2.

ately, i.e., by taking a cross section through the space model
along a radial line through a point determined by the settings of
hiand X, In using this method of cross-sectioning, it must be
remembered that, since the variation in the coordinates A\i/\;
and Ng/\, is inversely proportional to Ay, the shape of the curve is
somewhat distorted from what it would be if plotted in the usual
way against A, directly. Moving along the radial line toward the
origin means an increase in N\g. If the distance moved is very
small, the distortion due to this effect is small. However, the
abscissa scale for this section is directly proportional to wy.
Examine now a specific case, when n; = 51,. The factor of
proportionality 5 is much less than is often met with in practice.
Because of distributed capacitance of the coils, a stronger signal
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is often obtained when the coupling is above critical and the
adjustments are made for the long wave-length maximum. This
gives sufficient reason for considering the case shown in Plate
IV, e and f, as a practical case. It is evident that the primary
circuit is adjusted to a much longer wave length than the resonant
value for the incoming wave, and that the apparent tuning in the
primary circuit is very dull, as is shown by the section pp, Fig.
203, parallel to the A;/A axis of the space model. The tuning in
the secondary circuit is sharp, as is indicated by the section ss.
The selectivity against interference from other stations is
relatively low, as is indicated by the diagonal section along the

F1a. 204.—Sections of space model for I.. Coupling greater than .critical.
7 = 72

line 00. The corresponding sections p’p’ and s's’ through the
other peak of the space model are also shown in Fig. 203.
Figure 204 is a sectional drawing of the special case when
71 = 2. As already pointed out, the space model under these
conditions is symmetrical (see ¢ and d of Plate IV), and the two

max. max. current peaks lie over the 45-deg., line on the
AL As
S plane.

The preceding discussion indicates the manner in which the
space model can be used to study the equivalent resonance curve
and the selectivity and tuning relations under various conditions

of the circuits. Enough has been given to show that the ratio of
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the values of n for the two circuits is important, as well as their
absolute values.

Referring now to the case of critical coupling, there is only one
main maximum. But if the circuits are not in resonance, there

Frum .

S

Fia. 205.—Sections of the space model for I.. Critical coupling. 71 > 7
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Fia. 206.—Section of the space model for I: along the 45-deg. line. Critical
coupling. 71 = 72z = 0.10. 7 = 0.10,
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are two values of the incoming wave length which give maxima.
This is shown by the sections oo’ and 00’ in Fig. 205. This
figure shows cross sections of the space model for critical coupling
when #; > 52. It is interesting to note that the equivalent
resonance curve at critical coupling, when the incoming wave
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length is varied, is broad at the top, as shown in Fig. 206, whereas
the curve obtained for a fixed N\, passing through the point
(Ai/Xo = 1, N\a/Ng = 1) is sharper as either A; or X\, is varied (see
Fig. 197). This broadness of resonance shown by the flat top
of the curve is of advantage when receiving a radio-telephone
signal having a broad spectrum.

The reason for the broadness of the eritical-coupling resonance
curve as )\ is varied is easily seen when it is remembered that,
for all couplings above zero, coupled circuits have two free
periods of oscillation and there are two peaks of secondary current
when the frequency of the impressed e.m.f. is varied. For
couplings above critical, the two current peaks can be resolved,
but at and below critical coupling the peaks are so close that they
merge and cannot be resolved.

145. Conditions for and Value of Maximum Secondary Volt-
age.—The conditions for and value of maximum secondary
current have been deduced. Often a triode amplifier is con-
nected across the secondary condenser, and the conditions for
and value of the maximum voltage across the secondary con-
denser are of more interest than the conditions for and value
of maximum current.

The value of the voltage E.. (see Fig. 196) across the condenser
in the secondary circuit is

—‘Mono

Ea = CowiZ1Zy + M?2u?] (400)
-Monu
= M2w2R2 MszX (401)
Czwozz[ R+ 0 +4 x: - 0X 2
Z3 7z

In Eq. (401) the primary capacitance C; oceurs only in X;, so
that the value of C; to give a maximum secondary voltage E.,
is given by equating to zero the second parenthesis of the
denominator.

2 2
SX 1= M ;sz or (402)
Maz. 2-1 line. 2
Primary reactance to give maz. Eezl 7262 402
S Ey =
This equation is the same as Eq. (398) which gives the locus on

A A
the T(l, - 5\—2 plane above which the secondary current is a
0
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maximum. Hence, maximum secondary voltage, as well as
maximum secondary current, occurs over the max. 2-1 line
when the order of adjustment of the circuits is secondary react-
ance and then primary reactance.

The value of max. E,; over the max. 2-1 line is

Max. Es = — ME or (403)
M2w2R2
C.Z) B: + Z.f
Mo s 2
i;:e .2 2
‘ Max. E,, = —— 2oV La/bn “’Zé “ (403-R)
. T“N2
(n2 + .752)(711 + T+ 5%)

Since in Eq. (400) C» oceurs outside the bracket as well as in
Z,, the locus of max. ., when the reverse order of setting the
two ecireuits is used, does not coincide with the max. 1-2 line.
The locus of the maximum secondary voltage, corresponding to
the max. 1-2 line for secondary current, can be obtained by
differentiating Fq. (400) with respect to C; or Xo.

146. Locus of Max. Max. Secondary Voltage.—The value of
X to give max. max. E.. can be found by differentiating Eq. (403)
with respeet to X;. Equation (403) can be rewritten as follows:

MO.)(JEO(X2 - ngo)

MR
VTR o+ 2 |

Equating to zero the derivative of Eq. (404) with respect to X,

Xo(X3 — Lawo)
R1<1_ 2 2Zg 20)

Max. Ecz =

(404)

_ M2w3R2/ o, Xo(Xs — Lawg)\ _
Tt M Z -° (405
or )
Mzw(z)Rz _ R 1
& M amim
R% + X2L2wo

Equation (405) is a cubic in X, and difficult of solution. How-
ever, we can obtain the result desired, i.e., the locus of max. max.
E.,, by substituting Eq. (402) in Eq. (405). KEquation (405)
gives the value of X, for max. max. E,. This value of X,
must also be located on the max. 2-1 line. By eliminating
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M2 from Egs. (402) and (405), the resulting equation in
X, and X, is the locus of max. max. K., as M is varied. The

result of this elimination is

SXI — X2 . E_1 - (R% + X2L2wo>

Locus of maz. maz. Ec

. r 406
By B~ Xolaon + 253 & (409
as M is varied 9
_pg .M.+ B) 406-R
Lom o 2 HoH
|| 13
(Ao A -
/ r oVt 5
i A h
A &
A 1 2 ! S
ﬁ':'\/h/i-sn'f =
: \ﬂ” Max. maxl,
—t 1 _ - ! L
— A _
< No VEVIB7; _.________//_/_____ N
& “
Max.max.1, //‘7~2_ i
i I -_O-V1+7]2
Max.max. EC;,' “)}a z
// Jr‘/ \ Curve A Locus of maxmax,
g I ¢z as Mis varied _|
A r=
R
/
%

Fi1g. 207.—Locus of max. max. E.: as M is varied, and conditions for max
max. Ee: for7 = 0.5. 32 = 35 = 0.10.

Equation (406) differs from Eq. (399) for the locus of max.

max. I, only in the presence of the last fraction in Eq. (406).
. N M
Examine on the v

N plane the shape of the locus given
0

by Eq. (406-R). When B, is zero, 8; is also zero. Hence, the
locus passes through the point Ai/A0 = 1, Ae/Ag = 1.

From the
numerator, 8; is zero when 8, = —n:. That is, the locus cuts
across the vertical N1/\o

1 line at a second point whose ordinate



362 THEORY OF THERMIONIC VACUUM TUBES

is X2/Xo = 1/4/1 + 42, as shown in Fig. 207. The denominator

1+ /1 — 8
of Eq. (406-R) is zero when B; = —"—\/—4—&—2
infinite or A\;/No is zero. Transforming these values of 8, into
wave-length ratios, it is seen that the locus of max. max. E..
intersects the vertical coordinate axis when /N, has the two

values _~_2_—__; Fig. 207. The values of \;/)\, between
V3 + /1= 8z

these two values of \o/\g are either greater than unity or imagi-

nary. For the constants assumed in plotting Fig. 207, the values

of N/ are imaginary between these two values of A\;/\,.

The locus intersects the horizontal coordinate axis when B,
m N 1

is infinite. This occurs when B, = —g,. OF 3 = .
M2 0 1 + ﬂ
; 279

Finally, 8, is equal to —#1/7, when 8, is equal to unity, or, in

A A 1
terms of wave lengths, 2% is infinite when - = ———— as
Mo Ao m
14 =
N2

B1 is then

indicated by the position of the infinite asymptote in Fig. 207,
This branch of the locus which approaches the infinite asymptote
has no physical significance.

Figure 207 is drawn for the rather large value of ’7? and n: of
0.1. Since the values of 4, and %, are equal, the locus of max.
max. I, is a 45-deg. line through the point (1, 1). The positions
of the max. max. I, are given by the intersections of this locus
and the max. 2-1 line, as shown in Fig. 207. Similarly, the max.
max. E.; oceurs at the intersection of the locus for max. max. E..
and the max. 2-1 line. Except for the intersection at the point
(1, 1), there is only one point of intersection in the particular
case shown. Referring to Eq. (405), since X: is not a factor,
the point (1, 1) is not a point of maximum or minimum E,..
Equation (405) has three roots for X,, two of which may mark the
positions of max. max. F., and the third the position of a min.
max. E.. If two of the roots are imaginary, there is but one
mazimum, as in Fig. 207.

Figure 208 shows the locus of max. max. E.. for 'qf = n; = 0.05,
and the max. 2-1 line for » = 0.6. In this case, all three
roots of Eq. (405) are real, two giving the positions of max. max.
E,,, as indicated in the figure. The other root gives the position
of min. max. E...
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If 4, is made smaller than the value assumed in the two charts
just described, the two branches of the locus of max. max. E..
approach, as in Fig. 209, drawn for nf = n: = 0.001. The
locus, for all practical purposes, consists of the line A;/A, = 1 and
a curved line whose equation can be obtained from Eq. (406-R)
by neglecting n:. This simplified approximate equation is

_ Ry R Lawo

s g oo )V TR -2, 0D
73 << B2 i = %: - _52262 (407-R)
’ |
] : \ |
| |

petP SRR NSO SH S S g e ____T__ -
h [Max.tax.Ecy
! 4 A __.;f—-
Mhmax.lz\\ 7/ .———-;‘:’-—-
o~ © [y } L —
<<t [ T “Min.max. Ec,

Curve A Locus of max.mox.E.,
os M is varied

o 1
N
Ao

Fra. 208.—Locus of max. max. E,: as M is varied and conditions for max. max.
Ec.; whenr = 0.6. 35! = 7t = 0.05.

This equation is valid for small values of n:, provided 8; and
B, are not close to zero.

147. Value of Max. Max. Secondary Voltage.—The value of
max. maXx. E, for values of coupling greater than critical
coupling can be found by substituting Eq. (405) in Eq. (404),
giving

. 2 T 902 L /%)
Max. max. E,» = M(l + %E>\/l _ 2("]2 + B83) (408)

2’\/R1R2 2 77% + 62
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If ”12 is negligible compared with 3., this equation reduces to the
approximate form

Eongo 'J )\
Approx. max. max. B = ———,/2— — 1 409
" oVER NN (108
Because of the radical, max. max. E,; is greater at the point for
which Nz/), is less than unity. This would be expected, because

at this point the secondary condenser is smaller than at the
other point of intersection for max. max. E.,.

e

y/ Max.2~1 for T =000
X

/
[~ Max.max.1, A
=—-Max.max.Ec,
y s
le ~. 7 1
< qumax,lz—'{‘;/ < Max.max.Ecp
A7
/ |
/
I
e Curve A Locus of max.mox. Eca
7 as Mis varied
/
’
’
7
7
s
0
0 I 2
A
Ao

F16. 209.—Locus of max. max. E.2 as M is varied and conditions for max. max.
E., when 7 = 0.001. 7} = 5; = 0.001.

For values of 7 less than for eritical coupling, as defined by
Eq. (391), there is one position of max. max. E.. This single
max. max. E.; occurs when A\;/A, and Az/A, are each less than
unity. At ecritical coupling, the max. 2-1 line and the locus
of max. max. E., as given by Eq. (407), have the same slope
at the point (\;/A¢ = 1, As/A¢ = 1) and do not cross. There is
an intersection point at a value of Az/\, less than unity.

II. THEORY OF MAGNETICALLY COUPLED CIRCUITS WITH
REGENERATION IN THE SECONDARY CIRCUIT

148. Derivation of the Currents in Coupled Circuits with
Regeneration.—With the theory of coupled circuits before us,
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consider how this theory is affected when a regenerative tube is
associated with the secondary circuit. The connections are
shown in Fig. 210, and the equations for these circuits are

Z]AI] + jMwoAIZ = AEO
jMw0A11 + ZgAIg - ijwoAIp = 0

" (410)
j 022’0 _ Mbw0>A12 + Z])AIP =0 S
where
. 1 .
Z, =R, +J(L1wo - m) = It +]X1
Z, = R, +j(szo - 71—> = Rs + jX,
2Wo
and

Zy, = 7Tp + ijwo.

SFED

AE
Fia. 210.—Magnet1call; coupled circuits with regeneration in the secondary
circuit.
As before, wo/2r is the frequency of the e.m.f. AE, impressed
in the primary circuit. All currents and voltages in Part II
are limited to small values in order that u, and r, may be assumed
constant. Small values are indicated by the delta sign.
The solution of Eq. (410) is

il

up My — M
C o
(AE)\ Z, — ——L—Z“‘——
AL = ? (411)
LU T
Zl 22 - CZ———— + M2O)§

Zp

—]MwoAEo (412)

up My _ mwz
0
Zl Zg———(72——— +M2wg

Zp

A12 =
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A comparison of Egs. (411) and (412) with Eqgs. (385) and (386)
shows that the mutual inductance M, which permits regenera-
tion, affects only the impedance Z, of the circuit to which the
regenerative tube is directly coupled.

The equivalent impedance of the secondary circuit, therefore, is

upr

C, - mwg
(2] = 2o — - (413)
tele — Ml tle — Mt
=|R,— —— |t X,+ T » Lywo [ (414)
Fd k4
= (Rs — hry) + j(Xs + hLawo) (415)
= [rs] + jlze] (416)

The dimensionless quantity h, known as the coefficient of
regeneration, has been introduced in Eq. (415) simply as an abbre-
viation, where

UM,
el _ M3

=72 2 2
Ty + Liw;

(417)

Using this new symbol, regeneration in effect changes the resist-
ance of the secondary circuit from R to [re], where

[ra] = Ry — hrp (418)

and changes the reactance of the secondary circuit from X, to [z,),
where

[22] = X2 + hLswo (419)

In accordance with Eq. (419), the change in the reactance due to
regeneration may be considered to be due to a change in the
equivalent inductance of the circuit from L. to [l,], where
[ls] = Ly + hLy. Corresponding to the equivalent inductance
[ls], there is an equivalent angular velocity [ws], wave length
[Ae], and couplings [7] and [r;]. As with regeneration in a single
circuit, the change in reactance is very small in comparison
with the change in resistance. Hence, the equivalent values

[Za], [wal, [\e], [7], and [r;] are in general practically the same as
L, ws, A2, 7, and 7.
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Using the equivalent values, Eq. (412) can be written in much
simpler form as follows:

AI — —jMO)QAEo _ —jMwoAEo

; a = 0 (420)
Z1[Zz] + M Wy [22]<Zl + M)

[z2]

Equation (420) corresponds to ¥q. (386) which is for no regener-
ation. It must be remembered that the two cases, with and
without regeneration, differ in that R, is always positive in
Eq. (386), whereas [rs] in Eq. (420) can have any value either
positive or negative. The study of eoupled circuits, one of which
is regenerated, resolves itself into the study of coupled circuits
one of which can have a negative resistance. Unfortunately,
[rs] is not usually constant but, being dependent upon A, varies
if any of the factors of Eq. (417) change. We may safely assume
that u,, 7,, and L are constant if the electrical amplitudes are
small, and that M, may be held constant. The factor C, varies
if the secondary circuit is tuned by varying its capacitance, and,
since w, is also a factor of Eq. (417), the value of A, and hence
[r4], is a function of whatever frequency exists in the circuits.

We have shown in Chap. XIII that in most practical cases
the terms Miw} and Llw} in Eq. (417) are small in comparison with
the other terms. In order to simplify the following analysis,
it is assumed that these terms are so small that they can be
safely neglected. An approximate coefficient of regeneration
will be used, defined by the relation

upr

2
CQTP

K = (421)

We must realize that there are two possible conditions.

The first condition deals with a constant regenerative effect,
obtained by holding all factors of Eq. (421) constant. Since
C; must be kept constant, the secondary circuit must be tuned by
a variable inductance having no mutual inductance with L; or
with Ly, or by a variable series capacitance not connected between
the grid and filament of the regenerative tube. If A’ is con-
stant, [r,] is constant. The treatment for this condition is the
same as for ordinary coupled circuits when extended to include
a negative resistance in the secondary circuit and hence to allow
for the possibility of self-oscillation.
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The second condition simulates more nearly the practical case
in which C» is the variable element used to tune the secondary
circuit. For this condition, [r,] is variable in a way determined
by Eqgs. (418) and (421), giving

upM b

[ra] = B Cory

(422)

where C, is the variable factor which also determines [\z], the
natural wave length of the secondary circuit. -

Condition I. Constant Regenerative Effect

The treatment for this condition follows closely that for coupled
circuits with positive resistances. Since regeneration, which is
here assumed constant, alters slightly the effective inductance
of the secondary circuit, as shown by Eq. (419), all quantities
relating to the secondary circuit will be expressed in equivalent
values.

The secondary current is given by

—jMwoAEo
M2’R ) M2t X
GRS A G o]

This equation corresponds to Eq. (387) for the case of positive
resistances and may be expressed in coefficients similar to FEq.
(387-R). This second form will not be given here.

149. Conditions for and Value of Max. Secondary Current
with Constant Regenerative Effect.—Referring to Eq. (423)
and following the same procedure as before, if X, has some
fixed value and [z.] is varied until 2 maximum for AI,is obtained,
the value of [x] is

Maz. 1-2 line.
[z2] to give mazx. AIZ{[:EZ]

Al = (423)

MG X,
B+ X
Equation (424) corresponds to Eq. (388) and is independent of

the value of [r,], whether negative or positive.
The value of max. Al is

(424)

Max. AL = —1MeoAE, (425)

. M22R
(R + ]Xl)([TZ] + mO—X})
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This expression gives a finite value of A, even if [r.] is negative
but is less in absolute value than M%2R,/ Zf.

150. Conditions for Oscillation at Frequency w,/2r with Con-
stant Regenerative Effect.—The conditions under which A7, has
its greatest value can be found, as was done in the simple theory
of coupled circuits, by differentiating Eq. (425). The roots thus
found for X, are similar to Eq. (390) in Part 1.

SXI - (426-1)
MR,
Canditgﬁ:ﬁl{ﬁr’:ﬁ::.mz. Al Z‘]l. = [7.2] (426—2)
M2
7= il (426-3)

T

Expression (426-2), which in Part I gave the value of X, for
the max. max. Al,, gives an imaginary value of X; when [r,] is
negative. Therefore root (426-3) must then be used.

Examining more closely the conditions given in Eq. (426), it is
evident that root (426-3) gives in general two values of X, for
both of which the denominator of Eq. (425) is zero. For these
two values of X, the current A, (and also AI;) becomes infinite
or oscillation begins at frequency wo/27. Values of X, with
corresponding values of [z;] according to Eq. (424), give finite
values of AI, between these two points. Since the only adjust-
ments under consideration lie on the max. 1-2 line shown in Figs.
198 and 199, this line included between the boundary points of
oscillation at frequency wy/2r is the locus of max. Al just as
in Part I when the secondary resistance was positive. It should
be noted that the shape of the max. 1-2 line is independent of
whether [ro] is positive or negative, Also, the same two values
of X, satisfy Eq. (390-2) that satisfy Eq. (426-3) if the negative
[r:] has the same numerical value that the positive R, had in
Part 1.

As was demonstrated in Part I, the max. 2-1 line (adjustment
of primary circuit to give max. Al, for various settings of the
secondary circuit) passes through the points of max. max. Al,.
In this case of negative resistance, these points have been shown
to be the boundary points between oscillation and non-oscillation.
The portion of this max. 2-1 line between these two points is
the locus of max. AI, of frequency wo/27, where the order of
adjustment of the two circuits is first secondary reactance then
primary reactance.
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For points on the max. 1-2 line outside the region between the
MR,

boundary points of oscillation, [r.] + 72 (see Eq. (423)) is
1
. M2iX, . ” .
negative and [zs] — = 0. This condition cannot exist.
1

If the first expression were negative, a larger amount of power
would be supplied to the system than would be dissipated, an
obvious impossibility. What actually happens at first is an
increase in magnitude of the oscillation. Then the vacuum tube
operates over such a large region of its characteristic surface that

the average values of u, and r, are altered. This alteration in

. L M2uiR
both u, and r, is in a direction to make [rs] + ;2 ! less nega-
1

tive. Equilibrium is established when this expression becomes
zero. Harmonies are introduced, but as a first approximation
in the qualitative discussion they may be neglected. The
variations in u, and r, alter the value of (x,] also, but as a first
approximation, Eq. (424) may still be considered true and the
oscillation at frequency wy/2r will take place over the portions
of the max. 1-2 line outside the boundary points.

If Eqgs. (424) and (426-3), both of which hold for the two points
of boundary between oscillation and non-oscillation, are solved
simultaneously, there results

X, R,
Locus of points where oscillationSE] = - [_r;] or (427)
begins at frequency ‘;—:‘_ as M isvaried B L m
RPN £ 427-R
l[ﬂz] [ “2T-R)

Equation (427) is evidently the same as Eq. (399) in Part I; ¢.e.,
it is the equation of the straight lines in Figs. 198 and 201 and of
the curved lines in Figs. 199 and 202. The boundary points given
by Eq. (426-3) are found to be the points of intersection of the
max. 1-2 line, the max. 2-1 line, and the appropriate radial line,
as in Part I. In Part I these points of intersection were the
points of max. max. Al,. The current in the present case
increases toward infinity instead of to a finite max. max. value.

If M, has the value given by Eq. (428)

M“’wﬁ = —R1[T2] or (428)
[r12 = —mnilns] (428-R)

a relation which gave critical coupling in Part I, the boundary

Critical couph'ng{
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points come together at X; = 0, and [z:] = 0. Relation (428)
marks a sort of critical coupling for negative resistance in one
circuit. The region of no oscillation at frequency wy/2r shrinks to
a point and an infinite value of A, at frequency wo/27 occurs only
at this point. This should be the condition for maximum signal
strength with greatest selectivity. Analysis shows that under
this condition the max. 1-2 line and the locus of Eq. (427) are
tangent to each other at the origin, as shown in Fig. 201.

We may summarize as follows: When two circuits are coupled,
and one, say the secondary circuit, has regeneration so that its
effective resistance is negative but less in absolute value than
M2s3R,/ 73, the locus called the max. 1-2 line, which marks the
maximum value of Al in simple coupled cireuits, also marks the
maximum value of current of frequency w,/2r when the secondary
resistance is negative. As this locus is traversed, there are two
values of X, which mark a range outside of which the system
oscillates at frequency wo/2m. Between the two values of X,
all points on the max. 1-2 line give max. Al,, except when the
tube starts oscillating at some other frequency, a possibility which
will be explained later.

Referring to Fig. 199, which may be used when ([r;] has a
negative value, oscillation at frequency wo/27 takes place if the
adjustments correspond to points on the locus max. 1-2 outside
the region between the intersections of the max. 1-2 line and the
max. 2-1 line. Over the portions of the max. 1-2 line and the
max. 2-1 line between these points of intersection, the current
Al, is a maximum when the adjustments are made in the proper
order. Maximum regeneration at frequency w,/2r oceurs at
the points of intersection of the max. 1-2 and max. 2-1 lines,
i.e., at the points a a.

If M is varied, the points a a travel along the locus

oL B

m

[172] [62]
If M is fixed and [rs] is varied, the points a a travel along the max.
1-2 line which is unchanged in shape. If [r] is positive, the
points a a represent points of max. max. Al,. As [r:] approaches
zero from a positive value, the points a a recede from the origin
0’ along the max. 1-2 line until, when [ry] = 0, the points are
at A/A =0 and A/N = . As [r] becomes negative, the
points a a approach O’ along the same max. 1-2 line. They now
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mark the points where oscillation begins at frequency wo/2m, or
the points of maximum regeneration. At these points A7, is
theoretically infinite.

151. Conditions for Oscillation at Any Frequency /2r with
Constant Regenerative Effect.—Until now, there has been con-
gidered only the possibility of self-oscillation of the system at
the same frequency as that of the impressed e.m.f. AE,. Under
certain conditions the system can maintain self-oscillation at
some frequency other than w,/2r, whether or not the e.m.f. AE,
is impressed.

The whole system oscillates at a frequency w/2r if the equiv-
alent impedance of the whole system, as viewed from the cir-
cuit to which the regenerative tube is attached (the secondary
circuit in this case), is zero for this frequency. Expressed
analytically, the condition for oscillation is

Condition for oscillation M2w2
at frequency 3 {[221] = [zo] + @y = 0 (429)
The total impedance is zero only when both the resistance and
reactance of [z»] are zero. Therefore, expanding Eq. (429), the
conditions for oscillation are

M2s2R
Conditions for osc-:,;l’laxion [TZ] + ¥ (Xi),?, =0= [T21] (4.30)
al frequency o Mzwz(Xl)L,,

fi

[22] — B (X2 0 = [z4] (431)

Equations (430) and (431) may be expressed in ratio form as
follows:

2
(] + —— A ~3=0 (430-R)
7+ (1 - 9-‘)
2
Conditions for @
oacillation zt 9
frequency 7 [7.]2(1 — 9_1>
2 2
VY - G A (431-R)

In investigating the conditions for oscillation, it is immaterial
whether or not the e.m.f. AE; is impressed. The frequency of
AE, will be used as a reference frequency so that quantities can
be plotted as before in terms of the ratios /N and [\s]/A.  For
convenience the following abbreviations will be used:
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%=01,;;Z=02,and%;=0.

In Eqgs. (430-R) and (431-R), the ratios 7, = Ri/Li» and
[72] = [r2)/[l2Jw are functions of « rather than of w, as in all
previous equations. Although w; is constant, « is not. With
most coils the resistance changes with frequency, 7 being nearly
constant, so the quantities 7, and [n.] will first be assumed con-
stant. The treatment for constant 5 is presented as Case a
under Condition I; Case b, under Condition I, in which the
resistances are assumed constant rather than 7, will be presented
later.

162. Oscillation-boundary Curve. Case a, Constant 5.—
The boundary curve marking the border between oscillation and
non-oscillation on the \i/A — [As]/Ao plane can be found by
eliminating » from Eqs. (430-R) and (431-R). The equation
of the boundary curve thus attained is

<r,% + 1+ 12%1)% + 2(mms — 1+ 72)636% + <n§ + 14+ T"’?)O% =0
2, 1

1—+2— n1M2 * (771 + 7]2)\[ —(1 + "7—11—?2>

14+ 784
N2

or

% = 6 (432-R)

. where 7, 75, and 8, are equivalent values, the brackets being
omitted for simplicity.

Equation (432-R), when plotted on the 6, — [8.] plane for a
chosen set of values of 71, [72], and [7], gives two straight lines
radiating from the origin. Wheny; = —[n,]orwhen [7]2 = —5i[2],
Eq. (432-R) reduces to 8; = [6,], a single line through ¢’. In
Fig. 211, the boundary lines are plotted for [r] = 0.5, 7, = 04,
and [9;] = —0.2. In the region between these boundary lines,
the equivalent resistance [rs;] of the system is positive for
all frequencies and the system does not oscillate. For each
point on the boundary lines, both the resistance [rs:] and the
reactance [zs2i] of the system, as viewed from the secondary
circuit, vanish for some frequency which is different for each
point, and the system oscillates at the frequency which makes
[r21] and [zs:] zero. For each point outside the region between
the boundary lines, the resistance [re;] is negative for some
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frequencies, one of which makes the reactance [zs:] zero. Oscil-
lations at this frequency build up until equilibrium is established,
which occurs when the variation in tube coeflicients reduces the
effective resistance to zero. The region oufside the two lines is
then a region of oscillation.

The max. 1-2 line for § = 1 is also shown in Fig. 211. At all
points of this max. 1-2 line the reactance 2] is zero for the fre-
quency wo/27. At the intersection points a ¢ of the max. 1-2 line
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F1e. 211.—Oscillation boundary lines for constant regenerative effect. Condi-
tion of constant . [r] = 0.5. 7y = 0.4. [ne] = —0.2,

and the boundary lines, the resistance [rz;] is also zero and the
system oscillates at a frequency wy/2r, corresponding to a wave
length A,. We may draw other max. 1-2 lines for other values of
9, as shown for 6 = 0.5, for example, in Fig. 211. Along this
curve the reactance [rs:] is zero for a frequency 2w/2w, cor-
responding to a wave length of 0.5\, and at points a’a’ the
resistance [re;] is also zero for this frequency, so that the system
oscillates at these points at the frequency wy/278. The system
oscillates at all points except those in the region between the two
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radiating lines. The frequency or wave length of oscillation for
any point is determined by the value of ¢ for the max. 1-2 line
which passes through the point in question.

As [9o] is varied, the points a a through which the boundary
lines pass move along the max. 1-2 line. As [5.] is made more
negative, the tendency to oscillate is greater and the points a a
move toward O’ so that the region of no oscillation decreases in
area.

As [r] is varied, the points ¢ ¢ move along the #;/[n.] line,
Eq. (427-R), the max. 1-2 line changing shape so that points a
are the intersection points of the three curves.

The max. 1-2 line has a slope of unity at the point O’ when
71 = [7], and a greater slope when »; < [7].

Consider now the two cases when 5, > [r] and when »; < [7].
Suppose, that n1 > [r]. As [7.] is made more negative, points a a
approach O’ and the region of no oscillation collapses at eritical
coupling to a single 45-deg. line through ¢’. If, however,
n; < [r], the boundary lines become coincident at two values
of [#s]; first, when [#s] = —n;, for which condition points a a arrive
at points a; a; on the 45-deg. line through O’, Fig. 211; second,
when [4,] satisfies the critical-coupling relation and points a «
come together at O'. Referring to Fig. 211, the two boundary
lines, which have just come together when the intersection points
a a arrive at position a: @i, pass each other as the intersection
points move from a; a; toward O’. In this last range there is
no region of no oscillation, but the two regions of oscillation
overlap in a small diverging strip from 0. As the intersection
points travel along the 8 = 1 line from a, ¢; toward O, the over-
lapping region of oscillation first increases in area and then
decreases in area until it vanishes at critical coupling. The con-
ditions for this overlapping of areas of oscillation are, therefore,
that [r] must be greater than »;, and also greater than critical
coupling, and that [n,] must lie between —7, and —[r]2/7,.

153. Values of the Equivalent Resistance and Reactance.—
We shall study further the system under the conditions of Fig.
211. As already explained, points a a are points of maximum
regeneration for signals of frequency wo/2r. Suppose that the
circuits are set to correspond to the lower a-point, having coordi-
nates 6; = 0.794 and 6, = 0.880. FExamine first, at various
frequencies in the neighborhood of wy/2r, the equivalent resist-
ance [rs;] and the equivalent reactance [zai] of the system as
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viewed from the secondary cireuit. The expression for [ry]
is

rad _poqp I (433-R)
A \ ( 92)
m+i1l— 0“{
and for [z2,] is
of 1 &
[.’521] 1— LZ _ [T] (1 0%)
[Zz]w [02]2

a5 (434-R)
7 + (1 6 >

8
These are plotted against § = A/\;in Fig. 212. The curves show
that only at the point 8 = 1, i.e., for a wave length equal to ),
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Fic. 212.—Resistance and reactance of eoupled circuits as viewed from the
secondary circuit. Conditions: 8; = 0.794; [#:] = 0.880; 71 = 0.4; [72] = —0.2;
[r1 = 0.5.

are both [ry)] and [zs1] equal to zero, at which point the system
just oscillates.

We may also plot the equivalent resistance [ri2] and reactance
[212] of the system, viewed from the primary circuit, as 6 is varied,
when the systeru is set for the same point a. The results are
shown in Fig. 213. These curves give the resistance and react-

ance of the system offered to any signal of wave length 9\

impressed in the primary circuit. When the impressed wave

length is Ao, the resistance and reactance are zero and maximum



REGENERATION IN COUPLED CIRCUITS WITH SIGNALS 377

regeneration occurs. It is interesting to note that, if 6 is between
0.73 and 1.0 in the example given, the system offers a negative
resistance. The physical meaning of this is that the system
supplies energy instead of absorbing energy at these wave lengths,
but this occurs only when a signal is impressed. If the primary
circuit is the antenna circuit of a coupled-circuit receiver, if
the circuits are set to receive a signal of wave length Ny, and if
another signal of wave length between 0.73\, and )\, is impressed
on the antenna, the system reradiates power of the impressed
wave length in proportion to the strength of the impressed signal.
The phase of the emitted power is determined by the values of
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Fie. 213.—Resistance and reactance of coupled circuits as viewed from
the primary circuit. Conditions: 8 = 0.794; [g:] = 0.880; 7. = 0.4; [n2] =
—0.2; [r] = 0.5.

[ri2] and [z12). In some regions around the antenna the direct
and reradiated waves reinforce each other, while in other regions
they partially neutralize each other.

164. Changes of Frequency of Oscillation of Secondary Circuit
Caused by Tuning Primary Circuit for Case a. Drag Loop.
Detection of Resonance.—It is of interest to examine the fre-
quency of response of the system as 6; of the primary circuit is
varied, the secondary circuit being set for [6;] = 1. From Eq.
(434-R) equated to zero, we may plot ¢ against 6;, when [6,] is
given the value unity. As the equation is a cubic in 62, it is
necessary to solve for 6%, in terms of 2. The result is
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1 1( [V — 41 — 672
i =l ) sw

Equation (435-R) is shown in Fig. 214 for n; = 0.4 and for four
values of [7].

Although the full-line curves of Fig. 214 give the values of
6 vs. 6, for which the reactance of the system is zero as viewed
from the secondary circuit, they alone do not tell the limits of the
regions of oscillation. These limits are given by Eq. (433-R)
equated to zero. The same results may be obtained more easily
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Fig. 214.—Variation of the wave length of oscillation as the primary circuit is
varied. 71 = 0.4.

by combining Egs. (433-R) and (434-R). Eliminating [r}? from
these equations, both equated to zero, gives

02 = i + [712]
Mmooy [nz]
(62 ° 6

(436-R)

This is shown plotted in the curves marked #:/[n.] = —2, Fig.
211, and for [6s] = 1 in the dotted curves of Fig. 214, for various
values of [n2]. These curves give the loci of the intersections of
the curves of Kqs. (433-R) and (434-R), both equated to zero, as
[r] varies. Hence, they give the loci of the limits of oscillation.
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The interpretation of Fig. 214 is as follows: Suppose that we
are making accurate comparisons of frequency or wave lengths
of two circuits, such as two wavemeters P, and P;. We shall
assume that the secondary circuit of Fig. 210, is an oscillating
reference circuit used in this accurate comparison of the two
wavemeters. This secondary circuit S, when unaffected by
either wavemeter, is oscillating at wave length A\o(6 = 1). The
common procedure in the comparison of the circuits P, and P,
is to bring P, into proximity with S, and tune P; until some indi-
cation in S shows that P; is in resonance with S. The same
process is applied to P,. The two settings of P; and P, are
then taken to be the settings corresponding to wave length X,.
The indicator to detect resonance of P; or P; with S may be an
ammeter in the plate or grid circuit of the triode attached to S,
a telephone receiver in the plate circuit of the triode, or a second
oscillating circuit arranged to beat with S so that any change in
the frequency of S can be detected by a change in an audible beat
note. This last method is by far the most accurate. In apply-
ing Fig. 214, it should be realized that the value of 7, assumed
in plotting the figure is excessively large and that certain limita-
tions, as explained, are placed on the theory. But, qualitatively,
the results of the analysis are of practical value.

Suppose that P is coupled to S with a coefficient of coupling
[r] = 0.2 and that [ys] is set at —0.1. As 6, is varied (the natural
period of P, is varied) from 0.5 upward, the frequency of oscilla-
tion decreases because of the increase of 6 along the full-line
curve marked [r] = 0.2. At 6, = 0.9, the oscillation stops.
It begins again at a higher frequency than wy,/27 when 6, is 1.145.
The two points where oscillation stops may be indicated by clicks
in the telephone receivers or by abrupt changes in the ammeter
reading. Often, the mid-point between the two values of 6,
corresponding to these two points is assumed as the point of
resonance. Such an assumption is in error, as is shown by the
fact that the point 6, = 1 is not midway between these two
critical points. Suppose now that the same discussion is repeated
with [9.] set at —0.35. Since the dotted curve for [9:] = —0.35
does not intersect the full-line curve for [r] = 0.2, Fig. 214,
except at the point #; = 1 and 6 = 1, the system does not stop
oscillating. The frequency of oscillation goes through the
changes indicated by the curve of Fig. 214. The beat note
used as indicator varies but returns at 6; = 1 to the beat note
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unaffected by the secondary circuit. This method of beat-
note indication gives a very accurate determination of resonance ;
the steeper the full-line curve at the point (1, 1) the more accurate
the determination. The steepness can be increased by increas-
ing [7] up to the value 7;, at which value the reactance curve is
vertical as is shown by the curve marked [r] = 0.4 in Fig. 214.
But with such a value of [7], [5:] must be more negative than —z,
in order that the system may oscillate throughout the range of 4,.
If the ammeter method of detection is used, the most rapid
change in ammeter reading is obtained when [7] is equal to or
slightly less than 71, and [7.] is about equal to —x;, for then the
system almost stops oscillating at §; = 1.

If [7] is increased to 0.6 and —[»,] is equal to i, (Z.e., 0.4 in
this example), oscillation persists along the curve 7 = 0.6, Fig.
214, as 6, is increased to unity. At this point the oscillation
frequency suddenly changes from the value corresponding to
6 = 1.21 to the value corresponding to § = 0.742, and thereafter,
as 6, is increased, follows the lower portion of the full-line curve
marked [r] = 0.6. As 6, is varied back and forth through unity,
this abrupt change in frequency occurs each time at 6; = 1 and
a telephone receiver indicates by a click this point of abrupt
change in frequency. These conditions are best for the telephone
method of detecting resonance.

Suppose that [7] is 0.6 as before, but [7:] is set at —0.5. The
upper full-line curve is followed as 6; is increased until the
intersection point with the dotted curve is reached at 8; = 1.033.
Here, the frequency changes abruptly to that corresponding to
the lower portion of the curve at this value of 6. As 8, is still
further increased, the frequency follows the lower curve. If 6,
is now decreased, the lower curve is followed until the intersec-
tion point at 8, = 0.927 is reached, when the frequency jumps to
values corresponding to points on the upper section of the full-
line curve of Fig. 214. Thus a sort of hysteresis occurs in the
variation in frequency, often called a drag loop, and is shown in
Fig. 215 for [r] = 0.6 and [9] = —0.5. Such a drag loop can
occur only when there are overlapping regions of oscillation, as
already explained in connection with Fig. 213, 7.e., only when
—Insl < %1 and when [r] > 7. The drag loop is of considerable
importanece in the study of power oscillators.

15656. Conditions for Oscillation at Any Frequency «/2r with
Constant Regenerative Effect. Case b, Constant Resistance.—
The theory thus far given applies to circuits in which the resist-
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ance is proportional to the frequency for the range of frequencies
concerned in the analysis. This assumption is approximately
true if the range of frequencies considered is small, as is true if
the resistances and couplings are small as in most practical cases.
The values of n and 7 used in the examples just cited are unusually
large, so that the frequency range in any practical case would be
much less than that used in these examples.
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F1a. 215.—Drag loop. [72] = —0.5. m =0.4. [7] = 0.6.

In order to show the limitation of the theory due to the assump-
tion of constant 5, the other extreme of constant resistance will
be considered as Case b. Every practical case lies somewhere
between these two extremes.

If we assume that the resistances R, and [rs] remain constant,
71 and 5, will signify the ratios B;/Liws and [rs]/[l2]we.  Equations
(430-R) and (431-R) expressed in terms of 6y, [8], and 6 become

2
[ + — [r1ns e = 0 (437-R)
e + (1 - 0—%)
o2 [T]Z(l - 'g%)
L= Gp = rrc = 0 (438-R)
nme* + (1 - ?%)

The theory for this case of constant resistance will be developed
from these equations.
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166. Oscillation-boundary Curve. Case b, Constant Resist-
ance.— The boundary curve may be found for the condition of
constant resistance by eliminating from Eqs. (437-R) and (438-R)
the quantity ¢ which is the only quantity containing w. The
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F1a. 216.—Oscillation-boundary curve for constant regenerative effect. Condi-
tion of constant resistances. 71 = 0.4.  [72] = —0.2. [r] = 0.5.

elimination gives the following expression for the boundary line
between oscillation and non-oscillation.

[mm + i+ 2 r2]0% n [ng(l n ;E)ez ~ 221 rz)]0%0§
1 1

+[ %<1 +T2%>]0§ =0 (439-R)



REGENERATION IN COUPLED CIRCUITS WITH SIGNALS 383

where 79, 62, and 7 are the equivalent values. This boundary
equation reduces to the straight line 6; = 6, when [7] = —91.
This was also the case with the boundary Eq. (432-R). At
critical coupling for 6 = 1, Eq. (439-R) does not reduce to a
straight line. This is not surprising because critical coupling
is now defined by the relation [r]? = —ui[n.]6%. Critical cou-

pling can exist for only one value of 8 for any given values of M,
Ly, and L.
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Fig. 217.—Sections of space model for secondary current. [Ra] = 0. 71 =
0.4, [72] = —0.2. [r] = 0.5.

The boundary Eq. (439-R) is plotted in Fig. 216 for [r] = 0.5,
m = 0.4, and [9s] = —0.2. This figure should be compared with
Fig. 211 where 4 is constant, but the other conditions are the
same. Figure 217 shows sections through the space model which
give the approximate secondary current when the circuits are
set at either of the points @ a of maximum regeneration and the
incoming wave length is varied. This figure is applicable also
to the case of constant 5 if the boundary curve is replaced by the
straight boundary lines shown in Fig. 211.
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Figure 218 is similar to Fig. 216 except that it is calculated
for critical coupling when # = 1. The numerical value of this
coupling for the constants given is 4/0.08. In this case the two
points ¢ ¢ of maximum regeneration for § = 1 of Fig. 216 have
approached each other and have fused to a single point.
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Fia. 218.—Oscillation-boundary curve for constant regenerative effect.
Condition of constant resistances. Critical coupling. m1 = 0.4. [5:] = —0.2.
[rlz = 0.08.

167. Changes of Frequency of Oscillation of Secondary
Circuit When Tuning the Primary Circuit. Case b.—The
equation corresponding to Eq. (435-R), which gives the variation
of 6 along the [6:] = 1 line, is obtained for the condition of
constant resistance by solving Eq. (438-R). The result is

L _ 1, W VBT = S = o
i (72(1 - 20— 09 ) won
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This equation differs from Eq. (435-R) only in the presence of
an additional 6% under the radical. Qualitatively, the graph of
Eq. (440-R) is similar to that of Fig. 214.

The elimination of [r] from Eqs. (437-R) and (438-R) gives
exactly the same equation as is obtained for constant 7z, i.e.,
Eq. (436-R). The dotted lines of Fig. 214 are therefore the same
for Cases a and b,

Figures 212 and 213 are drawn for § = 1 and hence these two
figures and the discussion of them are applicable to the present
case of constant resistance as well as to the former case of con-
stant 7.

Condition II. Variable Regenerative Effect

The two cases just discussed were calculated on the assump-
tion that the coefficient of regenmeration is constant. This is
approximately true if the secondary circuit is tuned by a react-
ance which is not a part of the coupling either to the primary
circuit or to the triode. Generally, however, both circuits are
tuned by the variable condensers, C; and C, of Fig. 210, the
voltage across C, being the grid voltage of the triode. Under
these conditions the coefficient of regeneration h varies as the
secondary circuit is tuned. The purpose of the following dis-
cussion is to indicate approximately such alterations in the theory
of the first condition as are necessary because of this varying
regeneration.

Using the approximate expression for the coefficient of regen-
eration as given in Eq. (421), replace the variable C; by its equiva-
lent in terms of w. Hence,

2
B o= ___ﬁuvM;;L”’ (441)
D

_wm L 1 Ly
Ny 1.1
where 7, = r,/Lywo and 7, = My/N\/Lzla.

Equation (441-R) may be written

K= 0%% (442-R)
where the factor f is the term E%T Ly
Np L,
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1568. Conditions for and Value of Max. Secondary Current
with Variable Regenerative Effect.—The secondary current due
to the e.m.f. AE, is given by Eq. (423). Since 8, occurs in [rs]
as well as in [x,], the equation of the max. 1-2 line cannot be
obtained by equating [x::] to zero. It is necessary to express the
absolute value of Al; and then to put its derivative with respect
to 6, equal to zero. The absolute value of AI,, expressed in
ratios, is

TAEU
o = Ve
\/n%+(1—a§> nz—%;“+———’"‘12
1 2 2
771+(1—?)
1

1 2
1'2<1 — 795)
_1-7 ! (443-R)

Where 5y = R;/Liwy and ns = Ry/Low,. In the discussion of
Condition I, [4:) denoted the effective n of the secondary circuit
including the effect of regeneration. In the present case, it is
important to note that the effective n of the secondary cireuit,

including the effect of regeneration, is [ns] = 9 — %’ and varies
2

Equating to zero the derivative of Al; with respect to 6, gives
the following equation for the max. 1-2 line. This gives the
locus of max. AI, when the order of adjustment is first primary
and then secondary. The locus is

]___.
2 ]___ —_ _ ¥
A =N+ i ( [~ foms ‘ﬁf)
o2 - 0

1\2 -
"7%+<1‘§%>

The equation for the max. 2-1 line can be obtained by the
simple process of setting [r.2] equal to zero, since [r(.] does not
contain ;. The equation is

1—f-+ fremp —

(444-R)
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e S\ 1 —
GRS YR Chlry

At any frequency w/2r, the values of the equivalent resistance
and reactance of the system, as viewed from the secondary circuit
to which the regenerative tube is attached, are, when expressed in
ratios,

. =0 (445.R)

2.
o, _f%; + 1 R (446-R)
2Wo 2 202 4_ <1 . 5_2>
1
02
)l — —
To1 _ 0_2 i o < 01)
ity ——F—an (447-R)

These equations assume that all resistances are constant. If it
is assumed that R, and R, vary proportionally with w, so that 4,
and 7, remain constant, Eqs. (446-R) and (447-R) are altered in
the following respects: the 6% following %, in the denominators
is omitted and the term fy,/6; becomes fn,8/6;. Only the case
of constant resistance will be considered.

159. Conditions for Oscillation at Any Frequency w/2n. Oscil-
lation-boundary Curve with Variable Regenerative Effect.—
The conditions for oscillation are obtained by equating re; and
zo1 to zero. If ¢ is eliminated from Eqs. (446-R) and (447-R),
the equation of the boundary curve is

8 {nma(n + n2)02 + [r211 + 12 + foa(nne —nmp — 2namp)163
+ faslfni(np — m) — 11}

+ 61 {mz(n1 + 72)63 + nalf(nme — Zmany, — Bmamy) — 2(1 — r2)]6}
+ flfne(nimp + B3namp — 29mme) + 2(np — 72) — 20,16
+ f15(2 — fro(np — n0)]}

+{712[1 + %]03 +f[2772 —Mp — %’72_”?]03

m
T2ﬂ2
+ f’[nz — 29, n—l”]ei — fpe =0 (448-R)

Equation (448-R) is so complex that mere examination of the
equation gives little idea of the shape of the boundary. The
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equation is plotted in Figs. 219, 220, and 221 for certain selected
values of the coefficients.

The frequency of oscillation can be obtained by equating
91/ Lowo, Eq. (447-R), to zero. With constant regenerative effect,
the locus of max. Al (max. 1-2 line) and the locus over which
&y for 6 = 1 is zero (locus of oscillation outside boundary for
Xo) are identical. In the case being considered, the two loci are
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Fra. 219.—Oascillation-boundary curve for variable regenerative effect.
m =05, 9, =01;9, =10;7 =0.3;f = 0.02.

different and are given by Eqs. (444-R) and (447-R). On sub-
stituting in Eqs. (444-R) and (447-R) the numerical values of
the coefficients used in Figs. 219, 220, and 221, the two curves
for the two equations are practically coincident and in all cases
must exactly coincide at the boundary curve. In view of the
closeness of the two curves, Eq. (447-R) alone has been plotted
in Figs. 219, 220, and 221, and, for § = 1, the curve gives very
closely the max. 1-2 line.
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The coupling r can be eliminated by combining Eqs. (446-R)
and (447-R). This gives Eq. (449-R), which corresponds to
Eq. (436-R) for the condition of constant regenerative effect.

— - 02(7)1 + "72)
g = 2l = m) — & 449-R
VU frp — mbt — na03 ( )
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Fra. 220.—Oscillation-boundary curve for variable regenerative effect.
m = 0.005; 2 = 0.008; n, = 72;7 = 0.064; f = 0.00027.

If 6 is unity, this equation plotted to 6; and 6, gives the locus
of the maximum regeneration points as the coupling is varied.
These are the points of intersection of the boundary curve and
the max. 1-2 and the max. 2-1 lines for No. This locus is called
the A line for @ = 1 and is shown plotted in Figs. 219, 220, and 221.
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If 6 is given other constant values and the coupling is varied, Eq.
(449-R) gives the locus of points on the boundary where oscilla-
tion begins at a wave length 65, Several other 6 lines are plotted
in Figs. 219, 220, and 221.

The theoretical curves of Fig. 219 were calculated for unusually
large values of coupling and of circuit resistance in order to open
up the curves and thus to show their characteristics more
clearly.

The curves of Figs. 219, 220, and 221 will now be described in
detail. In Fig. 219, the boundary curve, instead of giving a
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F1a. 221.—Oscillation-boundary curves for variable regenerative effect. 71 =
0.025; 7, = 0.008; 5, = 70; 7 = 0.06; f = 0.00025.

closed figure extending to the origin as in Figs. 216 and 218 or a
region limited by two infinite straight lines as in Fig. 211, is
now an open curve usually coming down to a sharp point at its
lowest part. The region above the curve and within the acute
angle is the region of non-oseillation; the part of the diagram
below the boundary curve is the region of oscillation. The
intercept on the 8, axis is the setting for which the secondary
circuit, as a single circuit, begins to oscillate. The boundary
curve does not extend to the origin because, as the secondary
capacitance is decreased, the regenerative tendency rapidly
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increases. For values of the secondary capacitance below a
certain value (i.e., for the lower extremity or tip of the boundary
curve), the system oscillates no matter what the primary-circuit
setting is.

In some cases the boundary Eq. (448-R) has imaginary roots
for 6; for all values of 8, below the tip. This is the case for Fig.
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Fig. 222.—Oscillation-boundary curve for variable regenerative effect.
m = 04; 93 = 0.2; 9, = 1.0; 72 = 0.08; f = 0.4.

219. That this is not always so is shown by Figs. 220 and 221,
where values of 8, below the tip give real values of 6;. The
boundary equation in these figures encloses a narrow region below
the tip which is an overlapping of two regions of oscillation.
Henece, it is a region where the system may oscillate at either one
of two frequencies and where the drag loop is obtained if 4, is
varied.
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The tip of the boundary line is usually coincident with the
common intersection point of all the 6 lines. The coordinates of
this point ean be obtained from Eq. (449-R).

50; - /f(’?p + ﬂz)l
Coordinates of tip of M + N2 (450-R)

boundary line <"
zgé = f(p — m1)
n1 + 72

The position of the tip is dependent upon f and is independent
of coupling until the coupling becomes very weak. Then the
tip suddenly draws away from the point determined by Eq.
(450-R), and the boundary line may lose its point and show
merely a dip, as in Fig. 222. An experimentally obtained plot
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Fia. 223.-—Position of tip of oscillation-boundary curve.

of the position of the tip for various couplings, indicated by the
value of C,, is shown in Fig. 223. Plots are given for two values
of f or degrees of regeneration. The constancy of position of the
tip is clearly shown by the curve for regeneration arbitrarily
marked 10. For the other curve of Fig. 223, the regenerative
coupling was much reduced, so that the settings for that tip
are not on the plot. The rising portion touches the axis at a
value of C; equal to 82 divisions on its scale. This value corre-
sponds to the largest capacitance for which the secondary circuit
oscillates alone and corresponds to the horizontal portion of the
boundary line.

Although this condition of variable regenerative effect is much
more complicated than the simple condition of constant regenera-
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tive effect, there are some general features which are similar
in both conditions. If f, which is always small in comparison
with unity, is neglected in Eq. (447-R), the expressions of Eqs.
(446-R) and (447-R) are the same as for Case b of constant
regenerative effect, except that the effective n of the secondary
circuit as affected by regeneration is

fra) = o — 122 (451-R)
2

and is a function of 6, instead of being constant as in the condition
of constant regenerative effect. The boundary Eq. (448-R)
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F1a. 224-1—Experimental boundary curves. Effect of varying the coupling.
Xo = 600 meters.

is approximately Eq. (439-R) for Case b, Condition I, except
that [74] is a function of §;. In the case of variable regenerative
effect, [n,] varies on the 8, — 6, plane, becoming more negative
as f; decreases. In Cases a and b under constant regenerative
effect, the region of no oscillation vanishes when [n2] = —1,, and
the two edges of the boundary lines come together. In Con-
dition 11, the case of variable regeneration, the two boundary
lines come together or cross at a point where {75] = —7:. Here,
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as in Cases a and b under constant regeneration, a drag loop is
obtained when 8, = 1 and as the primary circuit is tuned, provided
7 > m and also provided — 72/9, < [ns] < —n1. The boundary
equation has real roots in the region below the tip if the coupling
is greater than critical as defined by the relation 72 = — 24[n,]6?,
and also if 7] < —#1. At ecritical coupling, the edges of the
boundary curve come together to enclose a vanishingly small
strip of region of no oscillation, and as the coupling is decreased
the tip rapidly rises and disappears.
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Fic. 224-2.—Experimental boundary curves. Effect of varying regeneration.
Xo = 600 meters.

As given in Sec. 154, the discussion of the shape of the drag
loop and of the action on tuning a primary circuit coupled to
an oscillating secondary circuit applies unchanged to the condi-
tion of variable regeneration, since in that discussion the setting
of the secondary circuit was assumed to be fixed.

160. Experimentally Determined Boundary Curves.—Some
experimentally determined boundary curves confirming the
theory are shown in Figs. 224-1, 224-2, and 224-3. Figure 224-1
demonstrates the constancy of the position of the tip and also
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the shrinkage of the region of no oscillation as the coupling is
decreased and approaches critical coupling. Figure 224-2 shows
the effect of varying the coefficient of regeneration and hence
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Fi1g. 224-3.—Experimental boundary curves. Effect of varying R;. Ao = 600
meters.

the effect of varying the value of [ry]. Figure 224-3 shows the
effect of varying the primary resistance. According to Eq.
(450-R), the position of the tip varies with »;. In Fig. 224-3,
portions of the max. 1-2 line and max. 2-1 line are shown.



CHAPTER XV

COMBINATIONS OF TRIODES AS LOW-POWER
RESISTANCE-COUPLED AMPLIFIERS

Amplification by the use of a single triode was discussed in
Chap. XII. When a greater amplification is desired than can
be obtained by a single tube or stage, triodes may be combined
in various ways to form multistage or cascade amplifiers. The
plate circuit of each tube in a multistage amplifier must be
closed through some form of impedance. The voltage across
this impedance load is then impressed upon the grid of the next
tube or stage. Multistage amplifiers are classified in three
main groups, according to the character of the plate-load
impedance:

I. Resistance-coupled amplifiers.
II. Impedance-coupled amplifiers.
III. Transformer-coupled amplifiers.

The first group comprises the arrangements in which the
plate load is essentially a pure high resistance. It will be seen
later that generally the capacitances of the tubes and stopping
condenser taken in combination with the load resistance make the
coupling a capacitance-resistance coupling.

The second group includes the arrangements in which the
plate load is an untuned or a tuned inductive resistance, used as
direct coupling to the next stage.

The third group includes all amplifiers in which the stages
are coupled through either tuned or untuned transformers.

Amplifiers used for the increase of radio-frequency voltages
are often treated separately from those used for audio-frequency
amplification. Since the underlying theory is the same for all
frequencies, no distinction will be made as to frequency until
the final analysis is reached under each group. Then, the special
sizes of elements and any peculiarities attributable to particular
frequency ranges will be considered.

The discussion, except where otherwise qualified, deals with
combinations of stages of amplifiers, each stage being an

396



LOW-POWER RESISTANCE-COUPLED AMPLIFIERS 397

amplifier of Class A, as described in Chap. XII. The principal
criterion for the design of multistage amplifiers is high ampli-
fication with minimum distortion. The types of distortion were
discussed in Chap. XII, where it was pointed out that there are
two main types of distortion: emplitude distortion, wherein the
amplitude of the output variations is not linearly related to the
amplitude of the input wvariations; and frequency distoriion,
wherein variations at different frequencies are not equally
amplified. Amplitude distortion is due primarily to a nonlinear
relation between the input and output voltages or, in other words,
to a nonlinear path of operation. A serious consequence of
amplitude distortion is the presence in the output of harmonics
and of sum and difference frequencies which are not present
in the input. Frequency distortion is primarily due to a variation
of the external impedances with frequency.

These two main types of distortion assume different relative
importance according as the amplification is at radio frequencies
or at audio frequencies. When the electric variations are at audio
frequencies and it is desired to amplify them, both types of distor-
tion are serious, amplitude distortion being probably more serious
than frequency distortion. When, however, a high-frequency
oscillation is modulated so that the envelope drawn through the
peaks of the radio-frequency amplitudes is a true picture of a
sound wave form, it is the sound wave form which must be
preserved during amplification, and the wave form of the radio-
frequency oscillation is of little importance. Amplitude dis-
tortion, in so far as it affects the radio-frequency wave form,
is then unimportant; but if the amplitude distortion affects the
shape of the envelope, this type of distortion is serious. Fre-
quency distortion also is important in this case, because a modu-
lated radio-frequency potential or current which forms a message
is not merely of one frequency but is made up of several or many
frequencies included within a range of frequencies 15,000 cycles
wide perhaps. If the potentials or currents of these component
frequencies are unequally amplified, the message is distorted.
We see, therefore, that amplitude distortion is more serious at
audio frequencies and frequency distortion at radio frequencies.

161. Fundamental Theory of Resistance-coupled Amplifiers.—
The common arrangement of the resistance-coupled amplifier
of three stages is shown in Fig. 225. The three stages, separated
by the dotted lines, are denoted by Si, 82, and S;. The load
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Zy in the plate circuit of the last tube is usually very different
from the load in the plate circuits of the other stages. The last
stage may be used to deliver the maximum undistorted power
to a loud-speaker, whereas the purpose of the other stages is to
deliver the maximum undistorted voltage to the next stage
beyond. The adjustment of voltages, and even the tube, of
the last stage may be different from those of the previous stages.
The last stage presents a problem in itself, which is solved by the
methods of Chap. XII. Since each stage before the last, such
as 81 and S,, performs the same function, we shall assume all
stages except the last to be similar,

The condenser C is used merely to insulate the grid from the
steady-voltage drop across the plate-circuit resistance R,. Its

Fi1a. 225.—Multistage resistance-coupled amplifier.

capacitance is so chosen that its reactance is small in comparison
with the resistance E.. At very low frequencies, however, this
capacitance cannot be made negligible, and the effect of the
reactance of C requires study. R.is made very large because its
sole purpose is to fix the steady potential of the grid at the value
E.. If the condenser C has little leakage, K, may be as high
as 10 megohms. Often there is so much leakage through C that
the flow of the leakage current through R, causes the potential
of the grid to be different from E., and £, may be positive instead
of negative.

Although separate B- and C-batteries are shown for each
stage, the wiring can easily be altered to make one B-battery
and one C-battery act for all stages. When this is done, it is
absolutely necessary to shunt these batteries by low-impedance
condensers in order to prevent regenerative effects from the last
stages to the earlier stages.
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In Fig. 225, AE,:, AE,s, and AFE,, represent the r.m.s. values
of the grid voltages of the first, second, and last stages. AFE,,
AE,,, and AF,, represent the alternating plate voltages.

The voltage amplification of the nth stage, exclusive of the
last stage, is

(VA), = %ﬂﬂ (452)

The voltage amplification of n stages is

(VA)=(VA) - (VA) - - - (VA (453)

; c
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Fic. 226.—Equivalent a-c. circuits of the nth stage and last stage of a resistance-
coupled amplifier.

The voltage amplification of the last stage or output stage,
denoted by subseript 0, is

_ AEp() . _(AIP())ZI;[)

(V.A)o = AE,, AE,

(454)

The performanece of the whole amplifier, including the last
stage, may be expressed by the over-all transeconductance s, where

_ Al

5= AE,

(455)

Although, in general, only the magnitude of the voltage ampli-
fication is of interest, it is sometimes convenient to express the
voltage amplification in complex form from which the magnitude
can be obtained when the components of the complex impedances
or admittances are known.
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The calculation of (V.A.) or s, even in the most simple arrange-
ment, is complicated. The analysis is made of the nth stage,
which applies to any stage up to the last, and of the last stage,
using the equivalent circuits shown in Fig. 226. All grids are
assumed to be negatively polarized, so that w, and %, are zero.
The extension of the e-p-c. theorem, given in Eqs. (284) and
(285), Chap. XI, page 282, must be used and the equivalent
circuits of Fig. 226 are drawn to accord with the extended theory.

The following abbreviations are used in the analysis:

A, = Coomes _ C pgntT pn
kon

Cpn = Cosn + Cogn

Con = =20

b = (456)
1

Kbﬂ = -R—b—n
1

Kcﬂ - ch
1

Y = Z

The admittances y. and Y| are defined by the diagrams of Fig.

226, the admittances being evaluated in the direction of the

aArTows.

Using Eq. (284) and the abbreviations just given, the ratio of

plate voltage to grid voltage for the nth stage is
AE,. = _Sem — JC pgn>
AEan kpﬂ + Y,I,

The ratio of the grid voltage of the (n 4 1)st stage to the plate

voltage of the nth stage is

(457)

AE;(nyy _ JCu
AE, Koty + oy + J(Cotty + Ol

‘Hence, the exact expression for the voltage amplification of the
nth stage is the product of Egs. (457) and (458), or

(458)

Spn — ijrmw

(VA), = — (459)

[k,,ﬂ + y;][{{_ﬂ%_%’ﬂ " (Ca(6+n n 1)]




LOW-POWER RESISTANCE-COUPLED AMPLIFIERS 401

- G tpn — I N (460)
Yu g(n+1) _ Aoty T Gontn
|22 41| (G2 4 ) - s |
Similarly, the voltage amplification of the last stage is
(VA = —%o =740 (461)
Y,
+1
po

The expressions of Egs. (459), (460), and (461) are general in
that the character of the plate loads, denoted in Fig. 226 by y, and
Zyo, is not specified. By expanding y’ and Zs, we may apply
Eqgs. (460) and (461) to the special circuits shown in Fig. 226.
(V.A),.=

Vb, + Al

B K., Conry Koy + goeninyf Con :
V()G 1) + Bemptaea(Ger,

N

T Cg('n+1) ) ’
§ + 1)4Cyn
{Cf’ “’( C Cocmna (Kbﬂ 1 )( Kewsn ooy
+ kpn k Cw

(462)

If, as is generally the case, Cy(nin/C and C,./C are very small
in comparison with unity, Eq. (462) takes the simpler approxi-
mate form.

(V.A), =
_ Vi, + Al
\/[Kbn + Koty + oty + 1]2 + [(C}m + Cyniny)w
kpn kpn
(463)
_ (K +1 Koy + gonin \ |°
kpn Cw
Equation (461), expanded, becomes
. 2
(VA = — Vs + A7 (464)

\/(Gbo N 1) 4 (C,,owk— B,,o>2
p0

We shall now study the voltage amplification of resistance-
coupled amplifiers under certain special conditions.



402 THEORY OF THERMIONIC VACUUM TUBES

182. Case 1. Resistance-coupled Amplifier at Low or
Audio Frequencies.—Assume that the range of frequencies at
which the amplifier operates is from 100 to 10,000 cycles per
second. At these frequencies, A? is generally negligible in com-
parison with u:n, and the ratio (C,, + Cytuin )w/kpn is generally
small in comparison with unity. Neglecting these terms, an
approximate form of Eq. (463) suitable for use in the audio range
of frequencies is

(V.A), = — Ypn :

K. + -Kc(n+1) + Goniny :|2
‘/[ Fom 1

Ky, Koy + Goinin ]2
[ () (Rt

If C is of the order of a tenth of a microfarad or more, the
second squared bracket in the denominator of Eq. (465) is
negligible except at very low audio frequencies. For the present
we shall neglect this bracket.

To obtain high amplification, each of the factors Ki./k,»,
Kotni1/kpn, and gycni1)/kpn should be small in comparison with
unity. K. and K.,y can be chosen by the designer. K.(nyn
is merely for the purpose of fixing the polarizing potential of the
next stage at an appropriate negative value, and, since there is
no appreciable steady grid current, K.,,1) can be made very
small or its reciprocal very large. For example, R.(,+1 may be of
the order of from 1 to 10 megohms. Thus the factor K.(ni/kpn
can be made so small as to be of little effect in reducing
amplification.

It is well to point out that, if R.,.p is large, it is necessary
that condenser C be a mica condenser in order to reduce the
leakage current through C. The leakage current through a
paper condenser when used for C is almost always great enough
to cause a substantial voltage drop through K...»n and to
polarize the grid of the next stage to a positive potential.

The choice of K, depends upon the tube used. As K, is
made smaller, the steady-voltage drop through it is increased and
hence, for a given plate-battery voltage, the plate voltage of the
tube is decreased. This decrease in plate voltage is best given
by the i, — e, diagram of Fig. 227. Let Ej; be the voltage of the
plate battery. Various resistance lines are drawn for Rs,, and

(465)
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their intersections with the curve for the chosen grid-polarizing
potential E.. give the quiescent points for the several values
of Rp.. (The subsecripts n are omitted in Fig. 227.) The grid-
polarizing potential should be just sufficiently negative to insure
that the largest grid-voltage variation will not cause grid current
to flow. The negative polarizing potential may be less for the
first stages than for the last stages. The quiescent points for
the several values of R, give the values of I, and £,. As R
is increased or K, decreased, k, also decreases. The only way
to determine how the ratio K./k, varies as K, is decreased is to
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Fia. 227.—Plate-current plate-voltage diagram for a resistance-coupled amplifier.

plot the ratio from measurements with the particular tube used.
It is usually more convenient to plot the reciprocal of this ratio, or
k,/K,. TFigure 228 gives a family of curves for this ratio for
various grid-polarizing voltages and plate voltages. A certain
commercial high-u tube known as UX240 (see Plate 11d, opposite
page 144) was used for these measurements. The curves of
Fig. 228 show that as R is increased the curve of k,/K, rises
rapidly at first and then flattens out. Equation (465) shows that
the larger the value of k,/K, the greater the amplification.
With ordinary triodes this ratio is never much greater than 10,
no matter how large R:is made. It seldom pays to make the
ratio much greater than 3 or 4, because the gain in amplification
beyond these values is slight.
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The third factor g,(s+1/ks. which oceurs in the denominator
of Eq. (465) may have a considerable effect upon the voltage
amplification of the nth stage, particularly at high audio frequen-
cies. The value of g,(.i1 depends upon the load in the plate
circuit of the next stage. The expression for calculating g,ns1)
was given in Eq. (278), page 277, Chap. XI, and is reproduced
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Fia. 228.—Variation of k,/Ks and B, with Rs for a UX 240 triode. E, = —1.5
volts.

here in a slightly modified form which is somewhat more con-
venient for use in this particular problem.

2
Goent1) _ (Cpg(n+1)w> _kp(n+1) .
kpn kp(n+1) kpﬂ

1+ %M—M + up(n+1)<l + Corminyw — Bb("“’)

p(n+1) Cpa(n-i—h“’
(1 + Gb(n+1>>2 + <Cpg(,.+1)w)2(1 + Corintnw — Bb(n+1>)2
kot ko Cooninw
where Gy(nin and Bu,yn are the conductance and suseeptance
of the total plate load of the next stage. To give an idea of the
approximate value of g,(ni1)/kpn at 10,000 cycles per second,
we may substitute in Eq. (466) the following values for an actual

amplifier, the test of which will be described in the next section.
A type UX240 triode has the following approximate character-

(466)
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istics when operated with a plate-load resistance of 250,000 chms,
and a plate-battery voltage of 180 volts.

u, =30

r, = 125,000 ohms

Cp, = 10uuf

Cp; = 4uuf (including socket and wires
Cor = Buuf

The term Binrn/Cpetnenew in Eq. (466) is very important
because it can have very large values, depending on the type of

Plate Current iy

Sl
'l

|

b

Fig. 229.—Effect of varying R, of a resistance-coupled amplifier.

load in the plate circuit. When the plate load of the next stage
is the same as for the stage being treated, a reasonable value is 8.

Assuming the values just given for the terms in Eq. (466),
the formula gives for g, /kpn the value 0.775 at 10,000 cycles
per second. Formula (465) gives 13.2 for the amplification.
This checks well with the experiments. The value of gytr0/kpn
decreases rapidly as the frequency is decreased, so that its effect
is noticeable only at high frequencies.

An effect which causes distortion when R; is made large is
worthy of notice. Figure 229 is similar to Fig. 227 except that
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only two resistance lines are shown, one for a fairly low value of
Ry and one for a high value of R;,. Because of the stopping
condenser C, the plate-load resistance for alternating current is
less than that for steady current. The difference between the
two plate-load resistances is accentuated if Komiv + gotnen 1
increased. The path of operation for low R, is not along the
resistance line for R, but along a line such as ab, Fig. 229, drawn
through the quiescent point. This path of operation makes with
the horizontal an angle whose tangent is Ky, + Koy + Jotnt D and
intersects the vertical through Ej at point b. Since dn/nQ = Ksn
and bn/nQ = Kuon+ Kotard + gatnsn,thenbd/nQ = Ketnrn) + gotnin.
Now suppose that the high R, is used and assume that
Kowt1y + gotnen remains the same. The path of operation
is along a line such as a’b’ drawn so that ¥d/n'Q = bd/nQ.
Since the plate-current curves for constant grid voltages
are practically similar in shape, curves for equal increments of
grid voltage are approximately equidistant along any horizontal
line, whether the line is near the axis of abscissas or higher up
on the diagram. Hence, if operation were along the resistance
line for a very high R,, the path would be so nearly horizontal
that the plate-voltage variation would be essentially linear in
its relation to the grid-voltage variation. But the plate-current
lines for constant grid voltages are not equidistant when meas-
ured vertically in the region where the characteristic graphs
are curved. Consequently, the more nearly vertical is the
path of operation, which cuts through the curved region of the
characteristic surface, the more nonlinear is the relation between
plate-voltage variation and grid-voltage variation. The high
slope of the path a'b’ results in wave distortion of the output
voltage, as indicated by the curves for Ae) and A7), If the
variation of grid voltage exceeds that indicated by the path p'h,
the plate current is zero during part of the cycle, which results
in excessive distortion.

It can be stated, therefore, that for a high-quality amplifier
it is inadvisable to increase R above the value which makes
Ro/rp = k,/K» greater than 2 or 3. If this ratio is made large,
both amplitude and frequency distortion are introduced. Fur-
thermore, K.(ntv + gontv should be less than one-fifth of k,,
to avoid the distortion deseribed with reference to Fig. 229.

There is a practical advantage in using a large Rj, which,
however, is of little importance except when dry batteries are
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used as sources of power. A large value of R, results in a small
steady plate current. Consequently, there is less load on the
plate-cireuit source of power and the cathode can be operated
to give low emission, resulting in a saving of filament-heating
power and an increase in the life of the tube.

The second stage of the amplifier of Fig. 225 differs from the
first stage in one or two particulars. In the first place, the grid-
voltage variations of the second stage are much greater than
for the first stage because of the amplification of the first stage.
Consequently the negative polarizing potential of the second
stage should be greater than for the first stage, unless, to make
the two stages alike, the grid of the first stage is polarized nega-
tively by the same amount demanded by the second stage.
The second difference between the two stages arises from the
fact that the input admittance of the second stage, depending
as it does on the plate load of the third stage, may be quite
different from the input admittance of the first stage. If the
third stage is the final stage, its plate load may be a loud-speaker,
whose impedance varies greatly with frequency and may be
highly inductive at some frequencies. An inductive plate load
may give a negative input conductance, so that g,, may vary
greatly and be negative for some frequencies. This variation
of g,0 may cause the amplification curve of the second stage
to be quite different from that of the first stage.

Before ending this section, a few words are relevant concerning
the effect of the stopping condenser C, Fig. 225, when its reactance
is not negligible. If C is 0.1pf, its reactance at 1,000 cycles per
second is 1,590 ohms, at 100 cyecles per second 15,900 ohms,
and at zero cycles per second is infinite. This stopping con-

K.
denser affects the amplification if the term (Ml)(jj Joenit in

Eq. (465) is appreciable compared with unity. For example,
if Cis 0.1uf and K.ayv + gotarn is 107¢ mho, this term has a
value of only 0.159 at 10 cycles per second. TUnless C is made
very small, or K,(nrn + gotnrn is unusually large, the last term in
the denominator of Eq. (465) is negligible from 100 to 10,000
cycles per second, and Eq. (465) becomes

Upn

Kin + Ketniy + Gonan
kon

(V.A). = (467)

+1
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Taking into account all of the effects which introduce frequency
distortion in a resistance-coupled audio-frequency amplifier, we
should expect the voltage amplification to be a maximum for
some rather low frequency, to fall off rapidly as zero frequency is
approached, and to fall off less rapidly at high frequencies.

Figure 230 shows experimentally determined voltage-amplifica-
tion curves for a three-stage, resistance-coupled amplifier, the

2000 | ]
3d stage
1000 >
2 o
& 500 -
c 400 e 2nd i‘fvge
_g 300 - R
5 N
o N
& 200
E
< 100
& 80
5 60
o 50
> 40
30,
20 l.sfsfage\
N\\
10
S " weses8 § 555388 & SooSse
> & M FHS 0o

frequency in Cycles per Second

Fia. 230.—Voltage amplification of a three-stage resistance-coupled amplifier
measured by a vacuum-tube voltmeter.

FIRST AND SECOND STAGES THIRD STAGE

UX 240 triode UX 271A triode

up =30 up =3

Ry = 250,000 ohms E¢ = —22.5 volts

R: = 5 megohms Eg = 135 volts

¢ = 0.08uf Plate load = Western Electric Co. cone-type
Ec = —1.5 volts loud speaker.

Ep = 180 volts

specifications for which are given under the figure. Both
scales of Fig. 230 are logarithmic. The abscissa scale of fre-
quencies is logarithmic, first, because such a scale spreads out
the low-frequency end so that the performance of the amplifier
can be shown on the same chart for both low frequencies
and high frequencies; and, second, because the ear evaluates
sounds of various frequencies in terms of ratios of frequencies
and not in accordance with a uniform scale. The ordinate
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scale is logarithmic because, within the ranges of comfortable
intensities of sound, the intensity of semsation is practically
proportional to the logarithm of the sound intensity or energy.
Since energy is proportional to the square of the amplitude of
voltage or current producing the sound, the logarithmic plot
of voltage amplification or of over-all transconductance of an
amplifier has the same shape as the logarithmic plot of energy
and better represents relative sensations than does a plot on a
uniform scale.

The decrease in amplification due to the effect of gy at
the high frequencies is evident in the curves of Fig. 230 for the
first and second stages. The condenser C was sufficiently large
to prevent a decrease in amplification at the low frequencies
above 10 cycles. The curves would drop to zero at zero fre-
quency. For the amplifier tested, this drop would oceur con-
siderably below 10 cycles per second.

The curve of voltage amplification for the third stage shows
some irregularities due to resonance of the diaphragm of the
loud-speaker. The cone speaker used in the test had a maximum
sensitivity at frequencies of about 2,000 cycles per second, as
shown by the maximum of the voltage-amplification curve.

163. Experimental Determination of the Performance of a
Resistance-coupled Audio-frequency Amplifier.—Although the
theory helps in the understanding and design of an amplifier,
the real performance is determined by experiment. Two
methods of measuring the amplification of a multistage amplifier
are given.

A. Measurement of Voltage Amplification by Vacuum-tube
Volimeter—The first and most obvious method is to impress a
known small voltage upon the input and measure the output
voltage by means of a suitable vacuum-tube voltmeter (to be
described in Chap. XXII). Two alternative procedures are possi-
ble in the execution of this method. One procedure is to main-
tain the input voltage constant and measure the output voltage.
The other alternative, which is usually preferred, is so to adjust
the input voltage by means of a variable attenuator as to give
always the same value of output voltage. In both it is usually
desirable to measure both input and output voltages by
means of the same vacuum-tube voltmeter in order to eliminate
the possibility that two different voltmeters may have different
frequency errors.
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An arrangement shown diagrammatically in Fig. 231 was used
to obtain the curves of Fig. 230. A beat-frequency oscillator
supplied current to a high-resistance potentiometer. The
voltage across the potentiometer or the attenuator could be
measured by throwing switch S to the left. This voltage was
kept constant at 4 volts. When the voltage amplification of the
entire amplifier was measured, the attenuator was adjusted
to give an output voltage of 4 volts. In order to reduce the
input voltage sufficiently, it was necessary to add 90,000 ohms
in series with the attenuator, Fig. 231. The voltage amplifica-
tions of the first stage and of the first and second stages were

Shield

90,000 ofzms

o nooo¥
auvdio F-dlial
oscillator  |affenvator Set=

—_— b o — — [ L

To vacuum - fube
vol/tmeter

F1g. 231.—Measurement of the voltage amplification of a multistage amplifier
by means of a vacuum-tube voltmeter.

measured by connecting the wire a from the switch to the grid
of the second and third stages.

B. Measurement of Voltage Amplification by Balance M ethod.—
The second method of measuring the performance of an amplifier
is a balance method and can be used for determining the voltage
amplification of any single stage or of any number of stages.
The diagram of connections for this method, as applied to the
measurement of the over-all voltage amplification of a three-
stage amplifier, is shown in Fig. 232. An audio oscillator,
capable of giving any audio frequency, is connected to send a
current Al, through resistances R, and R; and through one coil
of a variable mutual inductance M. R, is a low resistance of
the order of 1 ohm, and the voltage drop aeross it is introduced
into the grid circuit of the first stage. R, is a variable resistance
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made up of units-, tens-, hundreds-, and thousands-ohm dials.
M should be such that the maximum Mw is several thousand
ohms. The voltage variation across Zp; is balanced in magnitude
and phase by the voltage across R; and the secondary winding
of the mutual inductance, the balance being indicated by silence
in the high-impedance telephone receivers. The voltage amplifi-

cation is
VR4 (Mw)?
(V-A.) _ ——131__’-—

The condenser in series with the telephone receivers is used to
prevent the flow of any steady current from the plate battery
through the telephone receivers and R.,.

(468;

Multistage amplifier uf
G connections same as Ry
! in Fig.23/ 1
Input Outout
Voo | 9F -FO .
r__‘ Shield ? = ok, phore
receivers
orarmplifier

| SRS ——

Fic. 232.—Balance method of measuring the voltage amplification of a multi-
stage amplifier.

By attaching terminal b of the condenser to the grid of the
second stage instead of to Zs, the voltage amplification of the
first stage can be measured. Even though the amplification
of the first stage only is measured, it is best to maintain the
other stages in operating condition in order that all cross effects
which normally exist between stages may be present when the
measurements are made.

The voltage amplification of any other stage, taken alone,
can be determined similarly by connecting R, in the grid circuit
of the stage to be tested, at the same time diseconnecting the
condenser C from the grid and attaching terminal b to the grid
of the next stage.

The voltage amplification of an even number of stages, such
as the first two stages, can be measured by a slight shift
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of connections. If the terminal a of the telephone receivers were
connected to the grid of the third stage, balance would not be
obtained because of the wrong phase of the plate-voltage varia-
tion of the second tube with respect to the input voltage. By
interchanging the input terminals connected to R;, balance
can be obtained. In this case Eq. (468) should read
By

R, is usually so small in comparison with R, that Eq. (468) is
sufficiently accurate.
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Fi1G. 233.—Voltage amplification of a three-stage resistance-coupled amplifier

measured by the balance method. Constants of the amplifier as given in
Fig. 230.

The curves of Fig. 233 were obtained by the balance method.
Since both the ear and telephone receivers become insensitive at
very low and at very high frequencies, the range of measurement
by this method is limited, unless some other method of detection
is used. A vibration galvanometer may be used at low fre-
quencies. A better method of detection is the use of an amplifier
terminated by a detector or vacuum-tube voltmeter. With this
arrangement, the method is rapid and accurate.

164. Use of Common Plate Battery.—Separate plate-circuit
batteries for each stage are shown in Fig. 225. It is much more
convenient if the same battery can be used for all stages. This
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can be done for a few stages if means are provided to prevent
coupling between stages due to the common electrical path
through the battery.

Consider the effect of this common path in a resistance-
coupled amplifier. If the potential of the grid of the first tube
is increased, the plate current of the first tube increases. 'This
causes a decrease in the potential of the grid of the second tube
and hence a decrease in the plate current of the second tube. The
plate-current variations of the second tube are opposite in phase
to the plate-current variations of the first tube. The plate-
current variations of the second tube, passing through the
impedance of the common battery, tend to reduce the voltage
variations of the grid of the second tube. The plate-current
variations of the third tube, however, are in the same direction
as the plate-current variations of the first tube and, passing
through the impedance of the common battery, tend to increase
the grid-voltage variations of the second tube. Regeneration
thus takes place.

The regenerative effect can be considerably reduced, especially
at high frequencies, by large condensers connected across the
battery, as shown in Fig. 231. The impedance, even of
very large condensers, is too great at the very low frequencies
to prevent regeneration. The increase of amplification at low
frequencies due to this regeneration is evident in the curve
for the second stage, Fig. 230. Regeneration at low frequencies
may cause the multistage amplifier to oscillate at these fre-
quencies. These oscillations may build up charges in the grid-
stopping condensers C, owing to rectification in the grid eircuit.
The polarizing potential thus builds up until the oscillations stop.
The charge in the condenser then leaks off and the oscillations
begin again. This periodic starting and stopping of oscillation
is often known as “motor boating,” because of the similarity
in the sound emitted by the loud-speaker and by the exhaust
of a motor boat. ‘‘Motor boating” can be stopped by reducing
the amplification at low frequencies or by using two or more
sources of plate-circuit power. If the amplifier has more than
three or four stages, it is usually necessary to supply the first
two or three stages from one source of plate voltage and the
remaining stages from another source.

165. Case 2. D-c. Amplifier—A d-c. amplifier is one which
operates at zero frequency and is used to amplify a voltage which
varies slowly and which may have periods of no change. The
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amplifiers just deseribed are unsuitable as d-c. amplifiers because
of the infinite reactance of the condenser C which couples the
grid circuit to the plate circuit.

The condenser C can be omitted if provision is made for main-
taining the proper steady grid potentials. Figure 234 shows one
arrangement suitable for a so-called d-c. amplifier. Separate,
well-insulated B-batteries are required. Some point in the
B-battery has nearly the same potential as the filament, and
the grid of the next stage can be connected near this point to
give the proper negative grid potential. The adjustment is

Fic. 234.—Direct-current amplifier.

facilitated by observing a galvanometer (shown at ¢) in the grid
cireuit. If the adjustment of the tap is such that the galvanom-
eter shows a current, the grid potential is positive. The tap is
then moved by the proper amount toward the negative end
of the battery starting from the position which just fails to show
grid current. The final detecting device, such as a galvanometer,
is connected so as to balance out the steady current. Rough
adjustment is made by the tap on the last B-battery, and final
balance is obtained by a potential divider across the A-battery.
The author has used a two-stage amplifier of this type for meas-
uring the electric potentials produced in the retina of the eye
when the retina is illuminated. An Einthoven galvanometer was
used at G.!

166. Kallirotron: Regenerative Resistance-coupled Ampli-
fier.—A type of regenerative resistance-coupled amplifier, suitable
for use as a d-c. amplifier, was devised by Turner.? The connec-

» CHAFFEE, Bovig, and Hampson, Electric Potential of the Retina under
Stimulation by Light, J. Optical Soc. Am., T, 1 (1923),

2 TurNER, Radio Rev., April, 1920,
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tions are shown in Fig. 235. Let Aeq be the instantaneous value
of the small impressed e.m.f. Let Ae; be the resulting amplified
variations in the plate circuit of the first tube. Let Ai, and

Ai, represent the instantaneous values of the variations in plate
current of the first and second tubes.

F1a. 235.—Turner’s kallirotron.

By the e-p-c. theorem
up (Aeq + Ry'Ady)

Aii"x = 77
7, + R, 4+ R (470)
i = up ) Aty, S
These can be combined to give
| wp Ri(rp,+ Ry+ Ry
(VA) =22 o Bulro, Ryt By) (471)

Aeo (rp+RyTR])(rp, + Ry BY) —up iy RURY

The negative sign in the denominator allows it to be made small,
giving a large value of (V.A.). The system is apt to be unstable
if (V.A.) is made large, unless great care is used in selecting
similar tubes and in adjusting the battery potentials so that the
quiescent points are at points of maximum transconductance.
167. Case 3. Resistance-coupled Amplifiers at High Fre-
quencies.—We have considered the operation of multistage
resistance-coupled amplifiers only at frequencies below 10,000
cycles per second. The amplification at the higher frequencies
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of the audio-frequency range is decreased in consequence of the
increase of input admittance with increasing frequency. As a
result, frequency distortion is present, especially when large
resistances are used in the plate circuit. As the frequency at
which the amplifier is to operate is made greater than 10,000
cycles per second, the disturbing effects of input admittance are
accentuated and the amplification attainable is reduced. Usu-
ally, at frequencies above the audio-frequency range, gradual
frequency distortion is of small concern because, at the higher
frequencies, the frequency range over which the amplifier operates
is fractionally very small. For example, the audio amplifier
must operate from 100 to 10,000 cycles per second, which is
over six octaves. A radio-frequency amplifier is seldom expected
to operate over more than one or two octaves, and at any one
time the range of frequencies amplified covers a very small
fraction of a single octave.

The real obstacle to the use of resistance-coupled amplifiers
at high frequency is the low amplification obtainable. That the
large value of the input admittance of a triode at high frequen-
cies is the cause of this deficient action is shown by Eq. (463).
As an example, assume that the frequency to be amplified is a
million cycles per second and that C,,. = Cum = 5uuf. Let
kyn = 1/16,000 mho. Then A4, isequal to 0.5. If K3, and Ky
are each 1/16,000 mho, Fig. 150, page 276, shows that
Gorn/kpn = 0.8 and Cynipw/kyn = 2,5, With these values for
the factors in Eq. (463), the value of (V.A.), is approximately
Upn/4.25.  If Ky and Ky, 1) are 1/32,000 mho, the voltage amplifi-
cation is u,./4.7, while if these plate conductances are reduced to
1/8,000 mho, the voltage amplification is u,./3.76. At high fre-
quencies, the greatest voltage amplification occurs generally at a
relatively large value of K;/k,, that is for values of By/r, less than
unity. With common tubes having a voltage ratio of about 8 and
internal capacitances of the order of 5uuf, it is difficult at radio fre-
quencies to obtain a voltage amplification per stage greater than 2,
and it is usually less than this value. Specially designed triodes
to have low internal capacitances give much better results.
Since impedance-coupled and transformer-coupled amplifiers
give so much greater voltage amplification at radio frequencies,
resistance-coupled amplifiers are of little practical importance
at these frequencies.



CHAPTER XVI

COMBINATIONS OF TRIODES AS LOW-POWER
IMPEDANCE-COUPLED AMPLIFIERS

The main advantage of a resistance-coupled amplifier is the
relatively uniform amplification over a considerable range of
frequencies. The principal disadvantage of such an amplifier
is the smaller total amplification attainable compared with the
degree of amplification possible with other types using the same
number of stages.

The next simple type of amplifier to be considered utilizes,
in place of the plate resistance R, of the resistance-coupled
amplifier, an impedance consisting of either a tuned or an untuned
inductive resistance. Usually, the inductance of this plate
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Fra. 236.—Multistage impedance-coupled amplifier.

impedance is the prominent factor, the resistance being small.
In studying the general theory of the impedance-coupled ampli-
fier, no restrictions will be made at first as to frequency.

168. Fundamental Theory of Impedance-coupled Amplifier.—
The connections of this type of amplifier are shown in Fig. 236,
a three-stage amplifier being used for illustration. The equiva-
lent a-c. circuit diagrams for any stage except the last, and also
for the last stage, are shown in Fig. 237. Figure 237 is similar
to Fig. 226, page 399, except for the addition of L, in series with
Ry.. It should be noted that the distributed capacitance C;
of the impedance Z., and the capacitance C,, of any added

417
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physical condenser are grouped with C,;, and Cp;.. The sum
of the four capacitances is denoted by Cpn, or Cpn = Cppn +
Cpon + C;, + Cyn.  Furthermore, the value of R to alternating
current, denoted by R,., may vary with the frequency because
of iron losses, eddy currents, and skin effect.

The last stage is assumed to be the same as in Fig. 226 for the
resistance-coupled amplifier and will not be discussed again.
Refer to Egs. (454), (461), and (464), pages 399 and 401,

'
'
c |
Topn : Tpo
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: '
~ 1
- Rpn c . : ] ¢
(upn jAn)AEGn ol AEg.1 E("pn'.i"o)AEgo g
* Ren) L
bn P
_
. | N——
Y : Yo
- \ _—
Spor Any Stage up to Last Stage So or Last Stage
Ay =rpn Cpgn & Ao = rpoCpge
cpn= Cpfn+ cpgn + an +Chn Cpo= Cpfo+Cpgo
(1)
e

Fia. 237.—Equivalent a-c. circuits of the nth stage and last stage of an imped-
ance-coupled amplifier.

which apply to the last stage of any multistage amplifier unless
this stage feeds a detector, in which case, this stage may be
similar to the earlier stages, but with slightly different constants
for its plate load.

The abbreviations used in the analysis of the impedance-
coupled amplifier are in most cases the same as those used for
the resistance-coupled amplifier. For convenience they are
given here.

A, = %sz = CpgnTpn
Cpn = Cpfn + Cpaﬂ + Cli'n + Cin

C;, = distributed capacitance of Zs,
Cs» = capacitance of added condenser (472)
Cﬂn = —%

w

Ton
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Kcn = 'RL
E (472)
nbn - Lb"w

The voltage amplification of the nth stage is given by Eq. (460),
page 401. When y; is expanded (V.A.), takes the form given
below

(V.A),=
— T

Rb" <Co(ﬂ+1) ) Kc(ﬂ+1)+gg(n+1)<cpﬂ
—_— 41 | 4 “re(ntl) T Yg(ntl) 1
\/[<kpn<R%n+L§nw2>+ ) AN R T /s
Ly, 2 1 Ly Cointyy Contw
AP T 7 Conw—5 +1
C(szn-i—Lz?,,wZ))] +|:kpn< pn Rl?"_*'leme)( C + kpﬂ

R Kenintgomn\ 1
- _ +1 473
() G | I

Except in very special cases m, is less than 0.1, so that 73,
may be neglected in comparison with unity. Equation (473)
then reduces to the simpler approximate form

(V.A).=

- \/ u%)n"I_A%L

Ton Coniy Kot t9omin(Con
N R e
1 2 1 1 Cointyy Cont1yw
T~ s A - 1
Lbncw2>] * [ kP1L<Cp ¢ Lynw(1+ ﬂl?n))( ¢ * >+ Fon

_{_mn Koyt gomtin\ P
(et t)(Fesgte) | am

Before discussing this equation, it should be noted that, since
Ry, is usually small in comparison with r,,, there is very little
steady-voltage drop in the external plate load and hence the
plate voltage is practically equal to the plate-battery voltage
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Upn
I Mon Kc(n+1) +gg(n+1) _ 1 2
\/I:<kanbnw+ 1>+ kpn <1 Lanw2>:|
+[(Cpn+ca(n+1))w_ 1
Fon konLno(1+15,)

_ Mon Kc(n+l) +gg(n+l) 2
(Y

For a specific numerical example of the use of Eq. (475), let
Upn = 10, rp, = 15,000 ohms, n, = 0.1, Ly, = 100 henries,
Kontp = 0.2 X 107¢ mho, gynn =0, C = 0.1uf, and
Con + Cytnrn = 150puuf. These constants substituted in Eq. (475)
give the following values of (V.A.),:

Frequency, Cycles

per Second . (V.A)p
10 3.65
100 9.57
1,000 9.94
10,000 9.87

The low amplification at low frequencies can be increased by the
use of a larger value for Ly,. In the example, g,0.. 1) is neglected.
The effect of g, 1) is pronounced only at high audio frequencies
where it tends generally to reduce (V.A.),.

In general terms, the voltage amplification of an impedance-
coupled amplifier for audio frequencies drops off at very low
frequencies and also at high audio frequencies. The curve of
amplification plotted against the frequency (or the logarithm
of the frequency) varies more with frequency than the corre-
sponding curve for the resistance-coupled amplifier.

We shall examine the several terms of Eq. (475) in order to
determine which factors are responsible for the variation of
amplification with frequency. Except at low frequencies, the
term Mon/kpnlanw is usually of little importance. At frequencies
of about 100 cycles per second and less, this term is appreciable.
As the frequency decreases, this term is one of the most important
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in decreasing the amplification. To reduce its effect, L, should
be increased. The term K(ut+1/kpn, 28 in the case of the resist-
ance-coupled amplifier, can be made very small by using for
R..y 1 a resistance of several megohms. Except at the very
high audio frequencies, the factor gyum+n/kpn is of little impor-
tance. It does act to reduce the amplification at high fre-

1
quencies. The parenthesis (1 - m) is zero at resonance

of Ly, with C, which usually occurs at a very low frequency.
Below this resonant frequency, the parenthesis is negative.
At higher frequencies it is positive and, when multiplied by the
fraction preceding it in Eq. (475), reduces amplification at high
frequencies when g,.+v is appreciable.

Consider the second bracket under the radical sign in Eq. (475).
The first two terms add up to zero at the frequency for
which I, is resonant with the effective capacitance across it,
Con + Cytayn. This resonance usually occurs at a medium
frequency and causes the total amplification to be a maximum
for that frequency. At lower frequencies, these terms may reach
a value of —4 or —35, in which case they act to reduce the amplifi-
cation considerably. At high frequencies these two terms are
usually of much less importance. The sharpness of resonance,
as expressed in the second bracket, is decreased by making Ly,
large and the capacitances small. The product of the last two
parentheses of the second bracket is usually negligible except at
low frequencies.

The general conclusions regarding impedance-coupled ampli-
fiers at audio frequencies are: The voltage amplification usually
varies somewhat more with frequency than in resistance-coupled
amplifiers. The value of the maximum amplification is not
greater than u,, and henee not much greater than can be obtained
with . resistance-coupled amplifiers. Consequently, the imped-
ance-coupled amplifier at audio frequency has little advantage
over the resistance-coupled amplifier and gives much less amplifi-
cation than the transformer-coupled type to be discussed in the
next chapter.

170. Experimental Determination of the Performance of an
Impedance-coupled Amplifier at Audio Frequencies.—Either
of the two methods described in Chap. XV for measuring the
voltage amplification of a resistance-coupled amplifier may be
used at audio frequencies with an impedance-coupled amplifier.
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171. Case 2. Impedance-coupled Amplifier at High Fre-
quencies.—At high frequencies, the impedance-coupled amplifier
works somewhat better than the resistance-coupled amplifier.
The low input admittance of the triodes which eaused the failure of
the resistance-coupled amplifier can be resonated by the inductive
reactance of the coupling impedance, thereby raising the equiva-
lent impedance of the plate load so that an amplification approach-
ing u,, is attained. The amplifier operates on a resonance peak,
which may be made sharp or dull according to requirements.
If it is desired that without tuning the amplifier operate
over an octave of frequencies, the resonance peak must be dull,
but this dullness is obtained only with a sacrifice in voltage
amplification. However, the amplifier may be constructed

1
fo
detecfor

+

AEg,

_L«llh ‘ - ~

Fra. 238.—Multistage tuned impedance-coupled amplifier for radio frequencies.

with additional variable condensers, one connected across
each coupling impedance. These condensers are tuned for any
chosen frequency. In this case, the resonance peak can be
made sharper and yet broad enough to include all of the fre-
quencies emitted by one station, and the consequent voltage
amplification per stage can be made to attain a fairly large
fraction of upn.

The connections of the tuned amplifier are given in Fig. 238.
The last stage is assumed to have a plate load similar in structure
to that of the first two stages. The voltage across the plate load
of this last stage is impressed upon a detector in the usual
arrangement. The capacitances Cpi, Cre, and Cps of the variable
air condensers are included in the capacitances Cpi1, Cps, and
C s, which appear as C,, in Eq. (474). Generally the inductances
Ly, are coils without iron, wound with fine wire on cylinders of
a few centimeters diameter. These coils have a small inductance,
of the order of 0.1 millihenry, and a resistance of the order of
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10 ohms. The stopping condenser C might have a capacitance
of the order of 0.01pf.

The approximations used in reducing Eq. (474) to Eq. (475)
cannot be used at radio frequencies. We shall therefore refer
to Eq. (474). At radio frequencies, 4, cannot be neglected, but
its square is usually small in comparison with 2 . The input
admittance of the next triode, expressed in terms of the compo-
nents g,y and byeny1y, is of considerable importance at radio
frequencies. The most important terms under the radical of Eq.
(474) are the first two of the second bracket. The sum of these
terms passes through zero at the resonant frequency and gives
a maximum amplification at this frequency. On account of the
appreciable values of some of the other terms, the maximum
value of the amplification is smaller than u,,. The maximum
voltage amplification per stage is usually of the order of one-
third to one-half of wu,,. The transformer-coupled amplifier
gives somewhat higher values of amplification and is more often
employed in practice.

Referring again to Eq. (474), if L, is increased, the various
terms containing L, are decreased. The amplification is thus
increased, but the resonance peak is less sharp. A large induect-
ance demands a small tuning condenser. Consequently, the
distributed capacitance of the coil added to the tube capacitances,
Cp; + C,,, constitutes a larger fraction of the total capacitance
across the coil. The range of frequencies which the tuning
condenser is able to cover is thus reduced. In general, the plate-
circuit inductance Ly, should be made as large as possible, con-
sistent with obtaining the required tuming range, and 1, should
be as small as practicable.

The input conductance of the triodes in a resistance-coupled
amplifier is positive, because the plate load is a resistance-
capacitance circuit. In the multistage impedance-coupled
amplifier, the plate load may be highly inductive for some
frequencies. As shown in Chap. XI, the input conductance
then may be negative. For example, g,» may be so strongly
negative that the losses in the plate load of the first stage
are supplied by the second triode, and self-oscillation takes
place in the plate load at some frequency for which the
reactance is zero. Self-oscillation may also arise in the tuned
circuit connected to the grid of the first stage if the input con-
ductance of the first stage is sufficiently negative and the react-
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ance of the circuit is zero. Since the input conductance of any
stage may be negative for frequencies lower than the frequency
for which its plate load has zero reactance, the tendency to
oscillate is accentuated if the condenser of the tuned ecircuit
connected to the plate circuit is tuned to a higher frequency than
the resonant frequency of the tuned circuit connected to the
grid.

This tendency to self-oscillation together with the very variable
and unstable performance, due to the coupling between stages
through the C,, of the triodes, makes it difficult to design a
stable and at the same time efficient amplifier of the type dis-
cussed in this chapter. In Chap. XVIII, methods will be
presented for reducing or eliminating the effects due to the grid-
to-plate capacitance of the triode. The design of stable radio-
frequency amplifiers then becomes a much simpler process. The
values of g,(uv and Cyeen to be used in the equations developed
in this chapter, when these neutralizing schemes are used, will
be pointed out in Chap. XVIII.

172. Experimental Determination of the Performance of
Impedance-coupled Amplifier at Radio Frequencies.—The curve
of voltage amplification, or the logarithm of (V.A.), plotted
against frequency (not log of frequency for radio-frequency
amplifiers) is best obtained by the first method given in Chap.
XV. The input voltage is generally so varied by a thoroughly
shielded attenuator as to give always the same reading of the
vacuum-tube voltmeter which is substituted for the usual
detector. An obvious objection to this method is that the
vacuum-tube voltmeter may not provide the same plate-circuit
impedance as that of the detector for which the voltmeter
is substituted. If this objection is important and the perform-
ance of the amplifier as a part of a receiving set is desired, the
detector and audio amplifier of the set may be used as the detect-
ing device. A modulated signal, varied by an attenuator, may
be impressed on the input to give always the same audio-fre-
quency output voltage. This output voltage may be determined
either by a vacuum-tube voltmeter or by balancing the output
against a constant current drawn from the source of modulating
current, as shown in Fig. 239. R,, L,, and C, are adjusted to
simulate the input circuit of the amplifier. The elements R;,
R;, and M, are set to correspond to a reasonable output voltage
of the audio-frequency amplifier, and the attenuator is adjusted
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For a specific numerical example of the use of Eq. (475), let
Upn = 10, 7p, = 15,000 ohms, m. = 0.1, Ls, = 100 henries,
Kiwyp = 0.2 X 100¢ mho, gumen = 0, C = 0.1uf, and
Con~+ Chtnsn = 150uuf. These constants substituted in Eq. (475)
give the following values of (V.A.),:

Frequency, Cycles

per Second . (V.A),
10 3.65
100 9.57
1,000 9.94
10,000 9.87

The low amplification at low frequencies can be increased by the
use of a larger value for Ly,. In the example, ;0,1 is neglected.
The effect of gym+v is pronounced only at high audio frequencies
where it tends generally to reduce (V.A.),.

In general terms, the voltage amplification of an impedance-
coupled amplifier for audio frequencies drops off at very low
frequencies and also at high audio frequencies. The curve of
amplification plotted against the frequency (or the logarithm
of the frequency) varies more with frequency than the corre-
sponding curve for the resistance-coupled amplifier,

We shall examine the several terms of Eq. (475) in order to
determine which factors are responsible for the variation of
amplification with frequency. Except at low frequencies, the
term men/kpnlsaw is usually of little importance. At frequencies
of about 100 cycles per second and less, this term is appreciable.
As the frequency decreases, this term is one of the most important
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in decreasing the amplification. To reduce its effect, L, should
be increased. The term K. /kpn, 2s in the case of the resist-
ance-coupled amplifier, can be made very small by using for
R.»+v a resistance of several megohms. Except at the very
high audio frequencies, the factor g,catn/kpa is of little impor-
tance. It does act to reduce the amplification at bigh fre-

1
quencies. The parenthesis (1 — m) is zero at resonance

of Ly, with C, which usually occurs at a very low frequency.
Below this resonant frequency, the parenthesis is negative.
At higher frequencies it is positive and, when multiplied by the
fraction preceding it in Eq. (475), reduces amplification at high
frequencies when g,(,n is appreciable.

Consider the second bracket under the radical sign in Eq. (475).
The first two terms add up to zero at the frequency for
which L, is resonant with the effective capacitance across it,
Cpn + Cytayn. This resonance usually oceurs at a medium
frequency and causes the total amplification to be a maximum
for that frequency. At lower frequencies, these terms may reach
a value of —4 or —5, in which case they act to reduce the amplifi-
cation considerably. At high frequencies these two terms are
usually of much less importance. The sharpness of resonance,
as expressed in the second bracket, is decreased by making Ly,
large and the capacitances small. The product of the last two
parentheses of the second bracket is usually negligible except at
low frequencies.

The general conclusions regarding impedance-coupled ampli-
fiers at audio frequencies are: The voltage amplification usually
varies somewhat more with frequency than in resistance~coupled
amplifiers. The value of the maximum amplification is not
greater than u,, and hence not much greater than can be obtained
with . resistance-coupled amplifiers. Consequently, the imped-
ance-coupled amplifier at audio frequency has little advantage
over the resistance-coupled amplifier and gives much less amplifi-
cation than the transformer-coupled type to be discussed in the
next chapter.

170. Experimental Determination of the Performance of an
Impedance-coupled Amplifier at Audio Frequencies.—LEither
of the two methods described in Chap. XV for measuring the
voltage amplification of a resistance-coupled amplifier may be
used at audio frequencies with an impedance-coupled amplifier.
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171. Case 2. Impedance-coupled Amplifier at High Fre-
quencies.—At high frequencies, the impedance-coupled amplifier
works somewhat better than the resistance-coupled amplifier.
The low input admittance of the triodes which caused the failure of
the resistance-coupled amplifier can be resonated by the inductive
reactance of the coupling impedance, thereby raising the equiva-
lent impedance of the plate load so that an amplification approach-
ing u,, is attained. The amplifier operates on a resonance peak,
which may be made sharp or dull according to requirements.
If it is desired that without tuning the amplifier operate
over an octave of frequencies, the resonance peak must be dull,
but this dullness is obtained only with a sacrifice in voltage
amplification. However, the amplifier may be constructed
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F1c. 238.—Multistage tuned impedance-coupled amplifier for radio frequencies.

with additional variable condensers, one connected across
each coupling impedance. These condensers are tuned for any
chosen frequency. In this case, the resonance peak can be
made sharper and yet broad enough to include all of the fre-
quencies emitted by one station, and the consequent voltage
amplification per stage can be made to attain a fairly large
fraction of upn.

The connections of the tuned amplifier are given in Fig. 238.
The last stage is assumed to have a plate load similar in strueture
to that of the first two stages. The voltage across the plate load
of this last stage is impressed upon a detector in the usual
arrangement. The capacitances Cy1, Cis, and Cps of the variable
air condensers are included in the capacitances C,i, Cpe, and
C s, which appear as C,,, in Eq. (474). Generally the inductances
L. are coils without iron, wound with fine wire on cylinders of
a few centimeters diameter. These coils have a small inductance,
of the order of 0.1 millihenry, and a resistance of the order of
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10 ohms. The stopping condenser C might have a capacitance
of the order of 0.01.uf.

The approximations used in reducing Eq. (474) to Eq. (475)
cannot be used at radio frequencies. We shall therefore refer
to Eq. (474). At radio frequencies, A4, cannot be neglected, but
its square is usually small in comparison with u2 . The input
admittance of the next triode, expressed in terms of the compo-
nents gy-+p and by.1n, is of considerable importance at radio
frequencies. The most important terms under the radieal of Eq.
(474) are the first two of the second bracket. The sum of these
terms passes through zero at the resonant frequency and gives
a maximum amplification at this frequency. On account of the
appreciable values of some of the other terms, the maximum
value of the amplification is smaller than u,,. The maximum
voltage amplification per stage is usually of the order of one-
third to one-half of wu,,. The transformer-coupled amplifier
gives somewhat higher values of amplification and is more often
employed in practice.

Referring again to Eq. (474), if Ls, is increased, the various
terms containing L, are decreased. The amplification is thus
increased, but the resonance peak is less sharp. A large induct-
ance demands a small tuning condenser. Consequently, the
distributed capacitance of the coil added to the tube capacitances,
Cps + Cpy, constitutes a larger fraction of the total capacitance
across the coil. The range of frequencies which the tuning
condenser is able to cover is thus reduced. In general, the plate-
circuit inductance L, should be made as large as possible, con-
sistent with obtaining the required tuning range, and 7 should
be as small as practicable.

The input conductance of the triodes in a resistance-coupled
amplifier is positive, because the plate load is a resistance-
capacitance circuit. In the multistage impedance-coupled
amplifier, the plate load may be highly inductive for some
frequencies. As shown in Chap. XI, the input conductance
then may be negative. For example, g, may be so strongly
negative that the losses in the plate load of the first stage
are supplied by the second triode, and self-oscillation takes
place in the plate load at some frequency for which the
reactance is zero. Self-oscillation may also arise in the tuned
circuit connected to the grid of the first stage if the input con-
ductance of the first stage is sufficiently negative and the react-
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ance of the circuit is zero. Since the input conductance of any
stage may be negative for frequencies lower than the frequency
for which its plate load has zero reactance, the tendency to
oscillate is accenfuated if the condenser of the tuned cireuit
connected to the plate circuit is tuned to a higher frequency than
the resonant frequency of the tuned circuit connected to the
grid.

This tendency to self-oscillation together with the very variable
and unstable performance, due to the coupling between stages
through the C,, of the triodes, makes it difficult to design a
stable and at the same time efficient amplifier of the type dis-
cussed in this chapter. In Chap. XVIII, methods will be
presented for reducing or eliminating the effects due to the grid-
to-plate capacitance of the triode. The design of stable radio-
frequency amplifiers then becomes a much simpler process. The
values of gy(nip and Cyapny to be used in the equations developed
in this chapter, when these neutralizing schemes are used, will
be pointed out in Chap. XVIII.

172. Experimental Determination of the Performance of
Impedance-coupled Amplifier at Radio Frequencies.—The curve
of voltage amplification, or the logarithm of (V.A.), plotted
against frequency (not log of frequency for radio-frequency
amplifiers) is best obtained by the first method given in Chap.
XV. The input voltage is generally so varied by a thoroughly
shielded attenuator as to give always the same reading of the
vacuum-tube voltmeter which is substituted for the usual
detector. An obvious objection to this method is that the
vacuum-tube voltmeter may not provide the same plate-cireuit
impedance as that of the detector for which the voltmeter
is substituted. If this objection is important and the perform-
ance of the amplifier as a part of a receiving set is desired, the
detector and audio amplifier of the set may be used as the detect-
ing device. A modulated signal, varied by an attenuator, may
be impressed on the input to give always the same audio-fre-
quency output voltage. This output voltage may be determined
either by a vacuum-tube voltmeter or by balanecing the output
against a constant current drawn from the source of modulating
current, as shown in Fig. 239. R,, L., and C, are adjusted to
simulate the input circuit of the amplifier. The elements R,,
R, and M, are set to correspond to a reasonable output voltage
of the audio-frequency amplifier, and the attenuator is adjusted
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to give silence in the telephone receivers. By this procedure,
the detector and audio-frequency amplifier are always operated
with the same intensity of signal and hence do not in any way
affect the results. A vacuum-tube voltmeter may be sub-
stituted for the telephone receivers or may be connected directly
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F1a. 239.—Method of measuring the voltage amplification of a radio-frequency
amplifier.

across the output of the audio-frequency amplifier. It may be
well to reduce the modulation frequency to a low value in order
that the radio-frequency spectrum may be narrow.

Thorough shielding is of the utmost importance in all measure-
ments of this type at radio frequencies. Stray effects may be
difficult to eliminate, but with care in arranging the apparatus
the method may be made to work very satisfactorily.



CHAPTER XVII

COMBINATIONS OF TRIODES AS LOW-POWER
TRANSFORMER-COUPLED AMPLIFIERS

Perhaps the most important type of coupling between the
stages of an amplifier is transformer coupling. This type of
coupling is used at both high and low frequencies and may have
very different forms. The transformer may be without iron or
it may have an iron core. Either or both of the windings of the
transformer may be tuned.

173. Fundamental Theory of Transformer-coupled Amplifier.
The simple approximate theory of transformer coupling, in which
the effects of tube capacitances and distributed capacitances are
neglected, was given in Chap. XII.

Fia. 240.—Multistage transformer-coupled amplifier.

The general theory will now be presented, from which the
special cases can be deduced. The diagram of connections
is shown in Fig. 240. If the amplifier is for audio frequencies,
the last stage may supply a loud-speaker or similar load, denoted
by Zs. In this case, the last stage does not differ from the last
stage as treated in Chap. XV. If the audio amplifier is used to
feed a line, or if the amplifier is for radio frequencies and feeds a
detector, Zy is replaced by a third transformer, the constants
of which depend upon the impedance of the line or detector
which follows. Asin Chap. XVI, only the stages before the last
will be discussed.

427
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Figure 241 gives the equivalent-circuit diagram of the nth
stage of the amplifier of Fig. 240. In this diagram C,. is the total
equivalent capacitance across the primary coil and comprises
Cprny Cpgn, the distributed capacitance Ci, of the coil Ly,, and
any added tuning capacitance Cy,. Similarly, Cytn comprises
the distributed capacitance of coil L.(:v, the equivalent input
capacitance of the next tube, and any added tuning capacitance.

rpn Y9 (n+1y

- C. Lbn Le(n+d) |
(vprjAn)AEgn = % =;.§ e §gg (n+')+ ’
AE
+ AI’ Rbn Rc(nn) _an+l)
n Mn :
, Y
AIP" Al Alns)

An= rpn Cpgn™
Cpn=Cpfn+ Cpgn+Chn+Cpn

b,
Cgln+)=— gtf,"“)»«cé(nﬂ)»fcc(m.)

Fig. 241.—Equivalent a-c. circuits of the transformer-coupled amplifier.

The admittance of Cyen and gyten in parallel, denoted by
Yot i8

Yonid = Gotnr + JCotninw (476)

The total impedance of the secondary circuit is

Z(ﬂ+1) = (Rc(n+l) + 92 gﬂ(""';) )

2in+ Clnrne?

) C w
L, . _ g{(rn+1) ) 477
+ ]( YO T g + Clninyw? )
= Renn + j X+

where R.(in and X, are the equivalent series resistance and
reactance of the secondary circuit.
The equations for the solution of the circuits of Fig. 241 are

JAL,
Conw

(R + $Lin)AL, + M oA Ty + T35 = og
e

TpnAIpﬂ - = (upn - jA")AEgﬂ

(478)
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Al,, = AL, + AL

IM.0AY, + Z nAly =0
(478)
Vot DAE i = Al

If currents AI, and Al,, are eliminated, the following equations
result and are in the canonical form for simple coupled circuits.

Z»1AE,
Z,Z iy + Miw?

—iM . .wAE,
Al = ZnZ(sz) ¥ Mio® AEg(n+1)Yg(n+1)S

Al, =
(479)

where Z..1) is given by Eq. (477), and Z, and AE, are given by
the following equations:

1
. fen Ly 480
[Rb"+ (rpn pn‘*’) +1]+J[ e C w<1+—h—1 )} ( !
o (rpnConw)?

. Upn — jAn
AE" - 1 + jrpnCpnwAEgn (481)

From the second equation of Eq. (479), we obtain in complex
form the expression for the voltage amplification, or

AEg(n+1)
AE,,

(V'A-)n =

— M0 (Upn — jA,)
(1 + jrpnCpnw) (gg(n+1) + jCll(ﬂ+1)w) (ZﬂZ("+1) + M?;“’Z)

(482)

The magnitude of the voltage amplification for any stage n
can now be deduced from Eq. (482) and is

(V.A), =
Mo ul, + A2
VILF CpnCon)lggenrn + Clarned[R, + X2

MR, M, X, |
\/[R<n+1) + R F Xz] + [X(n+l) - Z_{?m] (483)

The abbreviations used in Eq. (483) are given here for reference.
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A, = Cppntlp,

C}[m = Cpfn + Cpg‘n + C;m + Cbn

Cw = distributed capacitance of coil Ly,

Cs. = capacitance of physical condenser connected

across Ly,
ba +1
Cg(n+1) = — —-(L:——) + Ci(n+1) + Cc('n+1)
! . . . .
Cenpn = distributed capacitance of coil Lo(nyn)

Cenen = capacitance of physical condenser connected
across Li(at1

i (484)
R, = Ry, + mas—z‘_‘__f
X, = Lipww — - .
Cpnw(l + m)
By = Bein + gg(n+1>giﬂgé<n+x)w2
Xty = Leinw — :
Ca("+1)w( + CZZ::;l‘)ﬁ)

Equation (483) can be expressed entirely in terms of ratios,
giving a form which is much more convenient for evaluation.

n 2 Lc(n+1)
\/up +A AJ Lbﬂ

C " 2 2\2
e e i =) L O]

(V.A).=

2 2
)

T wl T’2‘<1_—w—2
Nty + P -{ +1— (;';1)— S (485)
2 Wy Wy
n,.+(1—;2> 17?.+<1—E>

Another form for Eq. (485) is

w,
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(VA)n =

+A \/Lt(n+1) w(n+1)w((ﬂ+l)
p'n Lbn

2
\/"),, + <1 h 83) N (n+1) -+ ———ﬁﬂ—“‘ﬂ
¢ 7+ (1 - w")

2 2
2 T:(l - w_’;>
+ 1 — D(nt1) _ X (486)

w? 2
#+(-3)

In Eqgs. (485) and (486), the following new abbreviations appear.

M,

Ty =

V Lanc(n+1)

7 + Tpn/ Lbnw

= b —_—— e —_——
T " (rpnCpnw)® + 1
Non = Rb" (where Ry is the resistance unenhanced
bn T

Lb w by the distributed capacitance of the coil)
T

Wl . wlzm[ (rpnsz‘-"